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PREFACE. 



This work is designed to make good a deficiency much 
felt by practical engineers and engineering students en- 
gaged in civil, military, and mechanical pursuits. A stu- 
dent, to understand the treatises and systematic expositions, 
developing the theory and application of mechanics, em- 
ployed as class books in our schools and colleges, requires 
considerable mathematical skill, and after all, the elemen- 
tary knowledge acquired by studying such works is of little 
value to the practical engineer. On the general theory of 
mechanics there are many popular works clear of mathe- 
matical formulsB and serviceable to the general reader, but 
the practitioner cannot render them available. Again, 
French investigators and writers on practical mechanics 
take for granted that they are addressing those who under- 
stand the theory of mechanics, and when their works are 
copied or translated they are far from being elementary. 
The essential elements of practical mechanics is 
based upon what u termed the principle of worky aad ^ 
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work is measured by a unit, the student should be able 
to distinguish with ease units of work from other units. 
I have, therefore, introduced a simple notation and a new 
system to effect this object, which French writers and 
their copyists have neglected :-discarding the denominar 
fions footrpounds and kilograrnHfri^treSj which are evidently 
improper. The unit of work is the exact labour re- 
quired to raise a pound weight through the space of one 
foot against the direct action of gravity. If a man takes 
a pound weight in his hand, and raises it one foot in 
the durection of the plumb-line, he wiU perform a unit 
of work. 

1 lb. raised 24 feet high =24 units of work ; 

2 lbs. raised 12 feet high=:24 units of work ; 

3 lbs. raised 8 feet high=24 units of work ; 

4 lbs. raised 6 feet high=24 units of work ; 
6 lbs. raised 4 feet high =24 units of work ; 
8 lbs. raised 3 feet high =24 units of work ; 

12 lbs. raised 2 feet high=24 units of work ; 
24 lbs. raised 1 foot liigh=24 units of work. 

To distinguish units of work from other units, the num- 
bers that represent units of work are printed in broad- 
faced type instead of the ordinary way, thus : 

24 represents 24 units of work ; 

8x3=24; 

that is the same as saying, 8 lbs. raised 3 feet high is equal 
to 24 units of work. 

24' ; represents 24 units of work done in a minute. 
24'' ; represents 24 units of work done in a second. 

33000= r; 
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represents 33000 units of work done in a minute^ equal 
one horse power. 

Formerly, the science of mechanics was one of the last 
branches of applied mathematics to which a student was 
induced to turn his particular attention, but now the case 
is different. Since the wealth and power of nations de- 
pended so much on the application of the sciences to the 
mechanical and industrial arts, a knowledge of practical 
mechanics becomes of paramount importance, not only to 
engineering students, but also to capitalists, statesmen, and 
merchants, many of whom are but little skilled in the higher 
departments of mathematics. 

While this work is designed to meet the exigencies of 
these changes and circumstances, and dispense with the 
higher geometry and an extensive use of analytical symbols, 
it will be found to extend the boundaries as well as simplify 
the practical appUcation of this branch of philosophy, and 
to contain solutions of many important problems which 
have hitherto defied the skill of mathematicians. 

This treatise, when divided as the nature of the several 
subjects seemed to demand, is composed of ten chapters. 
The first chapter is designed to exemplify how work is 
measured by a unity both with and without reference to a 
unit of time. The questions selected for the purpose 
of illustration in this chapter, as well as those given 
throughout the work,« are designed more to teach the 
student how to think, than to insist upon what he should 
tb'nk. However, each question may be so varied as to 
become a model for a variety of cases. The second chapter 
treats of the work of living agents, explains the influence 
of friction, and introduces one of the most beautiful laws of 
motion. In the third chapter the principles expounded in 
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the first and second are applied to the motion of bodies on 
inclined planes and to the raising of materials. 

The fourth chapter treats of the transmission of work by 
simple machines^ establishes the properties of the lever, 
wheel and axle, pulley, inclined plane, wedge, and screw, 
on the principle of work. In this chapter the student's 
attention is directed to the graduation of the safety-valve 
lever, the centres of gravity of bodies, the hydrostatic press, 
and the anti-friction cam-press. In the Jifth chapter I have 
given some of the most useful propositions and rules relative 
to the work of steam and the steam-engine; but steam 
being a subject in which the most elaborate theory can do 
but Uttle independent of experiments, I therefore deemed 
it prudent, rather than delude the student with the usual 
display of mathematical accuracy where it is far from being 
attained, to give but little theoretical matter, and introduce 
some valuable tabulated results founded on experiments. 
The constant quantities are often taken in round numbers, 
but they are easily altered to such particular cases, without 
affeoting the principle of work upon which the calculations 
are based. It may be necessary to point particular attention 
to the problems of this chapter, which, for the first time, 
are independently and accurately solved by Dual arithmetic, 
without the use of tables or other extraneous aids. 

The siatii chapter is on accumulated work. The subjects 
stated and discussed in this chapter are: the force of gra- 
vity near the surface of the earth ; units of work in a 
rotating body; the centre of gyration; living forces, vie 
viva; the measure of motive forces and inertia; the maxi- 
mum velocity of the piston pf a steam-engine ; a question 
is solved under this head which defied the skill of mathe- 
maticians before the introduction of Dual arithmetic* In 
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the sixth chapter I have also treated of the velocity ao- 
qtiired by bodies in descending an inclined plane or a curve ; 
the crank and fly-wheel ; impact ; the ballistic pendulum ; 
shock of elastic bodies; resistance of fluids; centre of 
oscillation, and other kindred matters. 

Chapter seven is appropriated to the examination of the 
equilibrium of forces, pressures, tensions, and thrusts. The 
principle of the equality of moments, and the construction 
of diagrams of forces, are next discussed. The remainder of 
this chapter is occupied with practical examples of wooden 
and iron bridges, a correct theory of the strength of girders 
resting on supports, and with investigations respecting 
chain and suspension bridges, in which Dual arithmetic is 
again employed to obtain results not attainable by any pre- 
viously known method. The comparisons drawn in this 
chapter with respect to different methods of construction 
should be calmly and closely considered. One class of 
mechanical investigators first establish theories on abstract 
reasoning, and afterwards correct them by experiments. I 
have taken Morin and Poncelet as representatives of this 
class. Another class, without any particular hypothesis, 
interpolate a series of experiments by empirical rules to 
suit particular cases within the range of such experiments : 
G^eral Anstruther, alluded to in the eighth chapter, is a 
practical engineer of this class. A third class of investi- 
gators assume constructions which they assert possess parti- 
cular properties that may or may not exist, and support 

applied mathematics to cover the delusion. The expounder 
of Koch's ingenious system of skeleton structures, which 
may or may not apply in practice, for all that this investi- 
gator has idiown to the contrary, is one of this class. He 
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assumes it possible that the stracture may be composed of a 
series of righfr-angled triaiigles, perhaps because the calcu- 
lations respecting such trians^les are easily made. But in 
™,uu^. wi ™«o., lough a J«»„gle, ^ b* 
little altered, yet it is in this little, which he disregards or 
explains away, Ues the object of research. Such perform- 
ances leave the subjects to which they are applied in doubt 
and abeyance. This class of investigators is very numerous, 
and have only succeeded in breaking down confidence in 
this important branch of applied mathematics. 

The eiffhth chapter treats of the pressure of water and 
other fluids ; the position of the centre of gravity in many 
important forms ; the pressure of earth against revetment 
walls ; and the measurement of heights by observations of 
the barometer and thermometer. In treating of this last 
subject, I have shown , a simple method of solving an 
equation that defied the skill of mathematicians. In this 
chapter will be found some very important observations on 
the force of gravity and the constant g^ which is the letter 
usually taken to represent it. 

The essential elements of pragtigal meghanigs 
terminates with the ninth chapter. How sound theory may 
be made to approximate to the results of practice ; the re- 
sistance of water to the motion of paddle-wheels and screw- 
propellers; description of the indicator; performance of 
paddle-wheel steamers; use of Dual logarithms; and the 
performance of a screw-propeller with expanding pitch, are 
subjects discussed in this chapter. 

The student, before consulting larger works on the re- 
sistance of water to the motion of vessels, would do well to 
read the lectures of Captain E. G. Fishboume on naval 
architecture. Here it may also be necessary to remind the 
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reader that many productions, valuable to the engineer, 
are incidentally produced by liberally educated professional 
men who are not professed engineers ; for example, the 
lectures of the naval officer just named on naval ordnance 
and iron ships saved this country from squandering large 
sums of the public money on guns and ships worse than 
useless. 

The tenth chapter is added for the use of those who have 
neglected the study of common arithmetic ; it contains 
useful arithmetical processes ; operations that may be for- 
gotten ; the application of principles often misunderstood ; 
and an introduction to Dual arithmetic. I have omitted to 
mention many minor topics connected with the general 
subjects enumerated that could not be conveniently spe- 
cified in an ordinary preface ; however, those topics are 
particularised in the Index. 

OLIVER BYRNE. 
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CHAPTER I. 

ON THE UNIT OF WORK WITH, AND WITHOUT REFERENCE 

TO THE UNIT OF TIME. 

Work is measured by a unit, like length, weight, time, 
&c. To raise one pound a foot high against the earth's 
gravity in the direction of a plumb-line is a unit of work ; 
it is clear, then, to raise 5 lbs. a foot high is to perform 
5 units of work, and to raise 5 lbs. four feet high equal 
20 units of work. Since resistance and pressure of every 
kind may be expressed in pounds, it follows that the unit 
here described may be made to measure every kind of 
work. It will be presently shown that a unit of work is 
performed whenever one pound pressure is exerted through 
a space of one foot, no matter in what direction the space 
may lie. 

In developing this subject it is necessary to distinguish 
units of work from other units ; this I propose to do by 
writing or setting down the numbers that represent them 
in black broad-faced letters and figm'es instead of in the 
ordinary way, thus, 

25 represents 25 units of work. 

25' will represent 25 units of w^ork done in a minute. 

73" will represent 73 units of work done in a second. 

Sometimes the minute is taken for the unit of time, and 
33 minutes is marked 33' ; in other cases, the second \& 
taken as the iwh of time^ and 45 seconds is marked 45" . 

B 
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45" represents 45 seconds ; 

but 45" units of work done in a second of time. 

a' represents a minutes, but a' represents a units of work 
done in one minute. 

EXAMPLES. 

Question 1. Required the units of work expended in 
raising a weight of 501b. to the height of 31 ft. 
Units of work in raising 1 lb. 31 feet =31. 

.. 50x31 = 1550, 

the required units of work. 

Qy£s. 2. The ram of a pile-driving engine weighs half a 
ton, and has a fall of 17 feet, how many units oi work are 
performed in raising this ram? 

Half a ton= 1120 lbs. 

Units of work in raising 1 lb. 17 feet=17. 

.. 1120x17 = 19040, 

the units of work required to raise 1120 lbs. to a height of 17 
feet. 

• Ques. 3. How many units of work are required to raise 
7 cwt. of coal from a pit whose depth =13 fathoms ? 

7x112=784 lbs. 
6 feet beiug the length of a fathom, 

13 X 6=78 feet, in 13 fathoms. 

Hence the work consists in raising 784 lbs. to the height of 
78 feet. 

.-. 784x78=61152. 

Ques. 4. If the weight of a man be 183 lbs., and if he 
ascends a perpendicular height of 20 feet, he does work in 
raising himself, what are the nimiber of units ? 

In ^lis operation the man raises the weight of his own body, 

.-. 183x20=3660, 
amount of work. 

If this man were to descend in a bucket, it is clear he would 
perform the same work upon a counterpoise weight when he has 
descended 20 feet. 
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Ques. 5. How many units of work will be required to 
pump 8.000 cubic feet of water from a mine whose depths 
500 fathoms ? 
A cubic foot of water weighs 62*5 lbs. 

8000x62-5=500000 lbs. 
500 fathoms =3000 feet. 

CJonsequently the work is to raise 500000 lbs. a perpendicular 
height of 3000 feet. 

Work=500000 x 3000= 1500000000. 

Ques. 6. A horse draws 150 lbs. out of a well, by means 
of a rope going over a fixed pulley, moving at a rate of 2^ 
miles an hour, how many units of work does this horse per- 
form a minute, the friction being neglected f 
A mile=5280 feet, then, 

^ ^ =220 feet passed over per minute. 

/. Work per minute= 150 x 220=33000'. 

Work per second =550". 



THE UNIT O^ WORK REFERBED TO A UNIT OP TIME. 

A unit of work, or 1, represents 1 lb. raised 1 foot. 

A unit of work in a minute, or 1', represents 1 lb. raised 
a foot high in a minute. 

A unit of work in a second, or 1'', represents 1 lb. raised 
a foot high in a second. 

It lias been assumed that a horse is capable of raising 
33000 lbs. a foot high in a minute, or to perform 33000 
units of work in a minute. 

Hence a horse power =33000'= IS or 1 HP. 

28 horse power decimal 37 is written 28^ '37) or 
28-37 HP. 

Whether thi3 power is greater or less than the power of 
a horse it matters little, while it is a power so well defined. 

To raise 10000 lbs. a foot high in a minute, would \)e a 
more conyenien^ unit to measure by. 

B2 ^ 
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EXAMPLES. 

Question 1. How many horse power would it take to 
raise 3 cwt. of coal a minute from a pit whose depth = 
110 fathoms? 

Depth=UOx 6=660 feet. 

3 cwt.=112x 3=336 lbs. 

660x336=221760'. 
Since a horse power =33000' 

33000 '"^^^^ ^^'' *^^ required power. 

6' 7 2 HP. stands for 6 horse power decimal 72 ; the student 
should observe that the full point which separates whole numbers 
from decimals is placed above ('72), but when otherwise em- 
ployed it is put below (HP.) 

•72= the vulgar fraction tM, a cipher being put under each 
decimal figure and 1 under the full point. 

Ques. 2. How many horse power is required to raise 
2200 cubic feet of water an hour from a mine whose depth 
=: 63 fathoms ? 

137500=2200 X 62-5= weight of water in lbs. 

63 X 6=378 feet, depth of mme. 

1375 00x378 ^^^^^^, 

go =866250'. 

• ^^^-om HP 

The proposed notation must be borne in mind, 866250' 
signifies 866250 lbs., raised one foot high in a minute, and 
26i^) represents 26i horse power, or 26i times 33000 lbs. raised 
1 foot high in a minute. 

Ques. 3. A winding engine is moved by 4 horses, what 
weight of coal will be raised an hour from a pit whose 
depth=200feetf 

Work of the 4 horses in an hour, 

=4 X 33000 X 60=7920000. 

Work in raising 1 lb. of coal 200 feet=200. 

Since it takes 200 units of work to raise a pound of coals, 

7920000 «^^^,^ 
-^^^=89600 IbB. 
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Consequently, four horses will raise 39600 lbs. of coal, or of 
anything else, a height of 200 feet in an hour. 

Ques. 4. In what time will an engine of 10-horse power 
raise 5 tons of material from the depth of 132 feett 

5 tons = 11200 lbs. 
Work of the engine per minute, 

= 330000' = 33000 x 10. 
Work of raising 5 tons, 

= 11200 X 132 = 1478400. 
Because the engine performs 330000 units of work a minute, 

•*. =:4'48 minutes. 

330000 

Ques, 5. How many cubic feet of water will an engine of 
36-horse power (36 ^ ) raise in an hour from a mine whose 
depth is 40 fathoms? 

40x6=240 feet. 
Work in an hour, 

= 36 X 33000 X 60 ^ 71280000. 
Work to raise a cubic foot of water 240 feet, 

=240x 62-5 r- 15000. 

??|S^ggO = 4752 cubic feet. 
16000 

Ques. 6. From what depth wiU an engine of 22-horso 
power raise 13 tons of coal in an hour? 
Work done by the engine in an hour, 

22x33000 = 726000. 
13 tons » 29120 lbs. 

726000^24 9 feet. 

29120 

Ques. 7. An engine is observed to raise 7 tons of mate- 
rial an hour^ from a mine whose depth is 85 fathoms ; re- 
quired the horse power of the engine, supposing ^ of its 
work to be lost in transmission ? 

Work a nun.=H240><7|c85x6^^335^3Q,. 

60 
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Since t of the work of the engine only go to raise the 
material, 

/. lof33000'=27500^ 

the tinits of usefol work of one horse power a minute. 

133280 _. 
27500'" «f^». 

Ques, 8. Required the horse power of an engine that 
would supply the city of Brooklyn with water, workiM 12 
hours a day, the water to be raised to a height of 50 feet ; 
the number of inhabitants= 130000, and eachjperson to use 
5 gUons of water a day ? 

The standard gallon of the United States weighs 8^ lbs., 
nearly. 

130000 x5=8j. _ 8125 x 25 lbs . 

12x60 27 

the pounds of water to be pumped in a minute. 

8125x25 ,^ _^ 
/. 27~ ^^^=376157' 

. 376157' 



33000 

The horse power required ? 



=ir 4. 



Qu€8. 9. What is the horse power of an engine that 
pumps from three different levels, whose depths are 40, 70, 
and 90 fathoms respectively ; from the first, 20 cubic feet 
of water are raised a minute ; from the second, lO^cubic 
feet ; and from the third, 35 feet, allowing ^ the work of 
the engine to be destroyed by useless resistance ? 

V =33000'. 
f of 33000=22000', 

the effective power of the engine. 

1st level, work=62-5x 20x240= 300000'. 
2nd „ „ =62-5x10x420= 262500'. 
3rd „ „ =62-5 x 35 x 540= 1181250'. 

1743750'. 
iy*3750 _yQ. ^Q 
22000' ""'^ 
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Ques. 10. There are 6000 cubic feet of water in a mine 
whose depth is 60 fathoms, when an engine of 50 horse 
power began to work the pump ; the engine continued to 
work 5 hours before the mine was cleared of the water ; 
required the number of cubic feet of water which had run 
into the mine per hour, supposing ^ of the work of the 
engine to be lost by transmission t 

4)33000' 
8250[ 

24750' effective power of the 

engine a minute. It must not be forgotten that 24750' written 
in broad -faced figures, signifies 24750 units of work in a 
minute or 24750 lbs., raised one foot high in a minute ; so that 
setting down the numbers in this peculiar manner saves much 
written explanation. 

24750' X 50 X 5 X 60=371250000, 

effective work of the engine in 5 hours. 

62-5x60x6=2250, 
work in raising one cubic foot of water to a height of 60 fathoms 
=360 feet. 

37125OOOO'=ie500- 
22500 

cubic feet of water pumped in 5 hours. 

16500- 
6000 - 

5) 10500- "Water run in during 5 hours. 

21000- 

Cubic feet run in one hour. 

Ques. 11. A forge hammer weighs 300 lbs., makes 100 
lifts a minute, the perpendicular height of each lift=:2 feet ; 
what is the horse power of the engine that gives power to 
20 such hanuners? 

Work of each lift =300 x 2 x 20= 12000. 
Work in 100 lifts, that is, in one minute, 

12000 X 100=1200000'. 

iggggy=36-3a 

33000' 
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Ques. 12. An engine of 10 horse power (10^), raises 
4000 Ib^. of coal, from a pit 1200 feet deep in an hour, and 
also gives motion to a hammer which makes fifty lifts in a 
miiiute, each Kft having a perpendicular height of 4 feet, 
what is the weight of the hammer ? 

Wotk done by the engine in one minute, 

=33000 X 10r=33OOOO . 

The units of work performed, in raising the coals, a minute = 

1200x4000 ^3 . 

60 «wwww 

Work engaged in raising the hammer a minute, 

=330000—80000=250000'. 

Work a minute, in raising one lb. of hammer 4 feet high, 
50 times a minute, = 

1x4x50=200'. 

250000'_ 



200' 

the weight of the hammer required. 



1250 lbs., 



CHAPTER n. 

ON THE WORK OF LIVING AGENTS. 

The labouring force of animals varies very much with 
the way in which their muscular strength is exerted ; and 
also, with the rate at which they labour. 

The following little table shows the greatest amount of 
effective, work that a labouring man can perform under the 
different modes in which he may exert his muscular power. 

WORK DONE BY A MAN PER MINUTE, WHEN HE 
WORKS 8 HOURS A DAT. 

A man in raising his own body 4250'* 

A man in working at a treadmill 3900'- 
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A man drawing or pushing horizontally .... 3120'* 

A man pushing or pulling vertically 2380'* 

A man turning a handle 2600'* 

A man working with arms and legs, as rowing . 4000'> 

UNITS OF WORK DONE BY A MAN PER MINUTE, WHEN HE 

WORKS 6 HOURS A DAY. 

A man in raising material with a pulley . . . 1560'* 
A man in raising materials with the hands . . . 1470'* 
A man in raising material on back, returning empty 1 126'* 

UNITS OP WORK DONE BY A MAN PER MINUTE, LABOURING 

10 HOURS A DAY. 

Raising materials with a wheelbarrow on ramps . 720'* 
Throwing earth to the height of 5 feet .... 470'- 

UNITS OF USEFUL WORK DONE BY A MAN IN A MINUTE, 
RAISING WATER BY DIFFERENT ENGINES, WORKING 
8 HOURS A DAY. 

With a windlass from deep wells 2560'- 

With an upright chain pump 1730'* 

With a treadmill 3176'. 

With a Chinese wheel 2167'* 

With an Archimedian screw 1505'- 

liaising water from a well, with rope and pail . . 1054'' 



WORK OF BEASTS. 

The imaginary horse by which the power of steam- 
engines is measured, is supposed to do more work than the 
general run of horses are able to perform. The work of a 
norse of average strength is about 22000 pounds raised one 
foot high in a mintue, which according to the author's 
notation, is expressed thus : — 

22000'. 

A mule will perform f the work of a horse =14y600\' • 



10 PBACTIOAL MEGHANIOS. 

An ass wi^l perform about ^ the work of a horse =4400'- 
Jn a common pumping engine a horse of average 
strength will do only 17550 useful units of work in a 
minute. 

From 22000' 
Take 17550' 

4450') lost in this case by friction 
and useless resistances. 

EXAMPLES. 

Question 1. How many cubic feet of clay weighing 
100 lbs. the cubic foot, will 20 men throw 5 feet high in a 
day of 10 hours long? 

From the foregoing table the munber 470' is found. 
Work in a day, 

=470' X 60 X 10 X 20=5640000'. 

Work in raising one cubic foot, 

=100x5=500'. 
Consequently the number of cubic feet raised in one day by 
20 men, 

=5640000^11280 
500 

Qrzes, 2. How many bricks will a man raise in a day 
six hours long to a height of 30 feet, supposing the weight 
of a cubic foot=1251bs., and 17 bricks to form a cubic 
foot ? 

For a man working in this way, the foregoing tables 
give 11J26'. 

. . 1126' X 60 X 6=405360, 

work done by a man in 6 hours. 

125 X 30=3750, 

work done in raising a cubic foot 30 feet high. 

:. *g|3|?= 108-096, 
3760 

cubic feet raised in a day of 6 hours. 

Number of bricks=108096 x 17=1838. 
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Qttes, 3. How many cubic feet of water will a labourer, 
workiiig with a bucket and rope, raise from a well whoso 
depth is 16 feet ? 

In the table will be found 1054', for a man working in 
this manner. 

1054x60x8=505920, 
work done in 8 hours. 

The work done in raising a cubic foot of water 16 feet high, 

=6-25x16=1000. 
Hence the cubic feet raised in 8 hours by a man, 

=505920^505 92. 
1000 

Ques. 4. What weight is a man, working at a treadmiU, 
able to raise in a day of 8 hours, from a depth of 110 feet t 

Tabular number=1730'. 

1730' X 60 X 8=830400, 

work done in a day. 

The work required to raise one cwt. or 112 lbs. a height of 110 
feet will be, 

112x110=12320; 
830400 ,^^4 ^^t 

12320 ' 

the weight that may be raised by a man working at a treadmill. 

Ques. 5. How many tons of coal would a man raise, work- 
ing with a wheel and axle, from a pit whose depth is 20 
feet, taking for granted, according to the tabulated state- 
ment, that a man so circumstanced can perform 2600 units 
of work in a minute 1 

Hie work done in one day of 8 hours, 

=2600' X 60 X 8=1248000. 

The work to raise one ton, 

=2240x20=44800; 
.. 12*8000^27^ tons 

44800 ^ 

raised in a day of Shourii. 
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Ques. 6. The ram of a pile engine weighs 7 cwt., and has 
a fall of 23 feet, how many strokes a day will four men 
give, working a wheel and axle ? 

Work done in one day of 8 hours, 

=2600' X 60 X 8 X 4=:4992000. 

The work of one stroke, 

=112x7x23=18032; 
. 4992000^ 277 strokes nearly. 



The force with which animals pull decreases with their speed ; 
the relation between the traction and speed of a horse is ex- 
pressed vrith considerable accuracy by the following formula : 

te250— 41|.r; 

in which ^=the traction in lbs. and r=the rate in miles per 
hour. 

Hence, if the speed be 3 miles an hour, the traction will be 
125 lbs., for 

250— 41|x 3=125 lbs. 

If the speed be one mile an hour, the traction will be =208 J lbs. 
for 

250— 41|xl=208ilbs. 

From this formula, it is easily shown that a horse will do the 
greatest amount of work when he travels at the rate of 3 miles 
an hour, in fact 

|250— 4I|r|xr 

becomes a maximum when r=3. 

If a body move slowly along a horizontal ^lane, the resistance 
.to be overcome is called friction. Experiment has determined 
that this resistance on a given surface is a fractional part of the 
weight of the body moved, and it has also been found that any 
change in the rate of the motion of the body does not affect the 
resistance due to friction ; nor is the amount of friction altered by 
the extent of the rubbing surfaces. 

When a waggon or a cart is drawn along a good common road, 
the resistance of friction is about -^^ of the whole load, so that a 
horse in order to draw 3120 lbs. along a road, must pull with the 
force of 104 lbs., for 

^122=i041b8. 
30 




PRACTICAL MECHANICS. 13 

A horse with this traction, according to the foregoing formula, 

moves at the rate of about 3^ milea &n hour, for 

(=250 — 411 r, 

becomes 104=250 — 418 r, 

.-. r=3i. 

A carnage on a railroad only requires a pressnrB of about ^ 
part of the moring weight to give it motion, or from 4 to 8 lbs. a 
Ion. The fractions A for common roads, and 3*0 for railrooda, 
are called the coefficients of friction ; as these coefficients become 
smaller, the nibbing surfaces become smoother. 

Let W be a weight drawn on a 
horizontal plane, H R, by means of 
a weight, P, attached to a cord, A, 
going over a fixed pulley, C ; then 
the weight, P, just necessary to 
draw or move W along the plane, 
will be eqnal to the resistance of 
friction. In the case of a railroad, 
ifW=1501ons,Pwillbe=900!hB., 
when the coefficient of friction = 
TT^si f>T 6 lbs. a ton. 

It is very evident that whatever distance P descends, the 
weight, W, will be drawn along the plane, H R, the same dis- 
tance; hence the unite of work done in moving W will be the 
weight of P in pounds multiplied by the distance in feet through 
which it descends, or the resistance of friction in pounds, multi- 
plied by the space in feet over which W is moved. 

The work of every machine ia consamed by the work done, or 
by the uaefiil work, together with the useless work, or the work 
destroyed by the friction of the parts of the machine. I will 
here explain one of the most beautifnl laws of motion : When the 
work apphed exceeds the work consumed, the redundant work 
goes to increase the speed of the parts of the machine, and at the 
same time, like the fiy-wheel, acts aa a reservoir of work. TTiis 
acceleration goes on increasing unlil the work of the resistances 
■+the u$ejul uiork=the work applied; and then the motion of ine 
machine becomes tmiform. 

For example, in a railroad engine and train, at first the work 
of the engine exceeds the work of the resistances, and hence the 
speed of the engine goes on increasing; but, aa the speed increases, 
the work of the resistances also increaaea, so that ultimately the 
engine attains a nearly anifona motion, which is caWedthe ^^eXftfh 
oT Bi a ximam apeed, and then tite workdeBtroyelby t^«'ceau>^AXtf:ffi& 
win be exactJj egnal to the work applied by the moVmiJ V^^^t. 
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Qties. 7. Required the effective horse power of a locomo- 
tive engine which moves at a steady speed of 23 miles an 
hour upon a level rail, the weight of the train being 100 
tons, and the friction 5 lbs. a ton I 

Put a?=the required horse power. 
The work of the engine per minute, 

=:c X 33000'; 

The resistance of friction, 

=5x100=500 lbs. 

The distance moved per minute, 

23 X 5280 ^^^ , ^ , 
= g^ — =2024 feet; 

Work to overcome the friction, 

s:2024 X 500=1012000 . 

But as the speed of the train is uniform, the work of 
the resistances will be equal to the effective work of the 
engine; 

.. ^x 33000 =1012000. 
. ,.1012000 
• ^- 33000' "" " '' 

Ques. 8. What is the rate in miles per hour of a train of 
80 tons, drawn by an engine of TO*" ; the friction 8 lbs. to 
the ton ? 

Call a the uniform speed in miles per hour ; 

Work used in moving the train x miles, 

=80x8x5280x^; this 

is the work done by the engine in an hour. But the work done 
by the engine in an hour will also be expressed by 

33000' X 70 X 60 ; 

:. 33000' X 70 X 60=80 x 8 x 6280 x x ; 

33000' X 70 X 60 .,.. ., 

•• ^= 80x8x5280 =^^'^^^^''- 

Qites. 9. An engine of 48^ moves with a maximum 
speed of 33 miles an hour, on a level rail ; required the 
^Toss load of the train, friction 6 lbs. a ton f 
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Let X be the gross weight of the train in tons, then the 
work consumed an hour in moving the train. 

=ar X 6 X 33 X 5280. 

Work of the engine an hour, 

=48x33000x60. 

When the speed is uniform or at its maximum, 
a: X 6 X 33 X 5280=48 x 33000 x 60 ; 

. 48x33000x6 0^ , 

•• ""- 6x30x5280""^^^^^'''' 

Ques. 10. In what time will an engine of 66 horse 
power, moving a train of 200 tons, complete a journey 
of 100 miles, iriction 5 lbs. per ton ; rails horizontal ? 

Work expanded in moving the train 100 miles, 
=100 X 5280 X 200 x 5=528000000. 

Work of the engine per hour, 
=33000' X 66 X 60=130680000 

528000000 ^^0^ j,,^,3 
130680000 

Qaes. 11. What work per minute will a horse perform 
when travelling at the rate of 2^ miles an horn* ? 

I have before shown that the traction of a horse moving at the 
rate of 2^ miles an hour, 

=250-41Jx2A=145flbs. 
2^ miles =13200; 

Feet per minute=i??^ =220 feet. 
^ 60 

Hence the work of this horse per minute, 

==145^ x 220=32083 J^'. 

(^aes. 12. What load will a horse draw travelling at 3 
miles an hour upon a plank road, whose friction. \a -y^i^ of 
the whole had, the road being horizontal t 
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The traction at this speed is 125 lbs., 

for 250-411 X 3= 125. 
The gross load must be 100 times this weight, 

= 125x100=12500 lbs. 

Ques. 13. Suppose a horse to be able to perform 33000 
units of work in a minute on a horizontal road, whose fric- 
tion is ^ of the whole road; required the load and rate 
per hour I 

Traction=(250 — 41f r) pounds. 

Space passed over in a minute, 

=^-=88 r feet. 
60 

Then (250 — ll|r) 88r=the units of work performed by the 
horse in a minute= 33000'* From this quadratic equation, 
the value of r is found to be 3 miles ; 

/. Traction = 125 lbs., 

and the load will be 

125x20=2500 lbs. 

Ques. 14. At what rate will a horse draw a ton, on a 
road whose coeflScient of friction is ^^ ? 

Traction = ??l?=701bs. 
32 

.-. 70=250 - (411) r; 

250 - 70 ..Qo 
• r=_^j^=4.32, 

the rate is 4*32 miles an hour. 

Ques. 15. When a horse exerts a traction of 41|lbs., his 
rate of motion is 5 miles an hour, what gross load will he 
draw on a kvel road whose coefficient of friction is ^q, and 
what work will he perform a minute ? 

Load=30 x 41f =1250 lbs. 
Distance moved in feet per minute, 

= 11^0^440 feet. 
60 

Work=41f X 440= 18333V- 
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Ques. 16. What must be the horse power of an engine, 
to en* €(960 «cpairD ifioeft «f pinlaqg WlMnrs 

C xequuKMiy aooonlKQg to ememBoaStf abtnt fSOOO «ts 
of iMik to "Saw a mfOMte foot ctt gmcoa «iik jhmVing^ tlwre- 

foM^ 

ISiewoii^in ootfing 6606 squwe iSocity 

x6600=s: 



10x60 



Ques, 17. An engine of 24 effective horse power cuts 
144 square feet of American live oak in 5 minutes, how 
many units of work are consumed in cutting a square 
foot? 

The work of the engine in five minutes, 

=38000' X 5 X 24=3960000, 

the work destroyed in cutting 144 square feet. 

Therefore the units of work expended in cutting one square 
foot, 

^ 896oooo ^aysoo 

144 



CHAPTER m. 



OSr THE MOVINO OF BODIES OK INCLINia) PLA37E6, AND 

THE RAISING OF MATEBIALS. 

If a surface be supposed without friction, the units of 
work performed by moving a bodv along it is equal to the 
product of the weight of 3ie body in pounds, by the ver- 
tical height in feet tbrougb which ft is raised. 

o 
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To move a body along the path A C E G 1, may be 
imagined the same as to move it along and up an infinite 
number of steps, resembling A B, B C, CD, D E, &c. 
And since friction is neglected, tliere is no work required 
to move the body in a horizontal direction, all the work is 
expended in raising the body in the perpendicular direc- 
tion ; hence the units of work required to raise a body from 
li to I equals the units of work required to move it along 
the path A E G I, the friction of the path being 
neglected. 

The principle here explained holds true for inclined 
planes. 

EXAMPLES. 

Question 1. A train of 200 tons ascends an incline which 
has a rise of 5 feet in 1000, with a uniform speed of 30 
miles an hour, what is the effective power of the en^ne, 
the friction being 5^ lbs. to the toni 

The pressure of a body on an inclined plane is nearly 
equal to its weight, when the inclination is small, hence 
the work due to friction may be found by the method ex- 
plained in the last chapter. 

Speed of train a minute = 2 G40 feet. 
Weight of train in lbs. = 448000. 

1000 200' "^^ 
of the raii in one foot 
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1 



X 2640 = 13-2. feet, 



. 200 

the rise of the rail in 2640 feet, 

PoiiMq;qfinfly.the whole weight of the train is raised 13 2 feet 
eyeij minate in opposition to gravity. 

Work due to grayitj a minute, 

=448000x13-2=5913600'. 
WoA due to friction a minute, 

==200 X 5^ X 2640=2904000'. 
"Total work of the engine a minute, 

:=:S913600+2904000=8817600'. 
8817600' 



33000 



=267^ 2 



Ques. 2. A train of 330 tons ascends an incline that lias 
a rise of ^ in 100, what is the maximum speed with an 
engine of 120 horse power ; the friction of the rail 8 lbs. 
per ton? 

Let X be the speed of the train in feet per hour. 

The rise in each foot of rail, 

= J divided by 100=3^ ; 

the rise of the rail in a feet, 

— ^ 
500 ' 

The work due to gravity in an hour, 

=330 X 2240 X -^^- = 1478*4 X x ; 

Work due to friction in an hour, 

330 X 8 X ^= 2640 X J*. 

It is evident that the work due to gravity in an hour, 
.added to the work due to friction in an liour, must be equal 
to the work done by the engine in an hour, 

/. 33000' X 120 X 60=2640 x a+1478'4 x ^, 

237600000 



ir= 



41184 



=57692 feet. 



Qties, 3. An engine of 50 horse power ascends a gcaSiAftTA. ' 

c ^ 
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having a rise of | in 100 ; with a steady speed of 20 miles 
an hour, what is the weight of the train in tons, the friction 
per ton being 8 lbs. ? 

Let X be the weight of the tram in tons ; the work required 
to overcome friction, 

= 1760x8xar=14O8Oxa?. 
Since a speed of 20 miles an hour =1760 feet a minute 
rise of rail in a foot, 

= J divided by 100=^ ; 

rise of the rail in 1760 feet, 

5280 ,,^^ , ♦ 

work due to gravity, 

=2240 xa?x 13-2=29568x0/ 
work of the engine a minute, 

= 33000' X 50 = 165000, 

Consequently, 

14080 ^+29568 ^ = 1650000' 

1650000 ^^^, 

/. x = ^^^^^ = 37-8 tons. 



Quea. 4, A train of 100 tons cZ^5cenc?5 a gradient having a 
rise of a J of a foot in 100 feet, at a uniform speed of 60 
miles an hour, what is the horse power of the engine, fric- 
tion reckoned at 8 lbs. a ton ? 

60 miles an hour = 5280 feet a minute ; 
Work due to friction, 

r- 100 X 5280 X 8 = 4224000'. 
Bise in one foot, 

= i divided by 100 = Tfo. 
Kise in 5280 feet, or in one minute, 

5280 ,,,^ , 
= 400-=^^-^^^^*- 
Work due to gravity, 

=224000 X 13-2 = 2956800'. 
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In this case gravity acts with the engine ; 

/. 4224000' minns 2956800' = 1267200' 

1 67200 _^^, . 
33000' "'^^ '*• 

Ques. 5. If a horse exerts a traction of 144 lbs., what 
weight can he pull on a plank road, up a hill that has a rise 
of 3 feet in 190 feet, supposing the coefficient of friction to 

be^V? 

Work of the horse in moving over 190 feet, 

= 190x144=27360. 
The work of friction in moving a? lbs. over 1 90 feet, 



X 



X 190 = 9-5 d?, 



20 
supposing X to be the required load ; 

The work due to gravity, when the load is moved over 190 
feet=3^ ; 

.-. 9-5^+3ir= 
27360 



a? = 



125 



= 2186-8 lbs. 



Ques. 6. What would be the backward iMmssoxe dT « 
horse in going down hill that has a rise of 15 feet ia. SO 
with a load of 2000 lbs., supposing the coe£Sk:i«it of feictiflK 
to be ^Q I 

Work due to gravity in moving 2000 lbs. 36^ &e4, 

= 2000xl5 = 3OOOO>^ 
Work doe to friction in moving tibe load ^S9^ fbel,. 

=!^x3-69 = 24eOOr 

From 30000 

Take 24600 

5400 

.-. 5|gg^ 14.6 lbs. 

369 

Ques. 7. How many horses would it take to draw «k.\o^^ 
of 6 ions up a hill having a rise of 2^ in 100, supiposvug^ ^^ 
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resistance of friction to be ^j of the whole load, aad the trac- 
tion of each horse 160 Iba. 

Let X be the number of horses. 

Work due to friction in moring 6 tons over 100 feet, 

,6x»»x,oo.iiaooo. 

Work of jrravity in moving 6 tons over 100 feet, 

= 6x2240x2^-33600- 
The work of x horses iu'paseing over 100 feet of tbie road, 
= 160x^x100 = 16000*; 
.. 16000:^ = 112000+83600, 



145600 _ 
16000 



1-1 horEes. 




The work in raising materials, 
having a given form, will be tlieir 
weight multiplied by the per^ 
pendicular height to which the 
centre of gravity is raised. 

Suppose the body, A B, to be 
raised from the horizontal line, 
Q R, and the point, C, to be the 
middle or centre of gravity of the 
body ; let e and r be points equi- 
distant from C, and the centres 
of gravity of two equal solices 
A D, £ B. Now if eqnal weights, 
say for example 5 lbs,, be placed 
at e and r, the centre of gravity 
of these weights will be at G, 
then 



Wori in raising 5 lbs. to r = 5 x H *" 



Bam =5xCHr4.He) . 
Bat Hr+He=2 HC; 

.-. Bam=10xHC. 
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That is, 10 lbs. raised from H to C is the same amount of 
work as 5 lbs. raised to r^ and 5 lbs. raised to e. The same 
maybe proved of any two equal weights, one of them raised 
as far above the centre of gravity C, as the other is 
below it. 

Ques. 8. Required the units of work in raising the mate- 
rial of a wall 22 feet long, 13 feet high, and 2^ feet thick ; 
supposing the weight of a cubic foot of the material to be 
140 lbs. ? 

Contents of the wall in cubic feet, 

= 22x13x2^ = 715. 
Weight of the wall in pounds, 

= 715x240 = 10010. 
The height of the centre of gravity of the whole wall, 

= H=±6ifeet; 
Work = 10010 X 6i = 65065. 

Ques, 9. The shaft of a pit is to be sunk 120 feet deep, 
and 6 feet in diameter ; in how many days would a man 
working with a wheel and axle, raise the material, su})- 
posing a cubic foot to weigh 100 lbs. ? 

The area of a circle is found by squaring the diameter 
and multiplying by '7854: 6 squared 6^ = 36. 

Number of cubic feet in the shaft, 

= 62 X -7854 X 120 = 3392-928 ; 

Weight of the material, 

= 3392-928 x 100 = 339292-8 lbs. 

The units of work to raise this material -^ ^*^®^> 

= 339292-8x —=20357568; 

2 

for it is clear that the centre of gravity of the shaft is 60 feet 
from the top. 

A man will perform 2600' working 8 hours a day, turning 
a handle. 



24 PRACTICAL MBCHAinCS. 

Units of work in 8 hours, 

- 2600' X 60 X 8 = 1248000. 

The nmnber of days required, 

^ 20357568 ^1^33 
1248000 

Ques. 10. Required the work in raising 3 cwt. of coals 
from a pit whose depth is 120 feet, the circumference of 
the rope being 2 inches, allowing the weight of 1 foot of 
the rope of 1 inch in circumference to be '046 lbs. I 

The weights of ropes of the same material, and of the 
same length, are as the squares of their circumferences. 

Weight of one foot of rope, 

= 22x-046 = '1841bs. 

"Weight of the whole rope, 

= •184x120 = 22-08 lbs. 
Units of work expended in raising the rope, 

= 2208x1^=1324.8. 

Work in raising the coals, 

= 112 X 3 X 120=40320 ; 

Total work, 

= 40320 + 1324 8 = 41644 8. 

Ques, 11. A cisteim 22 feet long, 10 feet broad, and 
8 feet deep; required the work in filling it, when the 
height of the bottom of the cistern from tne water in the 
weU is 36 feet I 

Taking 1000 oz. or 62^ lbs. as the weight of a cubic foot of 
water, the water in the cistern, 

= 22 X 10 X 8 X 62-5 = 110000 lbs. 

The height to which the centre of gravity of the water has 
to be ridsed, 

= A +36 = 40 feet. 
2 ^ 

Work = 110000 X 40 = 4400000. 
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Qaes. 12. The side A B of a cube of granite is 6 foot, 
and the wci^ «C a csbiE foot is 170 lbs. ; it ii required 
to find tjia- mA woeeaaary to ereittmi it oa tiie edae 
ofA? 



The 
edge, A, 



of &e ceDtr* of i 



b4'24 feet 



svit^^ ff^ Scorn tho 



Wlien. lSm caatn is- iboat to faS, the centn of gravity in 
raised from, r tin i^ cinseqnfintlj the woric in orcrtuniing 
the bodr ■ ^» aame as luang ks whole weight » porpen- 
dicolar h dgjb s^ f^ 

.-. fn = 4M-3 = l-2*. 
Wo*«K»)(«?xt-24 = 



In a bodf of »oy form about to 
fall, the csntie o£ gravitj, ff, will 
be at n ia the Tccbcal line,^ A C, 
the worki«ilwnimngtI»e body to 
this positua is. aoe to the ver- 
tical distance, r n, through which 
the centre of gravity has been 
raised. The work necessary to 
overturn any body is the true 
B of stability- 



Fig. i. 
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Ques, 13. Let a round shot stnkc a heavy pendulnm 
block, A B, Fie. 5, and move with it to the position a b ; 
let O be the point of suspension, G the centre of gravity 
of the block, shot, and pendulum taken together; O G = 
17 feet 5^ inches ; 0P = 12 inches, and the point ^ to be 
23 inches lower than P, or « P = 2| inches. Find the units 
of work done by this round shot ; the weight of the com- 
pound body put in motion being 2 tons 4 cwt. 25 lbs. ; 
friction ana the resistance of the air being neglected, 

OP:PB::OG:GC,the 
distance through which the centre of gravity, Q, is raised 
— tliat is, 

12 : 2J :: 17 feet 5^ inches : i feet nearly. 

8 tons i cwt. 23 lbs. = 7193 lbs. 

7J9Sx4=38772, theuiutBof V0Tki«t)ini«d. 
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In this chapter I intend to treat of the traiiFniissi.)]i of 
work by simple machines ; it maj be obscnod, tlint tlie 
object of machinery, whether simple or comiimind, is to 
regulate the distribution of work, or to change the direction 
— and not to increase work. 

If the parts of a machine were not subject to frictii>n or 
any other resistances, the work given out would be exactly 
equal to the work ajiplied. Dead matter, by its gravity, 
produces pressure, and, by the intervention of mecliuiiisni, 
that pressure may be increased or decreased ; but work 
is peculiarly the production of active or living agents. 

THE LEVER. 

Fig. P. 
Suppose two uniform 
bars, A B, B C, to be 
suspended from their 
centres, n and m, by 
means of cords at- 
tached to tlie points 4 
and 3 of the lever D EJ 
turning on the fulcrum 
F, wmch must evi- 
dently be in the middle 
of D'E = AC, andover 
the middle of A C, in 
order to secure equili- 
brium ; that is, in order that the two parts may rest hori- 
zontally as if they were in one piece, and suspended by the 
middle point, S. It is also evident that the equilibrium 
will not be destrojred if the bars be hung by ftiftit eu4& tt. 
die points 4 aad 3. 




28 



PBACTIOAl MECHASIOS. 



Let the weight of tlie bar, AB = 61bs,, and the weight 
of 6 C 3:^ 8 lbs., then A B will contain 6 units of length, and 
B C, 8 units of length. It ia evident from the figure that 
F q, the distance at which A B acts from the fulcrum, con- 
tains 4 units, and F^, the distance at which 6C acts from 
the fulcrum, will contain 3 units; then since it appears 
that a weight of 6 lbs., suspended at q, balances a weight of 
8 lbs., suspended at p ; therefore the following relation 
exists when equilibrium takes place : 

6 lbs. X 4 = 8 lbs. = 3, generallj 

Levers are divided into three kinds : In the first kind of 
leveTf the power and weight are on opposite sides of the 
felcrum. 




A B is a lever of the first 
order, F the fulcrum or 
prop, P the power acting 
at C, and W the weight at- 
tached to the point D. If 
CF be twice DF, 5 lbs. at 
C will balance 10 lbs. at D ; 
generally as many times as 
e F is longer than F D, so 
f tijaes- will W be greater titan P. 

Lever of the second 
kind. — The weight is 
between the fulcrum 
and the power, W is 
the weight, F the ful- 
crum, P the power. 

"Wlien the lever b 
supposed to be without 
weight, then if the 
length of A T = a, and 
B F=p, the power P 
balances the weight W, 
when 
Wxp-Pxa. 



Bflcoira OBMta or levbo. 
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THIRD ORDER OF 




Third kind or order 
of lever. — In this case 
the power is between 
the inlcnim and the 
weight. P represents 
the power, F the ful- 
cnun, and Wthe weight. 
Generally if B F=p, 
and P F=g, the power 
P balances the weight 
Wj when 



Questton 1. In a leveT of the first kind, Fig. 7, let W* 
301bs. The arm C F = U feet, the arm FD = 4; n- 
qnired P? 

Pat«=Pinlbs. 
Then hj the equality of momentB, 
= 4x30, 



120 



aojifibs. 



Ques. 2. A man exerts a pressure of 50 lbs. on a crowbar 
at a distance of 4 feet from the fulcrum, what weight wilt 
he balance at the distance of 3 inches from the fulcrum ? 
Wx 3 = 50x48, 
.-. ■W"=«001hB. 

Quee. 3. In a lerer of the -aeoond liind, Fig. S, W=: 
11 lbs., B F = 16 inches, and A f^ leO mdhea-, SBQimBAFT 
PxlOO = IlxWs 
.-. P=l-76lb«. 

Ques. 4. In a lever of the-fliird land, 1%. iS, W=W { 
BF=60 inches, andPF=8; ntqwedFt 
Px8=40xeo, 
.-. P-^ 300 lbs. 
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Ques. 5. Iti a lever of the first kind, 5 and 8 lbs. are 
placed on one side of the fulcrum, at a distance of 6 and 4 
inches respectively from the fulcrum ; required the power 
P, acting at the oistance of 9 inches from the fulcrum, to 
maintain equilibrium t 

P>c0 = 5x6+8x4, 




^S- '0. Qaes. C. In a combi- 

nation of three levers of 
the first order, repre- 
sented on the accom- 
panying diagram, Fig, 
10, the long arms are 9, 
~, 8, inches respectively, 
thp short arms 2, 3, 1 inches ; if a pressure of 10 lbs. be 
applied at P, what is the pressure at Q to balance it ? 
9 X 10 = 2 X the pressure at A, 
The pressare at A = 45 lbs., 

7 X 45 = 3 X the pressure at B, 
Pressure at B = 105 lbs. 

105 X 8=1 X the pressure at Q. i 

Pressure at Q=840 lbs. 




Quea. 7. Let P F and 
F W be the arms of a false 
balance, a certain weight,- Q, 
i\Lighs IG lbs. when put in 
the scale attached to the 
iong arm, and only 9 lbs. 
w hen weighed in the oppo- 
site scale ; what is the true 
wughtof Q? 
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By the eqnalitj of moments, the tiro following eqnations are 
obtained : 

Qx'W"F=9xPF; 
QxPF=16xWF. 
Multiplying these equations together, and then gtrikiiig out 
the commoa &ctors, 

QxQ=9xl6; 
.-. Q=12. 



THE PBINCIPLE OP WOKK APPLIED TO THE LEVEH. 



Let B F = 10 feet, F A = 2 
feet,andP = 31bs.; requiredWt 

It is evident, if P be raised 5 
feet, W will be depressed one, 
because F B is five times the 
length of F A; consequently 
theworkof P = 3x5, 



and the work of W=W x 1 ; 

.'. Wxl=3xB; 
.-. W=151bs. 
Hence the equality of moments is readily established by 
the principle of work, and conversely. When the motion 
is extremely small, the principle of work b termed the prin- 
ciple of virtual velocities. 




The tendency of a uni- 
form beam or lever, AB, to 
torn about the fulcrum, F, 
is just the same as if the 
whole of its weight were 
collected in its midale point, 
orcentreo/^raraf^ £7. For 
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if the preponderating side, A F, be hnng from a cord, tn r, 
placed so that A m = n B, then this cord will enstain one- 
half the weight of the beam, and the fulcrum, F, the other 
half. Now, if the whole weight of the beam be collected 
at C, the centre, it would produce the same strain upon the 
cord, hence the beam acts as if its whole weight were col- 
lected in its middle point. 

Quea. 8. The weight of the lever of the first kind= 
10 lbs., Fig. 7, the length A B=50 inches; AF=40; 
C F=3C ; T> F=5 inches; and W=150 lbs.; required P, 
in order to maintain the lever in equilibrium ? In this case 
the weight of the lever acting at its centre of gravity, m, 
ccHOQ>erates with the power, 

m P=A F-A m, 
=40-1 of 56=12 
"^um If {be '«qiuilit7 of moments, 

Px36+10x 12=5x150. 
P= 17-25 lbs. 



Wg-l*. 




Ques. 9. The weight 
oftheleveTSK,Fig.l4, 
of the first order=31 
lbs.; S R=85 inches; 
S F=55; A F=43; 
BF=19; and W=34 
lbs. Required P? 
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Ques. 10. The weieht of 
a lerer, Fig. 15, of the 
wcond oidec'^ lbs. S R= 
Winches; SF=76; AF 
=70 inches ; B F=2 incbe^ 
widP=1001b8.reoTiipedWT 
In this case, the weight 
of the lever acts with W; 



Wx2+8x36 = 100x70, 
.* W= 8356 lbs. 

Ques. 11. A beam, B S, Fie. 15, whose wei^t ts 4 cwt., 
is sapported by props at A and F ; a w^ght. W, of 20 cwU 
is pU^ at B ; it is required to determine the pressures on 
the props, when RS=50 feet; F K=2 feet; B F=12 
feet; AF=30feet? 

Let G be the centre of die beam, then C B=^ of 50=25; 
C F=25 —2=23 ; sappose the beam to tnm on F ■• a fdlcnun, 
the preesnre on A, 

=Px80=20x 12+4x28. 

Becanse the two props sapport the whole weight 24 ewt., 
24 — 11^=12^ cwt, the pressure on F. 



HOW TO GKADDATE THE LETEB OF A. SATBTT TALTZ OF 
A 8TEAH ENOnfi:. 
A F is a gmdoated lever of the second Hnd, taming cm 
F as a centre ; Y the valve of opening or closing the com- 
mnnication of steam in the boiler with the atmosphere ; the 
lever, A F, rests upon the pin. Q V, of the valve, V, and a 
sliding wmght, W^ is snspenaed firom the lever, enabling 
the esigineer to place different amonnts of pressQie on &« 
Ttlva ; this jsvasarg meoscnis the elastici^ of the Bbeani 
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wben it begini to escape. When steam of veiy high tem- 
pentore is employed, tbe adntisnon of atmoe^mc air is 
auigenni& and nnder such circumstances this valve may 
be properly termed the tmsafety valve. In order to er*- 
dnato tne Wer, a wraght, W, most be found, bo that woea 
it is [daced at A it may baunce the greatest jx^ssnie (tf 
the steam. 

The ttlext tiling to be fonnd, is the positioa of the irei^it 
Vf, to give any propooed pressore to the valve, 
rig. 16. 




EXAMPLB8. 
QuM. 12. The leiu^ AF of a leTer=tU inches; the 
distance F Q=2 iiuJies ; the weight of .the valve md pin 
=51b8.; the w^tc£ the lever F A=81b«., and tiie aiea 
of circnlar valve m the nsirowest place'=6 square inches ; 
it is required to find the- load W^ so that when it is placed 
at the extremity of the lever, the steam "may have a pres- 
sure of 30 lbs. on the sqnare inch, or 45 Iboi inclnding the 
pressure of the atmosphere t 
PreBBore of steam on valve, 

= 6x80 = 1801bs. 
Honoe the effective pressiiia on the lever, 
= 180 — 5 = 17'>Iba., 
linoe the weight of the lever will ad at the middle pout, C^ 
Wx 14-1-8x7 = 176x8 
.-. W=21Ib«. 

Quei. 13. At what distance from the foloimi mnst the 
load be, in the last example, so that the steam may' have m 
praatae of 16 lbs. over the preasore of the atmoBphan t ^ 
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16x6-6 = 91. 
floi^MB DvF%. 16, to be tba leqniied podtirai of the loe^ 

FDx21+8x7 = Mxa; 
Fl>'=6 ini^ta. 

Queai 14. la a bent lerer, Fig. 17, the jfwrpeiidiciilir. 
O A, (^ the direction of the feme, P, is 4 inches ; and 
the per^endioahu', OB^ upon the direction of W, is 7 inches ; 
require^ F when W= 200 lbs. T 



■Ig.17. 




.-. P = S50. 

Ques. 15. A rope, A D, Fig. 18, supports a uniform 
pol^ O D, resting on the ground at O, and sn^^Mitiiig 
the wei^t, W, suspended from D ; required the tension 
of the rope, when AD = 175 feeL O A= 40 feet, O D = 146 
feet, W=50 cwt, and weight of O D= 10 cwt. t 

In this example O D may be regarded as a lever tnm- 
inA on O as a centre. Draw O P perpendicular to A D^ 
and O B, a TerUcal lio^ paaang throagh the ceatn ^ 
d2 
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Fw-lfl. 




gravity, C, of &e pole, then the moment of the force 
stretchinztlie rope will be eqtul to the sum of the nio- 
mentB of W and the weight of the pole ; that is, 

Ten8ioiiofi»rdxOP=WxON+Wt.o£polexOB. 
To find the papendicnlois, 

OP, DN, CE, 
in order to do this in the most simple manner, it will be 
observed, that smce the three sides of tiietriu^e^ A OD, 
arc ^ven,. the area ma^jr be found 1^ the 'OnSjMO'nile; 
the aiea=2100 square feet; bnt the area ii^ldw ex- 
pressed hy 



.: P=24 feet. 
But the area is alao = 

.'. Dy=105 fee t 

N = v/l45*— 105' r- 100, 

.-. OE = 50. 

■ TensiMi of oordx24 = 50xl©+100x60. 

Conseqnentlj the tenaion of the cord 

-229icwt, 
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THS OESTBE OF OBATITT. 



Without involving error^we ma^mppose a bodytcted npoil 
by the earth's gravity V> be composed of an infinite unmDer 
of particles, each of which is acted on in a direction perpen- 
dicular to the horizon. The enm of all the parallel forces 
is evidently the weight of the body. 

There is a point, nhere a smele force, equal to the 
weight of the Body, being applie(^ will produce the same 
effect as the force of ^vity akAing upon the various par- 
ticles coniposing the boay ; this poiat is called the centre of 
gravity of the body. From this definition, it immediately 
follows ibfit if the centre of gra'\'ity be suppcoTted, the 
body will stand, and vice versa. But it must not be for- 
gotten that aheavy body may be moved with ease on an axil 
passing through and supporting its centre of gravity. That 
the centre of gravity of all symmetrical or regular Dodies is 
in their centre of magnitude. That if any body, acted on 
bv the force of gravity, tend to turn a lever, we may regard 
the weight of me whole body to be collected in its centre 
of gnmly. 

Tigris. 




Quea. 16. Xiet A, B, and C, be three bodies in the same 
right hn^ it is required to determine the position of their 
common centre of gravity, 6, with respect to any assumed 
point, F, when A = 61b8., B = 4 lbs., (J- 10 lbs. ; AF=10 
feet, BF=25 feet, and C F=42 feetl 

liCt it be supposed that an inflexible rod, without weight, 
Kisses through the bodies, and that the system turns npon 
F as the f uloimi ; Uien as tbe whole mass may be regaled 
as acting in the point G, by the equality of momenta. 
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FGx(6+4+10)=6x 10+4x25+10x42, 

:. FGx20=680, 

Fa=29feet. 

Let A^_ B, &e^ h&ag any number of bodies lying in the 
same horizontal plane ; it is required to detemune tne por- 
tion of the centre of gravi^, G, referred to two axes or 
lin^ O X^ O T, perpendicTUiir to each other, these lines, 
O A and O Y, are termed co-ordinate axes. 

Conceive the bodies to be connected with the axis, O^ X, 
by th^ perpendicular rode, Ad,Bb, Ac, then the sum of 
the moments of the bodies, tending to turn round the axi% 
X, will be the same as the moment of the whole mass, 
collected in the centra of gravity, G. From this equality 
the distance of G from O X is obtained. In precisely the 
tame way, we find the distance of G from O Y; and hence 



Fig. 20. 





1 



the punt Q becomes known. After the same manner tho 
pttntion of the centre of gravity may be found, when the 
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bodies are in space, hj referring them to co-ordhute 



Que*. 17. The vei^ts of three bodies, G, D, E^ are 10, 
17, and 9 lbs, respectively (Fig. 20) ; and their distances 
from O X are 8, 16, and 28 inches, and from O Y, 38, 24, 
and 11 inches respectively; reqiiu«d the position of the 
common centre of gravity T 

Let « be the distance of the centre of gravity from the 
ana, O X ; imd y the distance from O Y, then 

(10+17+9) «=10x8+ 17x16+9x28, 

.-. «=16{, 
(10+17+9) s= 10 X 88+ 17 x 24+9 x 11, 
„- 28 



WBBBL AKD AXLE. 



TTii« -agnfe' - machine is 
only anolhar fons of the 
lever ij^ai* die power is 
made i»-mab Ucmtmaoiuly; 
it coiirfi<ii','<rfB large wheel, 
A C IV*"^ * eyunder, or 
axle, B .Vi iMith of ^riiich 
tnm (MB ^ annfi axis, O. If 
thew1i«4^;jLCp, be tamed 
ronn4 "%''{&' ptnntn Pi ap- 
plied to^^ Oea^ B F, 
win otdV^lhe tope by which 
the w«^ W.bmgs. The 
lever ty, iriddi P acts is 
evidantfr A O, and that by 
whidi W acta IB O B ; hence 
when tlteae weij^ls, or pres- 
warea, balance erai other. 



I1S.M. 




■ 


1 


1 


1 



PxAO=WxOB. 
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If the wheel be displaced bj a handle^ then the machine 
is termed a windhsa. Sometimes the handle is made to 
turn a series of wheels acting on each other by meaiui of 
teeth ; a machine so formed is called a crane. 

I will now consider the equilibrium, on the principle of 
work. 

When the diameter of a circle =1, the drcomference = 
3-1416. 

When the wheel makes 1 revolution^ the axle also makes 
one. In one turn P descends a space, 

=2x0 Ax 81416, 
and W ascends a space 

=2xOBx31416. 

The work done by P in one reyolation 

=2 X A Ox 3 1416 xF; 

and the work of W in one revolntion 

=2xOBx3'1416xW* 

It is clear that the work done in one revolution is equal to the 
work applied, friction being neglected, 

:. 2 X AOx 3-1416 xF=2xOBx3-1416xW. 

•V PxOA=WxOB, 

wUch is the relation already established. Conversely, if we 
asstune the equation of equilibrium, the principle of work may be 
readily established. It must be remembered, in ai^lying the 
principle of work, that O A, O B, are taken in feet or decimal 
parts of a foot, and that W and P are measored in Ihi. 

QueB. 18» The handle of a windlass is 18 incheay the ra- 
dius of the axle = 3 inches, and the power applied ^60 lbs. ; 
what weight could be raised, friction beibg neglected 1 
Work of P in one reyolutioh, 

= 60 x^^Mx 31416. 

Work of W in one revolution, 

=Wx^^x3l416. 

.\ Wx^^^ 3 1416 = 60 X ^^ X 3-141& 

/. W = 360 lbs. 
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, Quea. 19. Beqnired W in the last example, when the 
tiiu^ness of the cord is 1 iuch, sapposing that ^ of the 
V(a^ ^plied to be lost in friction, and the rigidi^ of the 
cordt 
The cord increases the radios of the wheel ^ of an inch, 



WoA of W in one reTolntion, 

£ffectiTe work of F in one rerolntion, 

=|x60x3x 31416, 

x^><31416=|x 

.-. W= 270 lbs. 



=Wx^x31416j 



WxJUx31416=^x60x3x3141& 



OF COOKED OB TOOTHED WHEEL6, 

SaTn[i08e the cogged wheel D E to turn npon the same 

ixis, N^as the whm C ; Q E another cogged wheel, acted 
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Upon by the former and taming upcm the same axis as the 
sale L. From the wheel O is suspended the weidit P^ 
and from L the weight W ; then while P descend, th^ 
wheel C and the cogged wheel D E will be tamed from 
right to lefty but as each tooth in the cog-wheel DEis being 
turned round, a corresponding tooth in the cog-wheel Q K 
will be turned in the contrary direction, and urns the cord 
L W will be coiled up on the axle L, and the weight W 
raised. 

Ques. 20. Let P=120 lbs., the diameter of the wheel 
C.=3 feet, the number of teeth in D E=ll, the number 
in QB = 14, the diameter of the axle L = ^ a foot; re- 
quired W, in order that equilibrium may take place, friction 
being neglected I 

For every turn of the wheel C, 11 teeth of the wheel 
Q will be turned round, therefore as many times as the 
number of teeth in D can be taken out of the number in 
Q. so many turns will the cog-wheel D E make while the 
wheel Q B makes one. 

Let the axle L and wheel QB make one reTolutiony 
then the revolutions made by the wheel G^ 

= 14 divided by 11 :=:|f« 
The fifpaoe moved over by W, 

=1 X 81416 ; 
The space moved over by P, 

Ijx8x81416; 

Woik doe to W=ix 3*1446 xW. 

2 

Work dae to P=3 x 31416 x ff x IM. 

Sinoe the woik due to P and W axe e^pul iliifnifone re- 
volution of L, neglecting fiiotion, 

|x8'1416xWr=^x8x»14i8xlM), 

.\ iWs=44x 8x120. 
W=91€^lb6. 
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Qmm. si. Let ihe handle of a cMw, Fig. SS, describe 
the eivcle AC, whoee radia8=19 inchee^ uid Btmpoae IS 
tlieniiiiilMrirfteethmDE, and60iDQB; t}ie cUameter 
of Uw axle L=4{ inches ; it has been found that 200 lbs, 
piMBiire applied to tiia handle will only raise 5000 lbs. ; 
lAafc is lost P7 friction t 
ftaA paased arvr I7 W in one rerolntion of Q B, 
- HX8-1416 ^^^ 
12 
ff =5, the space passed orer by P fbr nu 
88x8-1416x5 -.. 



of QB=! 



Umts of work dae to P= 



38x31416x5 ^ o^_ 4{x31416 ^™. 
12 ''^^^ 15 ^*» 

the fnction being neglected, In this case W= 8000 lbs. Hence 
3000 Itie. is doe to the fiioiion of the machine, f of the power 
bem^loet. 



COMPOUND WHEEL ADD AXLE. 

In the ordinary wheel and axle, there is a practical limit 

to the power of the machine ; for we can on^ increase the 
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^radiiB of die axle. But in die 

axle^ a giren power may be made to raise Texj great 

we^ita. 

The marhine ooossts of two axka^ A and C, cut upon 
the same blodc, loond witkh a cofd coib in omosile direo- 
tions; this cord passes loimd the morahle paDey D, 
winch carries the wd^ W. Now, if the han^ he 
tomedy cne of the cosds iscdled npon the huge ajJe A, 
wiiile the other cord is tmcoikd from the smalTajJe C, so 
that the rate at which W ascends depends npon the diffe- 
rence of the drcomferences of the two axks ; and, conse- 
qnently, the power of the machine wiQ abo depend iqpon 
this difference, which may be decreased to an^ extent, 
withotit altering the length of the handle. This mgenious 
eoatrivance is doe to the Chinese. 

Ques. 22. Let the diameter of the axle A z=*8 feet, die 
diameter of axle C=*6 feet, the length of the lumdle 
Hnr:3i feet, and W=6090 lbs. BeqniiedPt 

When the handle Hn, Fig. 23^ is tamed once ronnd, 
the cord A will be drawn up a space eqnal to die drcmn- 
f erence of the axle A, while the cord C will be let down a 
space eqaal to the drcnmf erence of die axle C ; dieref ore 
ine whole cord will be shortened a space eqnal to the dif « 
ference of the drcnmferences^ and, because the cord is 
donbled the weight W will be raised a space only equal to 
the half of this lufference. 

Units of work expended on W in one reyolntion of Hn = 

Woik done npon P, in one lerolotion, 

«7x31416xP; 

Diriding each idde hj 8-1416^ 

P=87 lbs. 
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THE PDLLEY. 



A pulley is a grooved wheel, turning on an hzIb, and 
placed in a block or case. A cord passes over the grooTe 
ti the vheel, in order to transmit tlie force applied m any 
ftoposed direction. There is no advantage gained by a 
angle fixed pulley, except in changing the direction of the 
force applie<^ which is diminishea by the friction of the 
pnller ; ont, when there are movable pulleys, the weight 
raised will always be greater than the power applied ; and 
then the advantage depends upon the nomber of cords by 
which the wei^t is suspended. 

Qat8, 23. In the annexed system of pulleys, if W=500 
lbs., required P, when equilibrinm takes place T 




As W is suspended by two cords, e and b, each cord will 
support 2501m.; but as the cord is snpposod to \ift\« % 
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free motion 07er the wheels^ the portions a, b^ Cy wiU have 
the same stretch or tension ; haice P=250 lbs» 

AppUcation of the I^ineipU of WorL 

Let P and W be expressed in pounds, then if W, 
Fig* 24, |UK»nds 1 foot, the cords c and b will each he 
shorten^ 1 foot, and therefore P must descend 2 feet. 
Bi^iaQ^ the work of P 

=Px2; 
and tiie work of W=Wx 1 ; 

/. Px2=Wxl. 

P=^ 

' ■ 2' 

■ ' ' ' : • 

Quea. 24. Let there be two movable pulleys, each weigh- 
inff 4 lbs., then if P=:601bs., i*equirea the weight raised 
independent of the weight of the pulleys, on the principle 
of workf 

If P descend 4 feeL the first movable pulley will ascend 
2 feet, and the second 1 foot. 

Consequently, the work done in raising W and the 
pulleys 

=Wxl+4xl+4x2=W+iai 
The work of P=:60 x 4 ; 

.-. W+12=6ax4. 

W=228 lbs. 

:. thewdght=:2201bs. 
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Qtin.iS. Let the cord I KLM 
X O P Q B 8 T, Fig. 25, made fast 
to the hook I, pass over two fixed 
pnJleya, «, ind the two movable 
pulley U, and a pressure of 200 ibs. 
q>[£ed at T was found by experi- 
ment to raise only a weighty W, of 
665 lbs.; what part of the power is 
lost by friction, the rigidity of the 
cord, and the weight of tne mov- 
ablepnUeys t 

Woen the weight W is raised 1 
foot, each of the cords I E, M, O N, 
and P B. are shwtened 1 foot, and 
the cord ST lengthened 4 feet. 
Henc^ when friction, Ac, are neg- 
lected, the work done on W m 
niung it a foot=V ^ It which 
Bnut be equal to the wrark of T= 
Tx4k ai T moves 4 feet, while W 
noresoverl. 



V Wxl=Tx4. 

in the present case. 

.-. 200-141^=68}, 
and |^= -29876 the part of the poirei' lost. 




OF IHB mOIJIIKD PLANE. 



To find the preSBnre necessary to support a body on an in- 
clined plane without friction. Let the weight W,Fig.26, be 
drawn np the inclined plane, A C, bj means of the weight 
F, acting by a cord parallel to the plane; then whilst W 
is moved firom A to C, the weight F will have descended 
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a vertical space equal to A G. Then, according to the p 
ciple of wtn^ 

Work in raidng W= W X C B ; 
Woifc dne to the dflecent of P 
=PxAC; 
.'- PxAC=WxCBi 




Qaea. 26. The length of an inclined plane is SOfeeL the 
pCTpendicular height 10 feet, and the weight of the body 
W=20 cwt., what preasure, P, will be required to snstun 
the body on the plane, friction being neglected t 
Work in raising W in opposition to gravity, 

=30 X 113 X 10=33400; 
Tia, work of P=p x 30 ; 

A Px 30=33400. 
P=746|-lbs. 

QuM. 27. The length of an inclined plane is a mile, or 
5280 feet^ the height 88 feet, the weight of the body J760 
lbs., and the friction -g-^ part of the w^ght^ what pressnre 
will be required to move the body np the plane t 
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In this case the inclination of the plane being slight* 
e pressi '* * ' ^ ' "*^ '~^" 

the t)ody. 



the pressure upon it is veiy nearly equal to the 'weight ci 
t)odv. 



.•• Pressure to overcome friction= \^ lbs. 
Work due to Motion when the body is moyed over one mile,: 

1^ X 5280=85200; 
264 

Work due to gravity, = 

1760x88=154880; 

Work of the pressure, P, applied to move the body, 

zsP X 5280 * 

.'. 7x6^0=85200+ 154880> 

/. P=861bs. 



OF noB inspc^Sy ob moyable inglined plane. 

Let A 1| G be a wedge. Fig. 27, slidingoii the horizontal 
plane AJ^ by the action of the pressurejj?, applied parallel 
to A B, and thereby elevating the centre oi gravity of a 
weight, W, in a vertical direction. When the wedge begins 
to act, the resistance, W, rests upon the horizontal pmne 
A B ; but when the wedge has moved over a space equal 
to its l^i^th, the point 6^ will have been elevated a height 
equal to me thickness, G B, of the wedge, and the centre of 

rivity, 6, some vertical height m n ; then if A B=l*2 feet, 
G=*2 feet, and the pressure at 9= 60 lbs., not taking 
friction into account. 

Work applied by P=P x 1'2. 
Work of q=00 x *2 ; 

X 1*2=60 x*2; 

.-. P=101b8. 

This calculation shows that the advantage of the power 
depends upon the thinness of the back of the wedge. But 
it IS necessary to observe, that the astonishing power of the 
wedge, as usually employed, is equally resolvable into the 
force of impact. 

E 
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Ques. 28. With a velocity of 38'S feet a second twenty 
blows of a sledge-hammer of 30 lbs. weight are delivered od 
the head of the wedge ABC, Fig. 2 7, and drives it 3 inches 
in the db^etion A B. W = 300 tons, its centre of gravity, G, 
moves from G to n, and is raised a vertical height m r — 1 iqcd 
when q is raised 2 inches ; find what part of the power, P^ 
Is lost to useful effect by friction when A B=8 tmies C B. 

When the wedge is moved 3 inches the point g is 
raised |^ of an inch, and m n I'f of an incb=^] leeL 

It will be shown hereafter that the hammer of the given 
weight and velocity in twenty blows may develop 13896 
units of work to dnve the wedge 3 inches, or in raising the 
centre of gravity i->t port of a foot. 

.-. Wxi=13896. 
••. W 889S4filbs,=3975'j tons. 

Hence the friction in tbia case amonnts to a pressure of 
P7f^ tons. (See how to estimate the onits of work in a 
rotating botiy.) 
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OP THE SCKEW. 



*** Is this simple machine^ 
I ^^. 28, the pressure applii 






.plied 

. H a circle whose radios 

I h Uie length of the lever C D^ 

ar«nD of the screw, whilst ibe 
' idkectian in which the wtok' 

b docw is a right line. 

* Qmw. 29. The lever C D of 
-^ rimple screw is 6 feet, the 
'iUdai«ss of the thread 
1k-04 feet; if a presBure, P, 

ti aOO lbs. he applied to the 

bver, what pressure, W, mil 

Spftce moved over by P, in one rerolntion, 
=2x6x8'UI6. 
« moved orer b; W, in one reToliitioii=-04 feet. 
Wmk of F, m one reTolntion, 

=3x6x31416x300^ 
WoA of W, in (»ie nvolntion, 
=Wx04. 
.-. Wx -04=3x6x31416x300. 
A W=1884961b8. 
The last qaesdoii shows that the efficacy of the screw is 
obtuned bj increasing the length of the lever, or by de- 
creaung the thickness of the threads, 

Ques. 30. The lever, C D^ of a screw is i feet, and the 
thickness of the thream i inch ; required the pressure, P, 
that mnst be exerted on the lever to produce a pressure of 
12 tons npon the press-hoard B, Fig, 28 T 

In one revolntion of the lever, the work done, 
=13x3340x1=660; 
for ^ of an indis^V "f * ^^^ 
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In one reyolntion of the lever the work applied, 

=Px 8x31416; 
/. Px 8x3-1416=560, 

.-. P=22-28 lbs. 

Ques, 31. The lever of a simple screw is 2 feet, what 
must be the thickness of the threads, so that a pressure of 
5000 lbs. may be produced on the press-boards, by a pressure 
of 100 lbs. on the handle, or lever ? 

Let X be the thickness of the thread, then, the work applied in 
one revolution, 

=4 X 3 1416 X 100=1256*64 ; 

Work done, 

=xx5000=1256 64; 
a;=*2513 feet. 



OF THE COMPOUND SCREW. 

This mechanical contrivance consists of two screws; 
one of which screws within the other, so that whilst the 
large one is descending, the small one is relatively rising 
within the large one. In consequence of this compouna 
motion, one revolution of the lever causes the press-board 
only to descend a distance equal to the difference of the 
thickness of the threads of the screws. 

Ques. 32. In a compound screw, the length of the lever 
is 2'5 feet, the distance between the threads of the lar^ or 
hollow screw is /| of an inch, and of the small one hsJf an 
inch; if 60 lbs. pressure be applied to the lever, what is 
the pressure on tne press-boarai 

In one revolution the large screw descends f of an 
inch, bul^ at the same time, the small screw, by turning 
within the large one, ascends ^ an inch ; therefore the 
press-board must descend a space = 

f — ^= J^ of an inch=^ of a foot. 
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Work done in one revolation, 

" ■" w ; 

Work applied in one rerolntion, 

=60 xax2-5x31416=94a-48; 
■-. Wxi =942-48. 

W=67858-561bB. 

Qaes. 33. If the leiistlLof the lever =: 3^ feet, the thick- 
ness of the thread of the larger screw = } of an inch, what 
must be the thickness of the thread of the smaller screw, 
to that 20 lbs. applied to the lever may produce a prewaie 
of 20 tons = 44800 Iba.? 

^ of an incli=-]'g' of a foot. 
Let X be the thickness of the smaller screw in feet. 
.-. 30 X 7 X 3-1416=44800 (.^-x.) 



THE ENDLESS SCREW. 

Is this machine, Fig. 29, the threads of a screw cat 
upon a cylinder, B C, are made to act upon the teeth of t 
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oog-wheely F D, having an axle, H £, round which a cord 
cousy 98 in the ccmimon 



This combinatian ffves a Yerj sbw motion to the 
weighty W. 

Ques. 34. In an endless screw, the length of the handle, 
A B, is 3 feet, the number of teeth in the cog-wheel, F D, 
is 24, and the radius of the axle, E £^ | of a foot : if 
36 lbs. pressure be applied to the handle, what weight, W, 
will be raised, friction being n^lectedf 

Since the screw is fixed upon the axis of the handle, one 
turn will cause one of the teeth of the wheel to be moved 
round ; consequently the handle must . make 24 turns, 
whilst the cog-wheel and axle make one turn. 

Work done in one revolution of the axle, 

=Wx-Sx 2x3*1416; 

for W will be raised 4-7124 feet. 

The work applied in one revolution of the axle, 

=36x6x31416x24; 

A Wx^x 2x3*1416=36 X 6x31416x24; ' 

• ^" 2x* 

W=34561bs. 



THE HYDROSTATIC PRESS. 

If there be any number of pistons of different magni- 
tudes, anyhow applied to apertures in a cylindrical vessel 
filled with an mcompressible and non-elastic fluid, the 
forces acting on the pistons to maintain an equilibrium 
will be to one another as the areas of the respective aper- 
tures, or the squares of the diameters of the pistons. 

Let A B C I>, Fig. 30, represent a section passing along 
the axis of a cylindncal vessel filled with an ihoompressible 
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and non-eUstic fluid, and let £ F be two pistonB of different 
macnitndes, connected with the cylinder and closely fitted 
to their TespectiTe apertures or onfices ; the piston F being 
applied to the aperta^ in the side of the vessel, and the 
piston E occnpying an entire section of the cylinder or 
vessel, by wlii(»i the fluid is contained. 

Then, because by the nature of fluidity, the pressures on 
every [art of the pistons E and F are mutually trans- 
mitted to each other through the medium of the intervening 
fluid, it follows that these pressures will be in a state of 
equiUbriom when they are equal among themselves. 

The pressure of the power is applied to the small piston 
by a lever of the second kind, and the advantage of the 
machine depends upon the length of this lever, and the 
extent of surface of the large piston, compared with that 
of the small one. 

Qaet. 35. In a hydrostatic press, the surface of the 
pistons F, £, Fig. 30, are 3 and .350 square inches respec- 
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tively, the lever is 30 inches long, and the piston-rod is 
attached 2 inches from the fulcrum: if a pressure of 
100 Ihs. be applied to the lever, what pressmre will be pro- 
duced upon the large piston ? 

Let the small piston descend •§• of an inch^ or -^^ part of 
a foot, then 1 cubic inch of water will be thrown into the 
large cylinder, and its piston will be raised -^fj^ part of an 
inch, or ^t^^j ^^ * ^^^^ > 

Work on the small piston, 

^100x30 ,_^-. 

Work on the large piston, 

=Wx^Qg; 

• 4200"*** 

W= 175000 lbs. 



DICK'S ANTI-FRICTION OAM-PRESS. 

This powerful machine, invented by David Dick, bein^ 
almost free from friction and capable of so many useful 
modifications, may be ranked among the most ingenious 
contrivances of modem times. It obtained one of the 
highest prizes at the Paris International Exhibition. In 
the anti-friction cam-press. Fig. 31, let the power P turn 
the roller R, and also the cams A Q w, B S a ; suppose the 
circumference of the roller R=the length of the arc n A= 
B a ; the points S R Q retained in the same straight line ; 
the point S stationary, but R and Q movable in the di- 
rection of the arrow Q. Then it is evident, when P makes 
one revolution, the press-board, C D, will move through a 
space equal to the dinerence of a & and m n, 

Qm = QA, 
SA =.SB. 
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But by turning one of the cams, as A Q m h, so that the 
side Qm M take the position of the side QA, then C D 
will move through a space = a&-|- tnn. 

Quea, 36. Let a pressure of 210 lbs. = F, perpendicular 
to RP; describe a circular path = 24 feet ; QA=Qb> = 
AS=SB} ab = 2 inches, m r ^ 2*15 inches, and the cir- 
cumference of R = 9 inches = the length of the arc a B = 
nA; required the pressure Q on the press-board C D t 

The units of wort deyeloped by P in one revolution equal 
24x210=5040= 
the units of work expended on the surface of R, or on the in- 
clined plane whose length = a(=nA=the eircomfeience of R = 
9 inches = j feet. The height of this inclined plane = the differ- 
ence of ab, and inn=-15 inches = 0125 feet; 

•-• a><-0135=5040- 

504Q_ 
'■0125~ 
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WOBK OF STEAM AND THE STEAH BNOIKE. 




Under, Fig. 32, and suppose 



Z 



stant pressure upon the piston 
C D ; if tliis constant pressure 
be 35 lbs. to the square inch, 
then if a wewht or pressure 
of 35 lbs. he placed nmn evety 
square inch of the piston, the 
steam would just be capable to 
move the length of the stride. 
Therefore the units of woA 
performed upon each square 
inch of the piston in one stroke 
will be found by multiplying 
the pressure of the steam upon 
1 inch by the length of the 
stroke in feet, and the units 
of work upon the whole piston 
wiU be the work upon 1 inch multiplied by the number 
of square inches of tixe whole piston. In ni^-pressnre 
engines the pressure of the atmosphere is opposed to 
the pressnre of the steam. Besides the pressure of the 
atmosphere, which is about 14-7 lbs. to 15 lbs. to the 
square inch, a pressure of about 1 lb. to the square inch is 
taken for we friction due to the engine when unloaded, 
with an additional friction of about ^ the useful load or 
efFective pressure to allow for the resistance necessary to 
overcome the friction of the loaded engine. For example, 
if the pressure of the steam = 56 lbs. as it comes from tlie 
boiler, from which if 15 lbs. be taken for the pressnre of 
the atmosphere, and 1 lb. for the friction of the tmloaded 
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engine, then the remaining 40 lbs. to the square inch will 
be taken up by the u$eful load and its friction. 

.-. load +-Jy^«40 lbs. 

8 load .^,, 
or — = — =40 lbs. 

•'. in this case, the useful load, or effectiye pressure of the 
stesm s 3b lbs. 

When a condensing enjgine is employed^ the pressure in 
the condenser is deducted instead of tnatof the atmosphere ; 
it 18 seldom more than 3^ or 4 lbs. to the square inch. 

•*• For a condensing engine 

f of load-|-l+4=total or mean pressure of the steam. 

In a condensing engine let Jthe total pressure of the 
steam = 61 lbs. to the square inch. 



. • 



f loads61-5s66; 
.*. load=49. 
that ia^ the eflTectire pressure of the steam in this cases 49 lbs. 

The allowances given above in round numbers may be 
modified to suit particular cases without effecting the 
principle of work upon which our calculations are based. 

EXAMPLK8. 

QueHian 1. The area of the piston of a steam engines 
2S00 souare inches, the mean efitective pressure of the steam 
15 lb. tne square inch, the length of the stroke 8 feet, the 
number of strokes a minute=28 ; what is the horse power 
of the engine f 

Work done upon 1 square mch of the pbton m one stroke, 

=15x8=120. 

Work upon the whole piston in one stroke, 

=120 X 2200=264000 
Weds done in one minute, or in 20 strokes, 

=264000 X 20=628000a. 
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But the power of a horse being, 

=33000*. 

• 6280000'_« tu» 
33000* -^^^ 

Quea. 2. The area of the piston of a high-pressure engine 
is 625 square inches, the length of the stroke 6 feet, the 
pressure of the steam 40 lbs. the square inch, the number 
of strokes a minute=20; it is required to find the num- 
ber of cubic feet of water which the engine will pump 
from a mine whose depth is 396 feet, making the usual 
allowance for friction and the modulus of the pump. 

The modvlua of a machine is the fraction which expresses 
the relation of the work done to the work applied. For 
example, if a machine should only perform one-half the 
work that is applied to it, then the modulus in this case 
would be j^ = 'S. However perfectly a machine may be 
constructed, there must always be a certain amount of work 
destroyed by friction. The following table of machines 
for the raising of water is taken from MorirCs Mechanique 
Pratique, 

Modulus 

Incline Chain pump *38 

Upright Chain pump -53 

Bucket Wheel -60 

Chinese Wheel -58 

Archimedian Screw -70 

Pumps for draining mines -66 

With respect to the present question we take the nuh 
dulus '66. Then, 

Load+I load-l- 1+15=40; 

load=21 lbs. 
Usefnl work of the engine a minute, 

=21 X 626 X 6 X 20 X 66=1039600'. 

Work to pump one cubic foot of water a height of 396 feet, 

=62 6 X 396=247600, 
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Consequently the nmnber of cubic feet that will be pumped a 
minute, 

= l^||gO'=42 cubic feet 

24760 

Ques. 3. The area of the piston of a high-pressure engine 
= 660 sqnare inches, the length of stroke = 6 feet, the 
number of strokes a minute = 20 ; what must be the 
mean effective pressure of the steam, so that the engine 
may do the work of 25 horses ? 

Let X be the number of lbs. pressure on each square inch of 
the piston, then, the work a minute, 

=ar X 660 X 6 X 20 ; 
.-. X X 660 X 6 X 20=26 x 33000 ; 

.. ^= °jgiS? =10Albs. 
79200 " 

7) 10-4166 
1-4880 

11-9046 

150000 

1-0000 



27-9046 lbs. total pressure of the steam. 



Ques. 4. The area of a piston of a high-pressure engmo 
= 3000 square inches, the length of stroke = 11 feet, the 
number of strokes a minute = 16 ; required the mean 
pressure of the steam, so that the enguie may perform the 
work of 224 horses, making the usual allowance for 
friction* 

Let a lbs. be the effective pressure of the steam. 
Work per minute with x lbs. effective pressure, 
=dr X 3000 X 1 1 X 16=628000 X or ; 

The effective work per minute will also be expressed by 

33000 X 224=7392000'. 
.-. 628000 X dr=: 7392000'. 

.% «= 14 lbs. effective pressure. 
1+15+14-f f of 14=32 lbs. mean pressure of steuu. 
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Ques, 5. The length of the stroke of a high-pressure 
engine = 8 feet, the area of the piston 1000 inches, and 
the number of strokes a minute == 20 ; what must be the 

? pressure of the steam so that the engine may pump 66 cubic 
eet of water a minute from a mine whose depth is 896 
feet, making the usual allowances for friction and modulus 
of the pump ? 

The work done in one minute, 

=66 X 62*6x896=3696000^ 

The modnlns of the pump^*66 ; 
Hence the work of the engine a minute x '66 

=3696000'9 therefore the work a minute 

, 3696000^ _ 

•66 



• • • • • 



The nscf 111 work done one inch of the piston in one stroke, 



_ 66< 



• • • • • 



1000x20 



=280. 



Useful load=?SP=35 lbs. ; 

8 

consequently the pressure of the steam 

=35+-^ +15+1 =56 lbs- 

In the steam engine, the source of work is the evaporating 
power of the boiler. 

The magnitude of the work depends upon the quantity 
of water evaporated in a given time, and also upon the 
temperature, and consequently the pressure at which the 
steam is formed. Experimental tables have been framed, 
giving the relation of the volume and pressure of steam 
from a cubic foot of water ; from these tables may be found 
the volume of steam when its pressure and volume of water 
are pven, and vice versa. The following will serve as a 
specimen of such tables : 
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TOLUMB OF A CUBIC FOOT OF WaTBR IN THE FORM OF StBAM AT 
THK CORRBSPONDING PRESSURES AND TEMPERATURES. 



Total 


Correspond- 


Volume of the 


TntAl 


Correspond- 






ing tempo- 


Steam com- 




ing tempe- 


Volume of 


pressure 

in pounds 

thesqaare 

inch. 


rature, bj 


pared with the 


pressure 

in pounds 

the square 

inch. 


rature, by 


Steam; 


Fahrenheit*8 
thermo- 


volume of the 
water that has 


Fahrenheit*s 
thermo- 


volume of 
water =1. 


meter. 


produced it. 


meter. 




1 


109-2 


20954 


37 


263-7 


727 


2 


1261 


10907 


38 


265-3 


710 


3 


1410 


7455 


39 


266-9 


693 


4 


152-3 


5695 


40 


268.4 


677 


5 


161-4 


4624 


41 


269-9 


662 


6 


169-2 


3901 


42 


271-4 


647 


7 


176-0 


3380 


43 


272-9 


634 


8 


182-0 


2985 


44 


274-3 


620 


9 


187-4 


2676 


45 


275-7 


608 


10 


192*4 


2427 


46 


2771 


596 


11 


1970 


2222 


47 


278.4 


584 


12 


201-3 


2050 


48 


279-7 


573 


13 


205-3 


1903 


49 


281-0 


562 


U 


2090 


1777 


50 


282-3 


552 


15 


213-0 


1669 


51 


283-6 


542 


16 


216-4 


1572 


52 


284-8 


532 


17 


219-6 


1487 


53 


286-0 


523 


18 


222-6 


1410 


54 


287-2 


514 


19 


225.6 


1342 


55 . 


288-4 


506 


20 


228-3 


1280 


66 


289-6 


498 


21 


2310 


1224 


67 


290-7 


490 


22 


233-6 


1172 


58 


291-9 


482 


23 


2361 


1125 


59 


293-0 


474 


24 


238-4 


1082 


60 


294-1 


467 


25 


240-7 


1042 


61 


294-9 


460 


26 


243-0 


1005 


62 


295.9 


453 


27 


2451 


971 


63 


297-0 


447 


28 


247-2 


939 


64 


298 1 


440 


29 


249-2 


909 


-65 


299-1 


434 


30 


251-2 


882 


66 


300-1 


428 


31 


253-1 


855 


67 


301-2 


422 


32 


255-0 


831 


68 


302-2 


417 


m 


256-8 


808 


69 


303-2 


411 , 


34 


258-6 


786 


70 


304-2 


406 


35 


260-3 


765 


71 


3051 


401 


36 


2020 

1 


746 

i 


72 


306-1 


I ^% 
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Total 


Correspond- 


Volume of the 


Total 


Correspond- 




ing tempe- 


Steam com- 


A VMU 


ing tempe- 


Volume of 


pressore 
in pounds 


rature, by 


pared with the 


presBure 
in pounds 
the square 
inch. 


rature, by 


Steam; 


Fahrenheit's 


volume of the 


Fahrenheit's 


volume of. 


the square 
inch. 


thermo- 


water that has 


thermo- 


water = 1. 


meter. 


produced it. 


meter. 




73 


3071 


391 


87 


319-4 


333 


74 


3080 


386 


88 


320-3 


330 


75 


308-9 


381 


89 


3211 


326 


76 


309-9 


377 


90 


321-9 


323 


77 


310-8 


372 


91 


322-7 


320 


78 


311-7 


368 


92 


323-5 


317 


79 


312-6 


364 


93 


324-3 


313 


80 


313-5 


359 


94 


325-0 


310 


81 


314-3 


355 


95 


325-8 


307 


82 


315-2 


351 


96 


326-6 


305 


83 


316-1 


348 


97 


327-3 


302 


84 


316-9 


344 


98 


328-1 


299 


85 


• 317-8 


340 


99 


328-8 


296 


86 


318-6 


337 


100 


329-6 


293 



Ques. 6. In a high-pressure engine, the area of the piston 
=120 square inches, the length of the stroke=2'4 feet, 
the effective evaporation of the boiler ='5 cubic feet a 
minute, the pressure of the steam in the cylinder 64 lbs. on 
a square inch ; making the usual allowance for the loss due 
to friction, required the useful load on each square inch of 
piston, and the useful horse power? 

f useful load=64— 15— 1=48. 
Useful load=42 lbs. 

From the table it will be found that a cubic foot of water 
raised to steam of 64 lbs. pressure has a volume of 440 
cubic feet. 

Volome of steam evaporated a minute 

=440 X -5=220 cubic feet ; 

Volume discharged at each stroke 

120 X 2-4 



144 



=2 cubic feet; 
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The number of strokes each nunnte 

220 ,,^ 
= -2- =110. 

The work in one stroke 

=42 X 120 X 2*4= 12096. 

Work in one minute 

=12096 X 110=1330660 . 

Horse power=lf|5tf)^ =40** 32. 

33000 

Ques. 7. The area of the piston of a high-pressure engine 
is 264 square inches, the length of stroke S^feet, the pressure 
of the steam in the cylinder =72 lbs. the sauare inch, the 
number of strokes a minute=36 ; reouired tne useful load, 
the water evaporated each hour, and tlie useful horse power 
of the engine I 

Let X be the useful load, then 

x+ ^+15+l=721bs. 

7a:+a:=392. 
a?=49 lbs. 
The volume of steam discharged a minute, in cubic feet 

264x5;5 ^ 3g_3g3 ^j^^ic feet. 
144 

The cubic feet of steam discharged in an hour 

=363x60=21780. 

From the table it will be found that one cubic foot of 
water yields 396 cubic feet of steam at 72 lbs. pressure. 

Consequently, the cubic feet of water evaporated each hour 

_21680_.g 
396 ^ * 
The useful horse power of the engine 

_ 264x49x5-5x36 ,»^»,u .^- ^ 
33000' '' ^^^* 
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It has been found by experiment, that whatever may be 
the pressure at which steam is formed, the quantity of fuel 
necessary to evaporate a given volume of water is nearly 
the same. Hence it follows, that it is most advantageous to 
employ steam of a high pressure. 

Ques. 8. Required the duty of the engine, that is, the 
units of work developed by a bushel of coal eajeh hour ; in 
the last example, allowing a bushel of coals 94 lbs, to evapo- 
rate 11*5 cubic feet of water? 

The useful work per hour 

=264x49x5^x36x60=153679680; 

which is the work of 55 cubic feet of water. Therefore the work 
of a bushel of coals, or 11*5 cubic feet of watier, 

=153679680 X ^|A=3$ti33084, 

the duty of the engine. 

Ques. 9. A train of 200 tons moves along at a uniform 
speed of 30 miles an hour upon a level rail, the resistance 
of friction upon the rail is 5^ lbs. a ton, the resistance of 
the atmosphere 33 lbs. upon the whole train when the speed 
is 10 miles an hour, the diameter of the driving-wheel 7 
feet, the area of the piston 120 square inches, the length 
of the stroke =1^ feet, and in addition to the resistances of 
friction, the resistance due to the blast pipe is If lbs. on the 
square inch of the piston, when the speed of the train is 10 
miles an hour. Required the pressure of the steam, the 
evaporation of the boiler, and the number of bushels of coal 
necessary for a journey of 500 miles, supposing that 1 
bushel, or 94 lbs., will evaporate 11^ cubic feet of Wiater ? 

When the diameter of a circle =7 feet, the eircum- 
ference=22 feet nearly, which is the space passed over in 
one revolution of the dtiving-wheel. 

Total resistance to the motion of the carriages 
=200x5-5+ ^??y X 33=1397 lbs. 
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The wprk in one reYol|ition 

=:1397x22=?J|0734- 

On the supposition that 22 i^ the circumference when 7 = the 
diameter. 

Work of 1 lb. pressure on one square inch of the piston in 
one revolution 

=lxl30xi X'il=720, 

for the engine hqs twQ cylin4er8, and each piston makes two 
strokes while the driving-wheel turns once round. 

Conse<ji;eijtly, the effective pressure on one square inch of the 
piston. 

It has beeq found by experiment, that the resistance of 
the bla^t pipe increases with the speed of the engine, 
.*. Besistance due to the blast pipe 
3 30 

= 14 ^To=^*i^«- 

Hence the total pressure of the steam on the piston 
=42-68+ -i?^ X l+15+4i=69-03 lbs. 

The number of revolutions of the driving wheel a minute 

_ 30x5280 _.gQ, 
60x22 

therefore, the two piston* will make 130x4=480 strokes a 
minute. 
The cubic feet of steam discharged a minute will be 

190 ^ 

^Ffj-^X 1x480=600. 

From the table it will be found that a cubic foot of 
water produces 411 cubic feet of steam of 69*03 lbs. 
pn^ure. 

7b# f^pinhiBr Qf c^bic feet of water evaporated a nmute 

_600 

F2 
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As one bushel of coal evaporates 11*5 cubic feet of water, the 
number of bushels of coal a minute 

_ 600 

""411 X 11-5 » 

A journey of 500 miles is performed in 16§ hours, or in 
1000 minutes, at the rate of 30 miles an hour. 

Therefore the number of bushels of coal for 1000 minutes 

600 X 1000 



411x11-5 



=126-95 bushels. 



Ques. 10. In a locomotive engine, the area of the piston 
is 90 inches, the length of the stroke 16 inches, the pressure 
of the steam 50 lbs., the effective evaporation of the boiler 
•7 cubic feet a minute, the diameter of the driving-wheel 
5 feet ; what is the speed of the train an horurf 

At 50 lbs. pressure, 1 foot of water forms 554 cubic feet 
of steam. 

The volume of steam generated a minute 

=554 X -7=387-8. 

Cubic feet discharged in one revolution of the driving-wheel 

4x90x16 
~" 1728 ~"^^' 

Therefore the number of revolutions of the driving-wheel a 
minute 

387-8 ,,,^ 
= 3^ = 11^'^- 

The space moved over by the carriage a minute in feet 

=5x31416x116-3. 
Consequently, the miles moved over an hour 
5x3-1416x116-3x60 



5280 



=20-75955. 



Ques. 11. The area of the piston of a locomotive engine 
=80 square inches, the length of the stroke=15 inches, the 
pressure of the steam 48 lbs. the square inch, and the dia- 
meter of the drivine-wheel 5 feet ; required the effective 
evaporation of the boiler, so that the train may have a 
speed of 30 miles an hour ; the eRec&y^ \iOT^ y^-^^^ ^^ 
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the engine and the weight of the train are also required^ 
taking the resistances to the motion of the piston as in 
question 9 1 

Number of revolutions of the wheel a minute 

_ 30x5280 ' 

■~60x5x31416~-^^^- 

fTumber of strokes of both pistons a minute 

= 168x4=672. 

Load +-^+ 15 + 1 +-|^ X 1-75=48 lbs. 

, - 26-75x7 ...,, 
Load= ^ — =23-4 lbs. 

The effective work a minute will be 

=234x80x1x672=1672480', 

Hence, the effective horse power 

_ 1572^0 _.„ 

- 33000'-*^ ®^- 

Now the effective work has to support a speed of 30 
miles an hour, 2640 feet a minute, opposed by the re- 
sistances of friction and the atmosphere. 

Work due to the resistance of the atmosphere a minute 



=Cio)^ 



33x2640=784080. 



Therefore the work due to friction a minute 

=1672480-784080=788400. 

Work of friction a minute when the train weighs a tons 

=7 X 2640 X a:; 
788400^ ,^., 
•'• ^= 7x2640 =^^^ ^'^' 

Cubic feet of steam discharged each stroke 

80x1-25 . 
"" 144 ' 

the cabip feet discharged in a minute 

80x1-25x672 
^ 144 
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From the table it will be f ottnd, tbal a cubic foot of 
water 3riel(k 573 cubic feet of steam ; therefore, the Atuuber 
of cubic feet of water evaporated a minute 

= 144x573 =='^^ ^^^^^ ^"'*- 

Ques. 12. A railroad train of 60 tons ascends an^ in- 
cline that has a rise of ^ in 100 ; requil^d the maximum 
speed an hour, 40 beitig the effective horse power of the 
engine, friction 8 lbs. a ton ? 

Let X = the speed of the train in feet an hour, 
100 : i : : , : j^= 

the rise of the rail in x feet. 

Work due to gravity in an hotirj 

= 400 =®®® "^ 

Work of friction, -= 60 X 8 X ^=480 x ; 

But the work due to gravity each hour^ added to the Wotk due to 
friction eath hour, must be equal to the Work done by the engine 
in the same time ; 

/. 816 x=4kO x 33000 x 60=79200000. 
. ^ jr920000q ^^^^^^ ft.^l8 4 miles. 

If the engine in the last example move this Mtin^ tthat 
must be the effeetire i^VApOf Ution of the bdiler, and the 
duty of the engine I 

Speed a minute^ s=fe _ A: 1617*6 feet. 

60 

Number of strokes of tiie piBlohs a minute, 

1617-6 ._..t> 
-5 X 3-1416 ^*~"*^^' 
The effective work of the engine & minute, 

=33000 X 40=1320000'. 

Suppose 2/:= the pounds effective pressure on each square 
inch of the piston, theii tk^ W^k of y lbs, effective pressure 
a minute 
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^x80xHx412=1320000'. 

/. y=:321b8. 
Ptessare of steam 

=32+|x32+15+l+l^xl-75 = 55-71b8. 

One cnbic foot of water in the form of steam, at 55-7 lbs. 
pressure, is 504 cubic feet. Number of cubic feet discharged 
8 minute, in the form of steam, 

=?P5X 4,2=287. 

Number of cubic feet of water evaporated a minute 

Now this water performs 1320000'7 
11*5 cubic feet of water, or 94 lbs. of coal, 

=^^ X 1320000 =26631679, 

the duty of the engine. 

Under the authority of an act of tlie American Congress, 
approved September 11th, 1841, an extensive series of ex- 
periments was conducted by Professor Johnson upon the 
evaporative power of several kinds of coal. The number 
o( samples tried was 41, including 9 anthracite from 
Pennsylvania; 6 foreign bituminous coals, namely : 1 from 
Stdney, Nova Scotia ; 2 of Picton coal ; 1 Scotch ; 1 of 
Newcastle ; 1 of Liverpool. From 1 to 6 trials were made 
oil each sample ; the average quantity used per trial being 
978 lbs. The experiments occupied 144 days, during each 
0^ which continuous observations were made during 12 to 14 
hours. The coals were burnt under a steam boder with 
apparattis for complete regulation, the supply of water and 
cdals being determined both by weight and measure. The 
standard adopted to measure the heating power of each 
kind of coal was the weight of water which a given weight 
of each evapcwrated from the temperature 212° Fahr. The 
follolirlng Table gives the results of the comparisons of six 
qvalitiesu in each of which, that coal which ranks the 
highest us ^tat^d as 1000, and the others in decimal parts 
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UNITS OF WOBK DEVELOPED BY CONDENSING STEAM. 

Experiments show that when water is raised to the 
temperature of 216*3^ Fahr., or 4*3^ above the boiling 
point, the volume is increased 1573 times, and the pressure 
will be 16 lbs. on the square inch. Suppose steam of this 
temperature to enter the lower part of the cylinder A C, 
Fig. 33, the piston C will rise, as 14*7 lbs. may be taken as 
the mean pressure of the atmosphere. Then let the steam 
be condensed by cold water; a vacuum will be formed, 
and the piston pressed down by the whole weight of the 
atmosphere on each square inch of the piston, if the 
vacuum be complete ; but it has been found that a perfect 
vacuum cannot be formed in this way, as water gives off 
vapour at all temperatures. If the temperature of the 
vapour in condenser be 103° Fahr., the pressure will be 
1 lb. to the square inch : 

For 130^ pressure 2-129 lbs. 
„ 145- „ 3-10 „ 
„ 150- „ 3-64 „ 
„ 165- „ 5-23 „ 
„ 170- „ 5-94 „ 
&c. &c. 

examples. 

Ques. 13. Required the work developed by expanding 
and condensing a cubic foot of water, supposing 4 lbs. to 
be the pressure of the vapour after condensation, and 
15 lbs. on the sauare inch to be the pressure of the steam ; 
find, also, the duty of the atmospheric engine using the 
steam in this manner. 

Cubic feet of vacuum formed by condensation 

=1710=1711-1. 
Pressure on one square inch of the piston 

=14-7-4=10-71bs. 

Suppose the area of the piston to be one square foot, the 
length of the stroke will be 1710 feet. 

Consequently, the work of one cubic foot of water 

x=144x20 7x1710=2634768. 
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And the duty ot work of 94 lbs. of coalssl btishel, ssdtily of 
11^ cubic feet of water 

=3634768 x llftx=30dftdft83. 

<2ue8. 14. AVh&t most be the effective evApoMiim of the 
boiler of an atmospheric engine, so that mb h<xM |kiW6r 
may be 30, allowinff 3 lbs. for the elasticity 6f the tftboot 
in the condenser; the voliune of steatn bdttfc lYOO tuiles 
die volume of the water from which it Is pl^O&oed f 
Work of the engine a minute 

80 X 83000=980000'. 

Work of one cubic foot of wntet 

=(16-3) X 144 X 1700=fi987800. 

1:hefefor(>, tbe number of cubio feel df intent eT«t>olmied h 
minute 

^ 99 0000^ ,.^^ 

8637800^ '** 

It has been found by experiment that 1 lb. of good New- 
castle coal will evaporate 8^ lbs. of water in an hour; 
therefore, a bushel of this coal will evaporate 814|^ lbs. of 
water. Then, if a cubic foot of water z: 62^ lbs., a bushel 
of coal will evaporate 13 cubic feet of water an hour. 
Hence the duty of an engine varies with the nature of the 
water and coal employed. 



OF THE USB OF STBAM EMPLOYED EXPANSIVELY. 

If Steam fetiter the cylinder for only a part of the stroke, 
and then, for the remaining portion, the piston is moved by 
allowing the steam to expand, it is said to be used expan- 
sively. This is the most economical way of employing 
steam ; for all the available work may be taken out of the 
elastic vapour before it is condensed. 

When the volume of steam is increased, its elasticity or 
pressure is decreased in the same ratio; that is, if its 
volume is increased three times, its pressure will be one- 
third of what it was at first, and so on. This is Boyle's 
law : but M. Kegnault has sndwh that it will tlOt hold in 
extreme cBStf^. 






1 


^HS 


1 



TO FIND THE POWElt kSti ELASTIC FORCE Ot BTfcAH IN 
UKITS Ol- WOEK. 

When the atadent do^ not uuderstatid the simple process 
of calculatiDg dual logarithms, Thomas Simpson's nue may 
be applied to obtain approximate results. 



Divide that part of the stroke through which the expan- 
sion takes plhce into any even number of equal parts, and 
calculate the preaaiire on the square inch upon the piston at 
each division of the stroke ; take the sum of me extreme pi'es- 
sure in pounds on the square inch, four times the sum of the 
even pressures, and twice the sum of the odd pressures ; mul- 
tiply the sum of all these by one-third of the common dis- 
tance between the positions of the piston, and the rea\ilt'wili 
he ibe wori done upon each square inch oi tbe ^iatoo. a&Xet 
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expansion begins. The work done before expansion begins is 
evidentlj equal to the pressure on the square inch, multiplied 
by the number of feet described before e^mansion. The 
whole work done during the stroke is equal to the sum of 
the works done before and »fter expansion. 

EXAMPLE. 

Ques. 15. T}^e pressure of steam upon the piston, Fig. 33, 
is 21 lbs. on the square inch ; the length of the stroke, 12 
feet ; the steam cut off at 4 feet : find the number of units 
of work done upon each square inch of the piston ; sup- 
posing the resistance arising from imperfect condensation 
2^ lbs. on the square inch, 

BT BOYLE'S LAW. 

Pressure on the piston from A to B, or for 4 feet of the 
stroke =21 lbs. The steam being cut off at 4 feet, divide 
the remaining part of the stroke, namely, 8 feet, into 8 
equal parts. To find the pressure at the end of 5 leet, 

5:4: : 21: 168 lbs. 

To find the pressure at the end of 6 f eet, 

6:4: : 21 : 141bs. 

To find the pressure at the end of 7 feet, 

7 : 4 : : 21 : 12 lbs. 

The remaining pressures are found in the same manner, 
and are marked on the diagram (see Fig. 33). 

16-8 

12-0 140 

9-3 10-5 21 

7-6 8-4 7 

45-7 32-9 28 

4 2 — 

182-8 65-8 
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FoDr times the eTen oHinates 
Twice tJie odd ordinates . 
Sura of extreme ordinateB 


; 


182-8 
65-8 
28-0 

8) 276-6 


ijttotaild = 




92-3 


Aie»ofo«/6 = 21x4 


= 


84-0 


Are. ot/. alio 


= 


176-a 



Besistance of nncondensed Taponr 

=2^x12=30- 
176'2— 30=1462 unite of work done on each Bqnare 
inch of the piston in one stroke. 



Hg-a*. 




A B represents a steam cylinder, the steam cut ofE at 
CD; axy dbi3 a. plane figure, a c=2 ; a 0=2^ ; o n= 
3 ; a '=3i{ ; &c., takes from any scale of eqaal parts, 
c (2=48 ; e=38*4 ; n r=52 &c., taken from any other 
scale of equal parts. 

EXAMPLES. 
Ques, 16. In a condensing engine the length of the stroke 
is 5 feet, the steam ia cut off at 2 feet of the stroke^ the 
pressure of the steam in the cylinder 48 lbs., and the elas- 
ticity of the rapoaria the condenser is 4lbB.*, ie({ux^^i)Gi!& 
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work performed upon one s^^uare inch of the piston in one 
stroke ? 

Let the space throngh which the steam acts expansively be 
divided into six equal parts, then each interval will be ^ a foot; 
then by Boyle's law : 

cd=AS =48- lbs. 
e=?-^J^=38-4 lbs. 

n r= — - — =32* lbs. 
3 

srw=i4^=87-41bp. 

A:/=iiii?=24- lbs. 
4 

Area of o irf y #, or WoA d^mA *9pMW{r(rtf mi > square inch 

of the piston Ui fm niffikB, fmofUkg to Mi^Mii'ff n^le, 

The work donj^ before the pte^m is c»t off, tj^t kt from 4- B to 
CD, 

Work done against the piston by the vapour in the CQ^densef 

=4x5=29. 

Coumin^lj, t)^ tQt^l work oo om if^ pf H^ piston 'm pne 

fitr<>k6 



3 
3 
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Ques. ].7f The s^rea of a pLstpn of a condensiog engine 
is 13^0 square inches, the length of the pt^ke, including 
clearance, z: 7 feet ; the steam is cut off at 3 feet of cylinder, 
the clearance=|^ feet, the pressure of the 6team:=:25*2 Ihs., 
the elasticity of the vapour in the condenser ^3*5 lbs., the 
effective evaporation of the boiler '18 cubic feet a minute, 
the resistances are roughly approximated to as in former 
questions ; required the useful load, and tba useful horse 
power of the engine ? 

Bj dividing the space through which the pteum aota ezpga«> 
sively into four equal pf^rts, and calcuUting the pressure bj 
Boyle's l^ws ; first=25-2, seconds? 189, thirds 16-12, fourths 
1^-6; 6fthzs:lO% Then the units of work done expansiyely on 
on^ sqo^e iuch, according to Thomas ^imp^on's approximate 
rule, will be 

=i{2B-2+10-8+(18-9+12-6)x4+16-iaxa} 

=640a 

The ^pace through which the piston moves before the steam is 
cut off:=3 — i=i^ feet. .*. &e work done before the steam is 
cut off 

=26 3x21=714. 

Total work of steam on 1 square inch in one stroke 

=6408+714=185 48. 

135*48 

Mean pressure of the flteam=— ^^7 — =19*82 lbs. 

Since the resistances = the mean pressure of the steam, 

,. «^+i+3J = 19-82, 

.-. load= 13-4 lbs. 

One cubic foot of water generates 1037 cubig fe§t of steam at 
25-2 lbs. piessure. 

.-. The volume of steam discharged a minute 
=•18x1037=186-66 cubic feet. 

1S20 
Volnme discharged e*oh fitroke= jjj-X 3=27-5 cubic feet* 

186-66 
;. The number of strokes a minute = - gy.^ ^6'8. 
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The osefol work a minnte will be the continned product of the 
load, the area of the piston, the length of the stroke, and the 
number of strokes a minnte. 

/. the eflfective horse power 

19*82 X 1320 X 6|x6'8 _^^K., 



33000' 



:=24'«9 



Q^e8, 18. The area of a piston of a condensing-enmne 
is 4800 square inches ; length of stroke, including cfear- 
ance, 8 feet ; the steam cut off at 4 feet ; the pressure of 
the steam 50*4 lbs. ; the elasticity of the vapour in the 
condenser =1'22 lbs.; the clearance=i foot; the effective 
evaporation of the boiler 4'25 cubic feet a minute, and the 
friction of the unloaded engine 1*2 lbs. to each square inch 
of piston ; required the useful load, and the useful horse 
power of the engine ? 

As in the last example, let the space through which the steam 
acts expansively be divided into four equal parts : first = 50*4 lbs., 
second=40-32, third=33-6, fourth=28-8, fifth=25-2. 

Then Simpson's approximate rule gives the units of work done 
expansively = 

i {50*4+ 25'2+(40'32 + 28*8) x 4-+33-6 x 2} 

=139 76. 

In this case the space through which the piston moves before 
the steam is cut off =4 — ^=3| feet. Hence the units of work 
done before the steam is cut off 

=504x3f=189. 

Total units of work of steam on one square inch in a single 
stroke=328'76. 

Mean pressure= =j — =42*42 lbs. 

8 X load ^ ^^ , ^ ,^ ^^ 
.-. — ^— + l-22+l-2=42-42. 

.•. Load=35 lbs. 

Since a cubic foot of water (see Table) generates 550 cubic 
feet of steam at 50-4 lbs. pressure, the volume of steam dis- 
charged a minute=4-25 x 550=2337-5 cubic feet. 

Yolame discharged each stroke =-^44 ^ 4=133^ cubic feet. 
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2837*5 
/. Tlie number of strokes a minute = -q.,^ =17-5. 

Consequently, the eflfective horse power of this engine 
must be 

33000" ^^ 

Ques. 19. What must be the evaporation of the boiler of 
the engine in the last example when the steam has a 
pressure of 28 lbs., so that the effective horse power may 
be 3001 

By the method employed in the last example the load is found 
to be 18*5 lbs. Therefore the effective work in one stroke 

=18 5 X 7 75 X 4800=688200. 

The effective units of work in a minute = 

33000' X 300=9900000^ 

9900000 

/. Strokes a mmute= hqqqqq = lA'^. 

Because 133^^ cubic feet of steam is discharged in a stroke, the 
volume of steam discharged a minute=133ix 14*4=1920 cubic 
feet, and in this example a cubic foot of water forms 941 cubic 
feet of steam at 28 lbs. pressure ; therefore the cubic feet of 

1920 
water evaporated a minute = ^jr- =2*04. 

Ques. 20. What is the duty of the engine in the last ques- 
tion, supposing a pound of coal to evaporate 7 lbs. of water I 

658 
94 lbs., or 1 bushel, evaporates 658 lbs. = ^-^ cubic feet of 

water. 

Useful work a mrnute=:6(90TTX 33000=22785000', 

but this work is done by evaporating 4*25 cubic feet of water. 

658 
The work of 77— ^ cubic feet, or of one bushel of coal, 

wiU be 

227850 00 X 658 - ^^,4^0-1 o 
62 5x4 25 =56444819, 

or 56 millions units of work the duty of the engine. 

G 
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The amount of work developed through the expansion 
of steam may be readily found, with mathematical accu- 
racy, by the following Rule, since the dual logarithm of 
any given number can be calculated without the use of 
tables in a few minutes. The art and science of dual 
arithmetic were invented by Oliver Byrne, the author of 
the present work ; upon this art and science O. B. has 
written and published five volumes. 

RULE. 

TO FIND WITH MATHEMATICAL ACCURACY THE ELASTIC 
FORCE OF STEAM IN UNITS OF WORK. 

Multiply the pressure at which the steam is admitted by 
the distance travelled by the piston before the steam is cut 
off, which product call (A). 

Divide the whole length of the stroke by the above-men- 
tioned distance, and add 100000000 to the dual logarithm 
of the quotient ; call the sum (B). 

Then A multiplied by B gives the whole units of 
work when eight decimal places are cast off for the dual 
logarithm. 

In question 15, the pressure of the steani=21 lbs., the length 
of stroke 12 feet, and the steam cut off at 4 feet. 

4x21=84. Call (A). 

12 

---=3. Dual logarithm of 3*= 109861229, 

^ 100000000, 

209861229, (B). 

A xB=209861229x 84=176-28343236, the exact area of 
the figure feadc, Fig. 33. The approximate rule gave 176*2 
the work done on each square inch of piston in a stroke. 

In practice the Indicator gives a very different figure, 
something like the dotted line mpgruy Fig. 33. The nearer 
the Indicator diagram approaches the true or mathematical 
diagram, the more perfect is the working of the engine. 
In another part of this work will be found a description of 
the Indicator. 

In the 17th question, the pressure of steam was taken at 
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48 lbs. ; length of stroke =5 ft., and the steam cut off at 2 ft. In 
this case 

48x2=96, which call (A). 

1=2-5 dual logarithm of 2*5= 91629073, 

1000000 00, 

191629073, (B). 

A X B=191629073 x 96= 183 96391008, 

which is mathematically correct. Simpson's approximate rule 
gave 183*9 on a square inch in a single stroke. 

Ques. 21. Steam of 42*35 lbs. pressui'e is admitted to 
the cylinder for 2*36 feet of a stroke of 10*45 feet, then 
being cut off acts expansively ; how many units of work u 
done on one square inch of piston in a single stroke ? 

42-35x2-36=99-946(A). 

10'45 

^ ^^ =4*428. Dual logarithm of which may be calculated in 
2*36 

a few minutes. 

Dual log. of 4-428=148794803, 

100000000 , 
24«794803, (B). 

A X B=99 946 x 248794803= 
248 66045380638. 

{light decimals being allowed for the dual logarithm 248794803, 

99-946 x2-4879=2488-66, 
the units of work done on a square inch of piston in a stroke. 

To find the proportions in which surcharged and satu- 
rated steam combine. 

Let a be the weight of the steam used each stroke; 
temperature, t^; Wy the weight of the surcharged steam ; 
temperature, T; ir, the weight of the saturated steam ; 
temperature, t 

and by a well known property 

t^ {W+w)=WT-{-wt. 

JTT ^^ ' 

o2 
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Again take the equations 

W-\-w=:a ; W=^a—w, and 
t^ {W+w)=fFT+wt 
:. t^ a=:{a—w) T+w t 

•• *^ — ^T-r 

EXAMPLE. 

A cylinder is half filled with a mixture of saturated and 
surcharged steam whose temperature on entering=350® 
Fahr. The cylinder is 96 inches diameter and 10 feet 
stroke. The temperature of the surcharged steam=580°, 
and of the saturated 260° ; JFand w are required ? 

Area of a circle 96 inches diameter= 7238*25 

7238-25x10 ^^^ „„ \. ^ . ^ 
— o .. 1 i ^ — =251-33 cubic feet of 
2X 144 

steam in the cylinder half full ; 62-5 lbs. = one cubic foot of water. 
The volume of steam at 350° is 233 times the volume of the 
water that has produced it ; 

251-33x62-5 

233 =67-41 lbs. weight of half the cylinder full 

of steam. 

T ti t . 

580 ; 350 ; 260 

/i-<=90° 

!r-<i=230° 

!r~< = 320° 
xrr_ 67-41x90 

320 =1^*95 lbs. of surcharged steara^ and 

67-41x230 
*^= 320 = ^^'^^ Ihs. of saturated steam. 

PROOF. 

48-45+18-95=67-41 lbs. 
18-95 : 48-45 : : 90 : 230. 



% 
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To find the number of units of heat in steam of any 
temperature. 

Let H be the required units, then, according to Hegnault, 
when the degrees Cent, are reduced to degrees Fahr., 

H=10917+-305 («°-32°) 
t° being the giren temperature. 

EXAMPLES. 

Ques. 22. How many units of heat are contained in 
steam of 432° Fahr. ? 

432 

1091-7+400 X •305=12137 units. 

To find the sensible heat of steam when it is equal to the 
latent heat. 

1091-7+-305 (^-32°)=2<° 

•305 «-32x •305=2^-1091-7 

.-. <=638°-313 

To find the ratio of the weight of injection water at, 
60°=^i, compared with that of a mven weight of steam at 
temperature 300°=^; so that the temperature of the 
mixture may be =100°='/'. 

Let w=a, given weight of steam; ^ its temperature; 
Wi the weight of water to be mixed with it ; ti its tem- 
perature ; jr=the temperature of the mixture. 

w [1091^7+^305 («-32)]+M?, t^ =«? T+w^ T 
. t£T, _ 1090^4- r+-305< 

In the example above given, 

w, _ 1090-4 - 100+'305+300 .» 27-04 
to " 100—60 

.-. w^ I w : : 27^04 : 1 

Ques. 23. If steam of 258° temperature be mixed with 
steam of 578°'3; the temperature of the mixture to be 
334®*4, and the temperature at the exhaust 135° ', ftxvA. t\v^ 
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» units of heat utilised in the passage of the steam from the 
boiler to the exhaust both when the steam is mixed and 
when employed in the ordinary way I 

a'- « =578-3-258 =320-3 

T-t^ =578-3-334-4=244-9 

f^~< =333-4-258- = 75-4 

W : w : : 75-4 : 241-9 

244-9 
75-4 

320-8 lbs. 

In every 320-3 lbs. of this mixture at 333''-4 Fahr. 
75*4 lbs. is surcharged with heat at a temperature of 
578°*3, and 244'9 lbs. of steam saturated with water ; the 
saturated steam at the temperature of 258°. 

From the Problem, page 85. 

iy=1091-7 + -305 (^°-32)=1183-627 units of heat when 
^--3330.^^ 

ir= 1091-7 +-305 («°-32) =1123-115 units of heat when 
<=135°. 

1183-627 
1123-115 

60-512 units of heat iitilised in passing 
from 333°-4 to 135°. 

When the same work was done by steam used in the 
ordinary way, steam of 22*55 lbs. pressure above the atmo- 
sphere, or had a pressure=22'55+14'7=37'25, which 
agrees with the temperature 265° nearly ; the exhaust 
steam had a temperature of 133°' 6. In steam of tempe- 
rature 265° there are 1162*765 units of heat, and in steam 
of temperature 133°*G there are 1122*688 units of heat. 

1162-765 
1122-688 

40-077 units of heat utilised in passing 
from 265° to 133°-6. C6nse'quently, there is an economy of 50 
per cent, in favour of the mixture. 

Ques, 24. Suppose steam saturated with water of 33*2 lbs. 
joressure^ whicJh answers to 257°'7 temperature, be mixed 
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with steam surcharged with heat, temperature 577°'l ; the 
temperature of the mixture =350°*7, and the temperature 
of the exhaust =147°' 6. In doing the same work, in the 
same time, with steam in the ordinary way, steam of 
34*2 lbs. pressure, or 259°*5 temperature were employed, 
the temperature of the exhaust oeing 125° ; required the 
economical advantage in using the mixture ? 

f^-<=350-7-257-7=93- 
T-t =577-l~257-7=319-4 
I'-^^ =5771-350-7 = 226-4 
.-. W : w : : 93 : 2204 

It will be found that 61*9455 units of heat are utilised 
in passing from 350°'7 to 147°'6. Ordinary steam, in doing 
the same work in the same time, passes from 259°*5 to 
125°, and hence only 41*0225 units of heat are utilised, 
giving a gain of 40 units in favour of the mixture. 

As dual logarithms are readily calculated without the 
use of tables, the succeeding rules will be found useful 
v.'hen experimental tables are not at hand. 

To find the volume of steam of a given pressure that 
may be produced from a cubic foot of water. 

RULE. 

From 974096856, the dual logarithm of 17000, take 
^f of the dual logarithm of the pressure in lbs. ; the cor- 
responding natural number increased by 10, and then 
added twice to itself consecutively, passing a single figure 
each time to the ri^t, give the volume of steam. 

Ques. 25. How many cubic feet of steam of 55 lbs, 
pressure on the square inch will a cubic foot of water 
produce ? 

Dual logarithm of 55* =400733319, 

400733319 x40^3,,,,,^3 
4o 
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From 974096856, 
Take 372775181, 

601321675, = dual log. of 40879618, 
to which add 10. Then, 

418-79618 
41-87962 

460-67580 
46-06758 

Volume of steam = 506-74338 

/. A cubic foot of water will make 507 cubic feet of steam 
of 55 lbs. pressure on the square inch. 

Given the temperature of steam to find the correspond- 
ing pressure in pounds by dual logarithms. 

RULE. 

To -00478822 add 1-8 divided by the temperature plus 4- ; 
call the sum (A). 

From the quotient of 8827643, divided by (A), take the 
whole number 403938299, the remainder is the dual loga- 
rithm of the pressure in pounds on the square inch. 

Qms. 26. When steam has a temperature of 400° Fahr., 
what is the corresponding pressure in pounds on the square 
inch? 

^'^ =-00445544 



404- 

•00478822 constant 
•00924366 
8827643, 



=954994342, a whole number 



•00924366 

From 954994342, 

Take 403938299, constant 

551056043,=the dual logarithm of 247^289668 

.•. 247-3 lbs, corresponds to the temperature of 400® Fahr. 
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Table of the Elastic Fobce of Steam, akd the corhk- 
Bi'OMDiNa Tehpsratdre ; the Steam beino ih contact 
WITH thb Water that produced it. 









T 


mpemtnre 


in 




Prewnre on a 


Elafllic 


force in 




dft-KESO 




Volnnid 


ciudiDg lbs 












Volume' 




Inches of 


Metres of 


Fahr. 




Cenl. 


of W.ler 




Mercurj-. 


Mercery. 


nrn. 


= 1. 


lb.. 


kilog. 














147 


6-668 


30-00 


■763 


812-0 


80-0 


lOO-O 


1700 


15 


6-80 


30-60 


■778 


ai2-s 


SO-4 


UHJ-4 


1609 


16 


7-36 


32-64 


-839 


216-3 


81-9 


102-4 


1573 


17 


7-71 


34-68 


-880 


219-6 




104-2 


1488 


JB 


8-16 


36-73 


-933 


23S-7 


84-7 


105-9 


1411 


19 


8'63 


38-76 


-934 


235-6 


86-0 


107-a 


1343 


ao 


907 


40-80 


1-037 


238-5 


87-3 


109-9 


1281 


21 


9'5a 


43-84 


1-089 


231-2 


88-5 


110-7 


1226 


S3 


9-98 


44-88 


1-140 


333-8 


89-7 


132-1 


1174 


83 


1043 


46-93 


1-193 


230-3 


90-8 


113-5 


1127 


84 


10-88 


68-90 


1-244 


23S-7 


91-9 


114-8 


1084 


85 


1134 


51-00 


1-296 


2410 


93-0 


116-1 


1044 


86 


11-79 


53-04 


1-34S 


343-3 


93-9 


117-4 


1007 


87 


4335 


55-03 


1-400 


245-5 


S4-9 


118-6 


973 


88 


18-70 


57-13 


1-452 


247-6 


95-8 


119-8 


941 


89 


13-16 


59-16 


1-503 


3496 


96-7 


120-9 


911 


30 


13-61 


61-31 


1-555 


251-6 


07-6 


133-0 


883 


31 


14-06 


63-24 


1-607 


2D3-6 


08-5 


1331 


857 


3S 


1451 


65-28 


1-650 


255-5 


993 


124-3 


833 


33 


14-97 


67-32 


1-711 


257-3 


100-1 


125-3 


810 


34 


16-43 


69-36 


1-763 


339-1 


100-9 


126-3 


788 


35 


15-87 


71-40 


1-814 


260-9 


101-7 


127-3 


767 


36 


16-33 


73-44 


1-366 


363-6 


103-5 


1281 


748 


37 


16-78 


75-48 


1-918 


264-3 


103-2 


129-1 


730 


3S 


17-23 


77-52 


1-970 


265-9 


104-0 


139-9 


713 


39 


17-69 


79-56 


2-033 


267-5 


104-7 


130-8 


695 


40 


1814 


81-60 


3-074 


269-1 


105-4 


131-7 


679 


41 


18-59 


83-64 


3-136 


270-6 


106-0 


133-6 


664 


43 


19-05 


85-68 


2-178 


272-1 


lOC-7 


133-4 


649 


43 


19-50 


37'78 


3229 


273-6 


107-4 


134-3 


636 


44 


19-96 


89-76 


3-381 


275-0 


108-0 


135-0 


638 


45-. 


30-41 


01-80 


2-333 


276-4 


108-6 


135-8 


610 


46 


20-86 


93-84 


2-385 


277-8 


109-2 


136-6 


598 


47 


31-32 


96-88 


2-437 


S79-3 


1O0-9 


137-3 


586 


48' 


Sl-77 


97-93 


2-480 


280-5 


110-4 


138-1 


576 
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Table — continued. 
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1 
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f 
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1 
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1 
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— I. 


lbs. 


kilog. 














49 


22-22 


99-96 


2-541 


281-9 


111-1 


138-8 


564 


50 


22-68 


10200 


2-592 


283-2 


111-6 


139-6 


554 


51 


2313 


10404 


2-644 


284-4 


112-2 


140-2 


544 


52 


23-59 


10608 


2-696 


285-7 


112-8 


140-9 


534 


53 


24-04 


108-12 


2:748 


286-9 


113-3 


141-6 


525 


54 


24-49 


11016 


2-800 


288-1 


113-8 


142-3 


516 


55 


24-95 


112-20 


3-852 


289-3 


114-4 


142-9 


608 


56 


25-40 


114-24 


2-903 


290-5 


114-9 


143-6 


500 


57 


25-85 


116-28 


2-955 


291-7 


115-4 


144-3 


492 


58 


26-31 


118-32 


3-007 


292-9 


116-0 


144-9 


484 


59 


?6-76 


120-36 


3-059 


294-2 


116-5 


145-7 


477 


60 


27-21 


122-40 


3-111 


295-6 


117-2 


146-4 


470 


61 


27-67 


124-44 


3-163 


296-9 


117-7 


147-2 


463 


62 


2812 


126-48 


3-215 


2981 


118-3 


147-8 


456 


63 


28-57 


128-52 


3-266 


299-3 


118-8 


148-4 


449 


64 


29-03 


130-56 


3-318 


300-3 


119-2 


149-1 


443 


65 


29-48 


132-60 


3-370 


301-3 


119-7 


149-6 


437 


66 


29-93 


134-64 


3-422 


302-4 


1201 


150-2 


431 


67 


30^39 


136-68 


3-474 


303-4 


120-5 


150-8 


425 


68 


30-84 


138-72 


3-526 


304-4 


121-9 


151-3 


419 


69 


81-29 


140-76 


3-577 


305-4 


121-3 


151-9 


414 


70 


31-75 


142-80 


3-629 


306-4 


122-7 


152-4 


408 


71 


32-20 


144-84 


3-681 


307-4 


122-1 


153-0 


403 


72 


32-66 


146-88 


3-733 


308-4 


122-5 


153-6 


398 


73 


33-11 


148-92 


3-785 


309-3 


123-9 


1541 


393 


74 


33-56 


150-96 


3-837 


310-3 


123-3 


154-6 


388 


75 


84:03 


153-02 


3-889 


311-3 


124-7 


1551 


383 


76 


34-47 


155-06 


3-940 


312-2 


1340 


155-7 


379 


77 


84-93 


157-10 


3-992 


3131 


134-4 


156-2 


374 


78 


85-38 


159-14 


4-044 


3140 


135-3 


156-7 


370 


79 


85-83 


16118 


4096 


314-9 


125-7 


157-2 


366 


80 


86-39 


1 163-22 


4148 


315-8 


1261 


157-7 


362 


81 


36-74 


165-26 


4199 


316-7 


136-5 


158-2 


358 


82 


3719 


167-30 


4-253 


317-6 


126-SI 


158-7 


354 


83 


87-66 


169-34 


4-303 


318-4 


127-3 


159-1 


350 


84 


88-10 


II71-38 


4-355 


319-3 


127-7 


159-6 


346 


85 


38-5* 


173-42 


4-407 


3301 


128-0 


160-1 


342 
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Table — continued. 



Pressure on a 
square inch, in- 
cluding the 
pressure of the 
Atmosphere. 



lbs. 


kilog. 


86 


3901 


87 


39-46 


88 


39-91 


89 


40-37 


90 


40-82 


91 


41-27 


92 


41-73 


93 


42-18 


94 


42-64 


95 


43-09 


96 


43-54 


97 


4400 


98 


44-45 


99 


44-90 


100 


45-36 


110 


49-89 


120 


54*43 


130 


58-97 


140 


63-50 


150 


68-04 


160 


72-57 


170 


7711 


180 


81-65 


190 


86-18 


200 


90-72 



Elastic force in 



Inches of 
Mercury. 



175-46 
177-50 
179-54 
181-58 
183-62 
185-60 
187-70 
189-74 
191-78 
193-82 
195-86 
197-90 
199-92 
201-96 
204-01 
224-40 
244-82 
265-23 
285-61 
306-03 
326-42 
346-80 
367-25 
387-61 
408-04 



Metres of 
Mercury. 



4-459 
4-511 
4-563 
4-615 
4-666 
4-718 
4-770 
4-822 
4-874 
4-926 

4-977 
5029 
5-081 
5-133 
5185 
5-703 
6-222 
6-740 
7-259 
7-778 
8-296 
8-814 
9-333 
9-851 
10-370 



Temperature in 
degrees of 



Fahr. 



321-0 
321-8 
322-6 
323-5 
324-3 
325-1 
325-9 
326-7 
327-5 
328-2 
329-0 
329-8 
330-5 
331-3 
332-0 
339-2 
345-8 
352-1 
357-9 
363-4 
368-7 
373-6 
378-4 
382-9 
387-3 



Reau. 



128-4 
128-8 
129-2 
129-6 
129-9 
130-3 
130-6 
131-0 
131-3 
131-6 
132-0 
132-4 
132-7 
1330 
133-3 
136-5 
139-5 
142-3 
144-8 
147-3 
149-6 
151-8 
153-9 
156-0 
157-9 



Cent. 



160-6 
161-0 
161-4 
161-9 
162-4 
162-8 
163-3 
163-7 
164-2 
164-8 
165-0 
165-4 
165-8 
166-3 
166-7 
170-7 
174-3 
177-8 
1811 
1841 
1871 
189-8 
193-4 
194-9 
197-4 



Volume 
of Steam, 

Volume 

of Water 

=1. 



339 
335 
332 
328 
325 
322 
319 
316 
313 
310 
307 
304 
301 
398 
295 
371 
351 
333 
318 
305 
193 
183 
174 
166 
158 
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CHAPTER VI. 

Accumulated Woek. 

If a body moves uniformly, the space described is equal 
to the product of the time by the velocity. 

A body moving 3 ft. a second will pass over 15 ft. in 

5 seconds. 



Therefore, if a rcctanple like A B C D 
be constructed, CD=3 the units in the 
velocity, the perpendicular B D = 5 the 
units of time ; then the small squares in 
the rectangle A D answer as counters to 
designate 15 feet in length. 



In a similar way, the space described by a body whose 
motion is unifonnly accelerated may be told by the area 
of a trapezoid, whose parallel sides contain respectively the 
units of velocity at the commencement ana end of the 
motion, the perpendicular between those sides being the 
units in the intervening time. This last proposition will be 
easily understood, since the mean breadth of the trapezoid 
contains the same number of units as the velocity which 
the body has at the middle of the time. This method of 
making the area of figure represent a distance is useful, 
and should be carefully examined by a young student. 
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Let E F = velocity of 2 feet a 
second, then suppose the body uni- 
formly accelerated for 5 seconds ; 
at the end suppose its velocity to 
be 4 feet a second. If L Q = 4 
feet, F Q = 5 units from the same 
or any other scale of equal parts. 
The area of E F Q L in small 
squares or parallelograms may be 
used as counters to designate the 
space passed over 

5x3=15 ft. space passed over. 

In this way the length of a straif^ht line is represented 
by a plane area. The best illustration of accelerated 
motion is afforded in the case of falling bodies near the 
surface of the earth. 




POECE OP QHAVITr NEAR THE SDRFACE OF THE EAKTH. 

Bodies beiuff allowed to fall freely near the surface of 
the earth, the force of the attraction being constant, wiU 
communicate to them equal additions of velocity in eqnal 
intervals of time. Thus, at the end of one second, the 
velocity of the body is 32-155 feet; at the end of two 
seconds, 2 times 32*155 feet ; at the end of 3 seconds, 
3 times 32'155 feet ; at the end of 4 seconds, 4 times 
32-155 feet, and so on ; or generally, the velocity acqmred 
by a falling body is equal to the product of the time of the 
body's fall in seconds by 32^ feet, putting 32| for 32-155. 
This is expressed by the equation, 
t>=ix32i. 

The space described by a body in one second will be 
half of 32J feet = 16^ feet ; because the velocity of the 
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body in the middle of the time will be the mean velocity 
wim ^iiidi it moves during that time. In like manner, 
the iq)ace described by the body in 4 seconds, will be 4 
times 2 x 32^ feet ; because, 4 x 32 ^ feet is the velocity at 
the ead of tlie time, and, therefore, 2 x 32^ will be the 
mean vdkx^y, <«r the velocity in the middle of the time. 
But 4 times 2 x 32J « 16 x 16^^ = 4^ x 16A, that is, the 
space desmbed by a falling hoay in 4 seconds is equal to 
tiie square of the time, multiplied by the space described in 
one seccmd. In the same manner, any other case may be 
estaUished. In general, the relation of the space S in 
feet, and the time t in seconds, is expressed by the equar 
tion 

S = t^ X IGyV 

Ques. 1. What velocity will a falling body have at the 
end of 5 seconds ? 

32ix5 = 160|feet. 

Qites, 2. In what time will a body acquire a velocity of 
193 feet a second ? 

0K7- = 6 seconds. 

Ques. 3. Through what space will a body fall in i^' 
seconds ? 

(4i)2xlGJ^=325Hfeet. 

Qv£8. 4. A body is thrown downward with a velocity of 
10 feet per second^ how far will it descend in 6 seconds ? 

It is evident that the body will retain its motipn of projection, 
although acted upon by gravity. Now the space due to, the pro-' 
jection =6 x 10 = GO feet, and this added to the space due to 
gravity will give 

G0+G2xl63V=C39feet. 
Ques. 5. In what time will a body fall 193 feet ? 
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By the general equation 

.-. <=y/l2=3-464 seconds. 

Ques, 6. From what height must a body fall to acquire 
a velocity of 96^ feet ? 

First it is necessary to find the time which the body will have 
to fall, to acquire a velocity of 96 J- feet. 

9(;jL 

'^ = 3 seconds. 



32i 
Height=32 x 1G^=1U-1 feet. 

Ques. 7. The velocity of a body is 84 feet. From what 
height would it have to fall, in order to attain this motion? 



V 32i) 



Time = —— ; distance or space 

84" 
X 16^= -2^^321 = 109-7 feet. 



6 

Put g=32l and a=84, then 



9^ 2 2g 

:, The space fallen through to acquire the velocity a is equal 
to the square of (a,) divided by (2 g). In most modem works, g 
is put for the number 32i, and n is put for the circumference of 
a circle when the diameter = 1, or w = arc of a semicircle, 
radius = 1. 



OF THE WORK ACCUMULATED BODY. 

When a body is in motion, it will continue in that state 
unless acted upon by some external force. But in order to 
give this motion to the body, there must be work done upon 
it. A velocity of 32^ feet may be given to one pound, by 
raising it 16 ^^^ feet, and then allowing it to fall by the 
force of gravitj* 
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In this case, the units of work accamnlated in the body 
will be * 

As another familiar example, take a fly-wheel in rapid 
motion ; a portion of the work of the engine must have 
gone to produce this motion, and before the engine can 
come to a state of rest, all the work accumulated in the fly, 
as well as in the other parts of the machine, must be de- 
stroyed. In this way a fly-wheel acts as a reservoir of 
work. 

In order to estimate the work in a moving body, it 
is simply necessary to consider the height from 
which it must fall to acquire the given velocity, 
and then the work will be found by multiplying 
that height in feet by the weight of the- body 
in pounds ; because the work expended in raising 
the body to the necessary height to communicate 
the given velocity must be the same as the work, 
which gravity will perform upon the body in its 

DESCENT. 

Ques. 8. The weight of a ram is 600 lbs., and at the end 
of the blow has a velocity of S2^ feet ; what work has been 
done in raising it ? , 

The ram must have fallen 16^^ ^^^^ i ^he work done upon it 
therefore 

=600xl6iV=96B0. 

Ques, 9. How many units of work are accumulated in a 
body whose weight is 144 lbs., and velocity 200 feet? 

The height from which the body 'must fall, to acquire the 
given velocity, 

200« 



6 



Consequently, the work which must have been done upon the 
body 

=621 76 X 144=89533 68. 
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Ques. 10. Beqnlred the work accumulated in a cannon- 
ball whose weight is 32^ lbs., and velocity of 1500 feet! 

The height from which the ball must fall, to acquire a yelocitj 
of 1500, 

_ 1500« 
2x32i' 

The work accmnulated in the body 

1500' X 32 



2x32 



=1125000 



This example clearly shows, that the work accumulated in a 
moving body is equal to the square of the velocity infeetjyer second^ 
multiplied by the weight oj the body in lbs., and divided 'by 
2x32i. i ; '- I " 

tim yery important proposition is expressed by the equation 

Ques. 11, A ball weighing 20 lbs. is projected with a 
velocity of 60 feet per secon(E on a bowling-green. What 
space will the ball move over before it comes to rest, allow- 
ing the friction to be -pg the weight of the ball ? 

The units of work, XJ, in the ball , '. . 

60M<2P^---Q.-y 

■■^■" 2x32i -^^^^^^ 

It is evident that the ball will not stop until all this work 
is destroyed — that is, until the work destroyed by friction 
is equal to the accumulated work. 

Let a be the number of feet over which the ball moves before 
it comes to a state of rest, then the work destroyed by fhction in 
moving the ball over x feet 

=-^x;c=till9l7; 

, «=mQJ^y^ ^8=1007 8 feet> 

20 

H 
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Ques. 12. A train weighs 193 tons, and has a velocity of 
30 miles an hour when the steam is turned off; how far 
will the train move upon a level rail, whose friction is 15^ lbs. 
per ton I 

30 miles an hour =44 feet a second, for 

3 0x5280 _^^ 
"60 X 60 
193 tons=432320 lbs. 
Putting U for the units of work, 

2 X 32i 

When the train stops, the work of friction will be equal 
to the work accumulated in the train, hence, if ^ be the 
number of feet the train will move after the steam is cut 
off, the work in moving the train over x feet 

=193xBixa?=TJ. 
/. 193x5^X07=13009920. 

Qttes, 13. A train weighing 60 tons has a velocity of 40 
miles an hour when the steam is turned off, how far will 
it ascend an incline of 1 in 100, taking friction at 8 lbs. a 
ton. 

40 miles an hour = 58 1 feet a second. 

60 tons = 134400 lbs. 

Work in the train when the steam is cut off 

(58|)«xl34A00 

^ 2x32i ' 

put a?=the number of feet the train will move after the steam is 
turned off; then the work due to the friction 

?==60x8xar=480 ^; 

100 : 1 : : a : ~^ 

100 

the rise of the rail iii <%; feet ; 
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.\ i /Die wpric doe to grarity 

" X 134400 « 1344 »; 



100 



(68|)*x 134400 
•• 480 X + 1344 x=^ 2^^32i ' 

(681^x134400 
••• "= 1824x64i =8^^2^fe«*- 

Ques* 14« Two balls^each weighing 64j^lbs.^ are placed 
at the extremities of a horizontal arm, which gives motion 
to a screw driving a punch, as in the common stamping 
machine. The velocity given to the balls is 8 feet a 
second. What is the mean resistance opposed to the punch, 
when it is just driven through an iron plate § of an inch 
thick I 

If the area of the cross section of the punch =y^\5^ of a 
square inch, the pressure on the square inch=4096 lbs. 

The weight of the two balls= 128| lbs. 

If the velocity of the balls be 8 feet, just as the punch begins 
to cut, then the units of work accumulated 

— TT— ?^21**?i— 1 Oft 

Now, if the thickness of the plate be 1 foot, the uniform re- 
sistance would obviously be 128 lbs. ; but the thickness is -^.j of 
afoot% 

128 

.•. Mean resistance, -=4096 lbs. 

QueB. 15. A ball weighs 24 lbs., is fired from the mouth 
of a cannon 12 feet long, with the velocity of 1000 feet a 
second; it is required to find the mean pressure of the 
elastic vapour upon the ball I 

b2 
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Let X be the pressure upon the ball during^ :p«Mgietiuoiigli 
the barrel| then 

12 xir ^^73067. 

.*. a;=31088 lbs. mean pressure. 

The area of a circular cross section of a 24 lb. cast-iron round 
shot =24 square inches*; 

ai088 ,^^^. , .. 

the pressure on each square inch of cross section of bore. 

Quea. 16. A carriage of 1 ton moves on a level rail with 
the speed of 8 feet a second; through what space must' 
the carriage move to have a velocity of 2 fe^t, supposing 
friction to be 6 lbs. a ton ? 

«. , , , 8' X 2240 2«x2240 ^^^^ 

Worklost= g^p - g^Y =2080. 

But this work has been taken up by friction passmg over a 
space which put=« feet, then 

^x 6=2089; 

.'. a?=848 feet. 

Ques. 17. If the carriage in. the last example move over 
400 feet before it comes to a state of rest, wnat is the re- 
sistance of friction per ton ? 

Work accumulated in the carnage 

8' X 22 40 ^^«« 
=— 6ir"=2228; 

Work of friction = friction x 400 ; 

Fricticnx 400=2228; 
Friction =6 -57 lbs. 

Qufs. 18. Two weights, W, to, weighing 7 and 4 lbs. re- 
spectively, are connected by a cord that goes over a fixed 
pulley, as in Atwood's machine ; through what space must 
W descend to acquire a velocity of 3 ft* a second ? 



> > •* ■ t 
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As the Telocity with which to ascends is the same as that with 
which W descends, then 

Work in W=^^=-9793 ; 
Work in tr=^|^=-1865* 



Total accnmnlated work= 1*1658. 



Let a be the space passed over by each of the weightdi then 
Work of grayity on W= 7 xx 
Work of gravity on w =4 x a 

3xx difference. 

As the work performed on w has been produced by th# woik 
of W ; .% the work existing in the bodies must be eqnal| Of 

3xa;=rll668. 

/. aj=*3886 feet=4| inches, nearly. 

Ques. 19. A weight of 6 lbs. acts upon a weight of 4 lbs. 
over a pulley ; in what time will it descend 115^ feet, and 
what will be the conunon velocity of the bodies at the end 
of that time? 

6-4=2 lbs. 

Units of work in both bodies = 1151 x 2 =231|- 

Then, if V be the velocity, the units of work in both bodies 
will also be 

=^x 10=2311. 

.-. V=884 ^eet velocity at the end of 115| feet. 

Mean velocity =19-j^. 

1154- 

fo-^=6 seconds the time of descent. 



Queg. 20. Two woghte, W, w, Fig 37, of 
18 and 16 onnces respectively, are suBpended 
by s fine silk thread going over a. cast-iron 
pulley, B ; how long will W be descending 
20 feet, and what velocity will it have ac- 
quired, allowing for the friction of the brass 
pin, P; the circumference of the hole, P=l 
inch, and of the pulley, B=l foot? 

When W ha-s moved 20 feet, the enrfaces 
of P have been in contact over a space of 
20 inche8=l^ feet. According to Morin, 
the co-efficient of friction upon brass axles, in 
cast-iron bearings, grease being continuously 
reDeived='045; 

18+16 oimceB=2^1bB. 

Units of work destroyed bj the friction of the 

^'"~ IS X 2i X 046= 169376. 

18—16 ounces=jIb. 

i-x20=3'& developed. 

'169375 due to friction, 
2-340626 

Xiet V be the required velocity, ihen 

^x2i=2 340636. 

.-. V»=69-915. 
V=8-36feetyelociQ'. 

— ■ j„ ■ =4*78 seconds time occnpied. 
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Qaet. SI. Let A D= 
I}C=20 inches, arms of 
a toggle joint; P, a pres- 
sore of 200 lbs. applied 
at D in tbe direction of 
the perpendicular B D=l 
incli; when the two bars 
WDjDC, are bronghtinto 
astrught line,wh at weight, 
W, may be moved, snp- 
pofflng the point, C, sto- 
tionaiy? 




V^20»-l=y'H99= 19-9749844= A B. 

.-. AC=:2 AB=39-9499688, 

W will be raised the difference between A D+D C, and A C=- 



12 
DB=1 iiich=Afeet. 

UnitB of work done by 'P=-^ X 300. 
Units of work done in raising W= 
■050031a 

la 

^=3997-5 lbs. 
The friction of the joJnta are not taken into acoonnt. 



xw=Axaoo. 
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gow JK> BnuAiB THE uinrs of work in a noTATnra 

BOUT. 

To take a nmpis 
case, let two balls, O 
and D, be connected 
by a rod, AD, and 
made to revolve round 
the centre, A; snppose 
C to weigh 50 lbs. and 
D 20 IBs.; the dis- 
tance of C from A= 
12 feet, and that of 
Dr^ 27 feet. Itisre- 
qnired to findthe units 
of work in these balls 
when the point B, 1 

foot from the centre of motion A) moves at the rate of 

19*3 feet a second. 

The centre of gyration la* also required — that is a point, 

G. ix\ tfie rod where we may suppose the weight of the two 

balls collected — so that the amount of work may remain the 

same as when the bodies were apart. 

Velocity of C=(19-3 x 12) feet a second. 
Velocity of D=(19-3 x 27) feet a second. 

Unite of work iit c= (lg3xl2)- xSO ^^^ggg 
o4j 
_ (19 3xa?)'x20 _ 

Total nuits of work=126106-3. 

Let « be the distance, A G, then the work in i 
collected at 0= 

^^^ =1361063. 

.-. «*=811^, and «=17-68« tert. 



Units of work in 0= 



=844183. 
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Now, if the two weights 20+50=70 lbs. be placed on 
the rod at the centre of gyration^ G, and move with a nni- 
form velocity of (17'639 x 19*3) feet a second, the amoont 
of work in the bodies thus combined is the same as when 
posited at G and D. 

From this simple case it is evident that when the centre of 
m/ration of a rotating body is known, the accumulated work 
m that body is readily found. To find the centre ofayror 
tion in differently formed bodies requires the aid of a higher 
calculus, the introduction of which would be out of place 
in the present work. However, it is necessary to observe 
that the distance of this centre from the axis of rotation in 
a circular wheel of uniform thickness is equal to the radius 

of the wheel x \/\ ; in a rod revolving about its extre- 
mity it is equal to the length of the rod x y/^, and when 
the rod revolves about its centre it is equal to the length 
X y/^i^ ; and in a plane rim, like the rim of a fly-wheel, 
it is equal to the square root of one-half the sum of the 
squares of the radii forming the ring. 

Qu£8. 22. The weight of a fly-wheel=8000 lbs., suppose 
the centre of gyration to be 10 ft. from the axis, the 
diameter of which =14 inches ; the wheel makes 27 revo- 
lutions a minute, how many revolutions will it make bef ofe 
it stops, the friction of the axis being \ of the whole weight ? 

Velocity of centre of gyration a second = 

20x31416x27 



60 



=28-2744 ft. 



(28 2744)' X 8000 

Work in thewheel=^^ g^, = 99411*77' 

Circmnference of the axis in feet— 

^ix31416=3-6652. 
12 

Work destroyed in x revolutions = 

3*6662 XXX 8^= 5864*32 w. 

5 
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;. a;=?®^J^Ai^ = 16-952 revolutions. 
5864*32 

Ques. 23. The weight of a fly-wheel is IJ tons, the dis- 
tance of the centre of gyration from the axis = 8 feet, and 
the number of revolutions a minute =24 ; what number of 
strokes will this wheel give 2 forge hammers each weighing 
250 lbs., each hammer having a lift of 3 ft., friction being 
neglected I 

Velocity of the centre of gyration=201 ft. a second. Work 
in the wheel= 

(201)^x3360 ^„^.^ 
^ ^ =22984-6. 



'3 

Work of X lifts of the hammers = 

250 X 2 X 3 X 07= 1500 a? 
1500 07=1: 22984*6 

.-. o:=15-3 lifts 
to each hammer. 

Qties, 24. The diameter of a grindstone is 5*6 ft., and its 
.weight=386 lbs., the circumference is made to revolve 
.with a velocity of 6 ft. a second; the circumference of the 
Axis=8 inches, the friction of it=^ of the weight; find the 
tiumber of revolutions made by the stone when left to 
itself? 

The centre of gyration from the axis of the grindstone 
=2-8-v/j; 

To find the velocity of the centre of gyration, 

Y v-6 : : 2-8yf:6v/fT 
The square of 6y^= 18. 

Work in the Btone=^°if5°^=108. 

64i 

Let a be the number of revolutions, 

8 388 
then J^ X ^jg^ X « = the work destroyed in x revolutions. 
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12 7 

* ,\ 0:== 6 revolutions, nearly. 

Qties. 25, How many units of work are developed by 
the sledge-hammer referred to in question 28, page 50 1 ' 

Units of work in one blow= 

(38 6)' X 30 

"^ — ^~gkl =694*8, hence 20 blows will devel(^ 

13896 onits of work. 

• * 

Ques. 26, Supposing the earth to be a perfect sphere 
four times the weight of the size of itself oi water, radius 
=20900000 feet=r; how many steam engines of 1600** 
each, apphed in the direction of the centre of gjrration* 
would be required to stop the earth revolving on its axis in 
an hour and forty minutes. 

1600'=52800000'. 

Units of work in 100 minutes =6280000000. 

-C2 rV X 62-6 X 4 = 122^^=the weight of the earth 
6 ^ ^^ 3^ 

in lbs. This weight divided by 29 = 64i gives ^^^^J"" . 

cr=3-U59265 

The distance of the centre- of gyration from the centre of the 

sphere=r y/ Fig. 43. 2 r \/\ x ^=the circumference of the 
circle described by the centre of gyration in 24 hours. 

/. ^r V V ~ the velocity of the centre of pnrration 
24x60x00 ^ ^^ 

in feet a second. Velocity squared = ^ ^ — 5_, Then the 

units of work in the globe will be 

4^*r«xf lOOO^r^ 8^^r» 

746496090& 193 7464960x965 
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Tbeu noita oF woi^ dirided by 6380000000 gives 

^^ =20657730000000000000, 

7464960x965x660000000 '^"•'*">""'™""" " ' 

nearly, the nnmber of Bteam engfoes reqqired, 

Let V be the centra of ^rration in the foIlowiHg bodies 

A X the axis abont whi^ each bod^ revolves, C y the 

perpendicular distance from the centre to the axis of 

rotation. 

In a mere wire circumference, Fig. iO, revolving abont 

its diameter, A X, 

C^=CX Vi=-7071r, 

r being put for C X or C A, the radios. 



Hg. 40. 




In a circular plate, Fig. 41, revolving round ita diameter 
CJ^=iofC■X="5r. 






In^reeyibm hollow globe. Fig. 43, 

Cy=(JX multiplied by Vi='81fi5r, 




In a solid spliQ^'^!i|^',#!^ 

C y=C X BdiitijjtM bj t^ Bqoaiie root of {= 




When a solid a^&e^ £^ 44, "re^olymg about aa axis, 
A X, outside the todgr, , , 

BO=r; C0=». 
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Fig. **. 







C^=rVi; Fig. 4&, a cylinder tonnd its ude, 
T,g. 43. 




Ci/=Vi'<?+ir')-; ■n = CO, Fig. 45. 
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Cs=>//^:t^\; Pig. 46, i=the length. 




c,,v(i^y,^,.. 




In a cone, Fig. 18, revolving about the axis, 
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The cone, Fi^;. 49, 



,, !■■-: 


,'*^:*'-,., '"" " 




■ 




Cj=V(l^^±ii?)i Kg. 50. 
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Fig. 61. 







In a straight lever, whose arms are m and n, Fig. 52, 
he distance of the centre of gyration, y, from the axia 
LX, or, 



Cy=V 



(Jt±£.\ 
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Fanlldopiped, Fig. 53. 





BS.«!. 




^^ 




H 



Fig. 54. QP=n,DE = / 
FE = 6; EF=J 
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Kg. 65. CF=i; HD=J; aE= 




Cylindrical ring, Fig. 56, 

CB=r,i CD=r. 



«-<^> 




la a Bplieroid of revolution, polar scmi-a 
ndiuB r, tnrniiig on the polar axie, 
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LIVING FORCE. VIS VIVA. 



Facts go to show^ and it seems reasonable to admit^ that 
forces are proportional to Hie degrees of velocity which they 
impress in equal very short timeSy upon tJie same body^ 
yielding freely to their actionj and in the proper direction 
of this action. 

This is taken as ft f iinflayei^tai ^>Mift9m» 

Then if two forces, which we csdlF>aud'Fi, act upon the 
same body and impress, dt with or derive it of the very 
small degrees of velocity, v and v^ in the same element of 
time, tj then, k6^diii^ to the ab6ve axiom, we have, by the 
rule of three ;. in : . ^ . u s . .f.i.» , ■ .. 

To estimate attd iri^fetsitfe thef fbh^'thWiwe have desig- 
nated by F, we compare it to another force whose effect on 
the given body is known — ^with gravity, for example — and 
as we know that the velocity, Vi, imparted to heavy bodies 
in an element of time, t^g t — ^that is (see pp. 92, 93), 

Vi=igt. 

The value of g varies in different latitudes, and at dif- 
ferent altitudes in the same latitude. In this work g is 
put =32 J a second. 

The weight of the body, W, or the force exerted by 
gravity, may be put for Fi in proportion (A), then (A) 
becomes 

F :W : : V : g fast?^ 

..'.J.. .1. 0y\ t •.. ^ ' 

w 

— =M is constant quantity, for when g is changed W is 

changed in the same ratio. This constant ratio, M, is 
termed the mass. That M is a constant quantity may be 
thus shown : Let the same body, W, in any other latitude 
weigh Wi, and g changed to gi; then, putting t for the same 
element of time in both places, we have 
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W: Wi : : 9 t=(v) : g,t=:(v{), 

Vy Vi being very small degrees of velocity. 

W W 
•'. — = — '=:M=a constant quantity for all places. 

if If* 



THE MEASURE OF MOTIVE FORCES AND INERTIA. 

From equation (B) we can estimate the force called P 
in lbs. capable of imparting to or taking from a body of 
the weight W or mass M an element of velocity, v, in an 
element of time, ty as 

When the ratio — is constant, which is the case with 

t 

nniformly accelerated or retarded motion, F Is a constant 

force. ]Dnt, since to communicate to a body of the weight 

W a variation of velocity, v„ in an element of time, t, there 

must be developed an effort, ; then there is a resistance 

to be overcome, of which this effort is the measure. This 
resistance is the force of inertia, the reaction which takes 
^ace every time that a variation of motion is produced. 
Thus equation (C) gives at one and the same time the 
measure of the motive force which produces the change of 
motion, and that of the force by wmch the body, by virtue 
of its inertia, opposes this change. An examination of 
equation (C) will show that, for a weight, W, or a given 
masSy M, the magnitude of the force, F, will increase as the 

change of motion becomes more rapid, or as the ratio 7 

V 

becomes greater. It is thus we account for the magnitude 
of efforts and reactions developed in the transmission of 
motion by the shocks experienced between hard bodies, in 
a very shSort interval of time, when the velocity v«n!^ ot S% 
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destroyed suddenly. An example will put this matter in a 
very clear light. In case we reqmre the quantity of motion 
imparted to a ball weighing 38*6 lbs., and upon which mm- 
powd^ has impressed a velocity of 1600 feet a secon^ 

Ft=:Uv. 

38*6 

If we suppose successively, 

f=i-oo", 0-50", 0-10'', oor', 

we have, 

F=:19201bs., 3840 lbs., 19200 lbs., 192000 lbs. 

When a body has only a motion of translation, the vis 

W 

t?ft;a=(rwaM)x(velocity)*=s — v^; hence the units of work 

v* W 
conservated in a body so moving=half the vis viva= —^ — 

—a result before estabUshed on the principle of work (p. 97). 
When a body has a motion of rotation and a motion of 
translation, the vis viva=vis viva due to translation -f-m 
viva due to rotation. Vis via of rotation = (mass) (angular 

velocity)' = — x (angular velocity)*. 

Let the body A=5 lbs., moving with a velocity of 
8 ft. a second; B= 9 lbs., moving with a velocity of 11 ft. a 
second; required the accumulated work in these bodies in 
terms of what writers on mechanics call vis viva. 



. t 



• • 



The units of work in A and B together= 

, 8»x5+ll8x9 _ 
^ 32i 

The units of work aocumaIated=^ the vis viva. 



Ques. 27. What must be the weight of a single body, D, 
moving with the y^pcily of 10 feet a second so that its 
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accumulated work may be equal to that of the bodies 
A, B, 0, weighing 4, 5, 6 lbs. respectively, and moving, 
with a velocity of 9, 8, 7 feet a second respectively? 

Let W=the weight of the body D, then the units of work 
inD= 

10' X W 

— gjr — > which has to be made equal to the units of work 
in A, B, and C together = 

yx4 , 8^x5 , 7^x6 

.-. 10«xW=92x 4+82x5+73x6; (R). 

.-. W=9-38. 

It is evident that if the bodies A, B, C, D be parts of 
the same machine, when the velocity of one of these bodies 
is increased, say n times, the velocities of the other bodies 
are also increased n times, and we establish the important 
fact that the weight W has not to be altered in the same 
machine. On this supposition, equation (R) becomes 

(lOny X W=(9w)2 X 4+(8n)3 x 5+(7w)3 x 6, 

which, when divided by n^, becomes equation (R), and 
W^ 9-38 lbs., as before. 



THE MAXIMUM VELOCITY OF THE PISTON OP A STEAM 

ENGINE. 

The maximum velocity will evidently take place at a 
point in the stroke where the pressure of the steam in the 
cylinder is equal to the whole pressures of the resistances^ 
acting against the steam ; for, so long as the pressure of 
the steam is greater than the resistances, the motion of the 
piston becomes accelerated; at the point indicated, the 
work in the piston will be equal to the work accumulated 
in the machme; from this property the velocity of the 
piston may be f oimd. 
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Ques. 38. Given the pressure of the steams 45 lbs. and 
tlie gro88 load on the pi8ton= 18'5 lbs. on the square inch ; 
at miBt point of the stroke will the velocity be greatest, 
mppoiring the steam cut off at 2^ feet of the stroke ? 

Let a be put = the required length of stroke ; then, accord- 
ing to Bojle's laW| the pressure at this point in lbs. 

__2^x45 

— ■■ - ■ ■- ■III* 

X 

■% 
But we also know that the velocity is greatest when the 
pressure = 18'5 lbs. on the square inch. 

• 18-5 = 24x45 

.". a? =6^ feet. 

(hies. 30. The length of the stroke in a condensing 
engine ia 12*3 feet, the pressure of the steam 43*7 lbs., and 
the steam cut off 3*7 feet of the stroke. Find the gross 
load upon each square inch, and the point at which the 
velocity of the piston is greatest ? 

12-3 

-^^ = 3-324327. 

The dual logarithm of 3*324327 may be calculated in a 
minute or two; it is = 120126729, which, when divided by 10®, 
ss 1*20126729. In the language of dual arithmetic, this opera- 
tion is concisely expressed thus : 

j^ = 1-20126729. 

The anaount of work 6n one square inch pf piston in a single 

48*7 X 3-7 X 1*2013+43 7 x 37 = 437 x 3 7 
X (2-2013) = 355 928197. 

Tbfl! WiWX pressure on the square inch= 

355-928197 ,,,,,^ 
^^ — = 28-94 lbs. 
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It is evident that the velocity is greatest at that point of the 
stroke where the expended steam attains the pressure of 28*94 lbs. 
Then, putting x for this point in the stroke, we have, by Boyle's 
law, 

28-94 : 43-7 : : 37 : a? 

/. a?=5*59. 

It is further evident that the length of the stroke, 12*3 di- 
vided by 2*20126729, gives the points x also. 

Ques. 30. The length of stroke = 9*76 feet, pressure 
of steam = 45*3 lbs., steam cut off at 2*5 feet of the 
stroke, the area of ilie piston =4185*9 square inches, the 
v^eight moved having tne same motion as the pistons 
72640 lbs. ; what will be the maximum velocity of the 
piston? 

9-76 „^^, 
-5-^=3*904. 
2*5 

The dual logarithm of 3*904 divided by 108=1*37200166; 
then, according to what has been shown in the last example, 

9*76 
2-37200166 =^^'^^^ ^'^®*» ^® length of stroke made when the 

velocity is greatest. 

The work of the steam up to this point, on the whol« 
piston, = 

45-3 X 2-5 X (1*49834708) x 4185 39 x 710210. 

4'115 
Since the dual logarithun of ^^ = l» (1-646) divided by 10^ 

= -49834708, to which 1 is added. 
The units of work by the whole piston in a single stroke = 

45-3 X 2 5 (2 372) x 4185*39 = 1124317- 

For 2*372 = 1, (3*904) divided by 10»+1. 

,^ . ^ 45*3x2*5x2*372 
.•. Mean pressure on the square mch = 57=^ = 

27*52 lbs. 

But the work done upon the resistances up to the point (4*1 15) 
of the stroke where the velocity is a maximum = 

4 116 X 27 62 X 4186 30=473074 
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The accomolaled work in the piston when tiie reiioeity 
if anummnm = 

710210-473974=236236. 

Then^ patting v for the mazimnm relocitj of the piston in feet 
a second, 

.'. t;= 14-464 feet. 

Q^e$. 31. Taking the data of the last example, find the 
weight (W) of the mass moved, supposed to be posits in 
a position to have the same motion as the piston when its 
maximum velocity is 5 feet a second ? 

W may be found from knowing that 

^^=236236. 

W = 639713 lbs. = 286 tons nearly. 



• • 



Ques. 32. The length of the stroke in a condensing 
engine=10ft., the pressure of the steam=:301bs., the 
steam cut o£F at 2 ft. of the stroke, the area of the piston 
4000 square inches, and the weight of the mass moved 
having the same motion as the piston =50000 lbs. ; what is 
the vdocity of the piston when 4 ft. of the stroke is made? 

Total work on one square inch of the piston = 

30 X 2 X (2 60943791)=156 566. 

For the dual logarithm of -^ =160943791, and 1. added 

160948791, divided by 10^, gives 2-60943791. 
The mean pressure of the steam, or gross load,=l^ = 

16'667 lbs. 

The work done on the piston when 4 feet of the stroke is 
madess 

4000 X 30 X 2 X (1 69314718) =406366. 

Smce the dual logarithm of f= 2, =693147 18. 
But the excess of this work over the work expended in moving 
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the resistance shows the units of work accnmnlated in the piston 
when 4 ft. of the stroke is made. Work of resistance np to this 
point of the stroke= 

15 667 X 4000 X 4= 260612. 

•'. Work accnmukted in the piston = 

406356-260512=156843. 

V being pat for the velocityy then 

t^ X 60000 

q!^ =165843. 



In the same manner the velocity may be found for any 
part of the stroke. The weight of the mass moved in any 
engine^ referred to the piston, mav be found as in ex- 
ample 23. The mechanical principles evolved in the last 
four examples are worthv of particular attention. 

Before the author of the present work, Oliver Byrne, 
discovered the art and science of dual arithmetic, inde- 
pendent and direct solutions of such questions as the f ollow- 
mg defied the combined skill of mathematicians. In such 
cases results were generally guessed at, or roughly approxi- 
mated to, by the help of empirical rules and bmited tables. 
Questions that presented great difficulties may now be 
solved with ease, and without extraneous aids or methods of 
approximation ; the subject is merely touched upon in this 
work to call forth, in the young student, a spirit of inquiry 
respecting an art so easily acqmred, and at the same time 
extensive in its application. 

Ques. 33. Steam of 60 lbs. pressure (p) is cut of at a; feet 
of the stroke, and expands, according to Boyle's law, so 
that the mean pressure throughout the stroke =32 lbs. (^), 
the whole stroke=7*5ft. (a); find ^ by a direct process, 
without the use of tables or empirical rules? 

We have before shown that 1, {^ \ is read the dual lo- 



Hi)' 



garithm of — , which any student may calculate by conunon 
addition and subtraction. 
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a 



Then p a; V-foT + U 

—. =<? 



a 



., ,,,(f)+10.«= 



10« 



:. a:(|,a,+l(y)-10»-12=xj,(,). 

PuttiDg M for 10* — , and N for j, a+10»; the last equa- 

tion may become 

a; N— M=iP I, (a?). 

Then a mitnral number n may be fonnd of which N is the 
dual logarithm ; and a natnral nmnber, m, of which M is the dnal 
logarithm. 



n» 



m 



w n* ^ n -^ 

1 
Tnking the — root of both sides of the last equation, and 
n 

OB 

substituting ^ for ^ , then, 

^ WI-' ^ « -' 

10« 1:1^ = 400000000,=!, (m), 

;. I, ( l'\=r'400000000; I, (75) = 201490302. 

.-. 1, (7-5)+10»=l, (n) = 301490302, 1» (^)=^ 

'301490302 

.-. - =-049050593 
n 
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(1 I 
- \« =^ I, (2:)= '400000000 (-049050593) = 

'19622037. 
The general solution of equations of the ^orm 

« J, («) = '19620237 
is given in Dual Arithmetic a New Art, Part II., page 98. By 
this new art z is readily found to be = the dual number -^ \ '34,5, 
'2'4'6*6'0, which is equal to the natural number -076221291. 

z= - =(-049050598) a? =076221291. 
' .-. a?=t 1-53932 feet. 



YELOCITT ACQUIRED BY BODIES IN DESCENDING AK 

INCLINED PLANE OB CURVE. 

When a body descends an inclined plane by the force of 
gravity, the work accumulated in the nody is that which is 
due to the perpendicular elevation, without regard to the 
angle or curvature of the plane. Therefore, the velocity 
of the body will be that wmch it would acquire by falling 
freely along the perpendicular height of the curve or 
plane. 

QiLes. 34. What velocity will a body acquire in descend- 
ing an inclined plane, whose perpendicular height is 
579ft.? 

Putting t for the time of descent in seconds, 

^2x16,^= 579. 
.'. ^ = 86, or * = 6 seconds. 

Consequently, the velocity acquired at the end will be= 
6x321=196 ft. a second. 

Ques. 35. A train of 50 tons descends an incline of 
1200 feet, having a total rise of 170 feet ; find the velocity 
acquired by the train supposing the friction to be 6^ lbs. a 
ton? 
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Work done by graritjs 

50 X 2240 X 170=1904000a 

Work due to friction = 

6i X 50 X 1200=390000. 

Then the units of work in the train at the bottom of the 
incline will be 

19040000-390000=18650000. 

Putting V for the required Telocity, then 50 tons =112000 lbs., 
and 

.*. i;= 103*5 feet a second. 

Ques. 36. A train of 20 tons descends an incline, AB, 
Fiff. 57, of 360 feet, having a total rise, A R, of 6 feet, 
and ascends another incline, B C, having a rise of 1 foot in 
20 ; how far will the train ascend the plane B before 
returning to B, and what will be the velocity of the train 
on its return to B, supposing the friction to be 8 lbs. a 
ton on A B, and 6 lbs. on B ? 




20 tons = 44800 lbs. Units of work accumulated in descend- 
ing from A to B = 

44800x6-20x8x360^211200. 

Then, putting x for the length of the plane, B C, to which the* 
train will ascend, then ^, =H C, the height} therefore, 

44800 X ^+20 X 6 x«=311200. 

„„ 29 , « 28 

••• '=89 59 ""* 20 ■** 59' 

On returning to B, the units of work accumulated in the train 
will be 

44000x4 ||-20x 6x80^=189422 ^. 
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Putting V for the yelocity at B, then 

/• v= 16*49 ft. a second. 

Ques. 37. The weight of a fly-wheel is 2000 lbs., the 
centre of gyration describes a circle 40 feet in circumfer- 
ence, the circumference of the axis upon which it turns is 
10 inches, the wheel when stopped was making 30 revolu- 
tions a minute, but came to a state of rest in 48 revolu- 
tions ; what part of the weight of the wheel is the friction 
upon the axis ? 

Units of work in the wheel = 

40 X 80 
Since the velocity of the centre of gyration=20 feet= — w^ — • 

The circumference of the axis=ij=f feet. The length of the 
path in contact during 48 revolutions =| x 48=40 feet. Putting 
/for the coefficient, 

/x 2000x40= 12435. 

Since a cubic foot of shaken gunpowder weighs about 960, 
and a cubic foot of cast iron 7200 ounces, it is readily shown 
that if x= diameter of calibre of a cannon in inches, a charge of 

gunpowder i the weight of the round shot will fill ^ inches 

length of bore. For, let y = length of bore filled with the gun- 
powder, then cr being put =3-14159265, 

^x^ 960 

■J- xy X J728 ~ ^"^^® gunpowder, 

, 'jTx^ 7200 . vi. r A I. 4. 

and — X ' = ounces weight of round snot ; 

6 1728 ® 

^a;2 960 -jrar^ ^ 7200 



4 1728 6 1728 

.-. y= — inches = ,^ a feet. 
generaBf y=n X, n=^. 
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Ques. 38. Suppose the length of the bore of a cast-iron 
cannon = 12 or inches (mx)y diameter of bore = a: inches, 

length occupied by the powder = -^ inches (w a) ; the 

o 

f>owder being exploded expands, according to Boyle's law, 
rom the space first occupied to fill the whole bore, the 
force thus developed gives an initial velocity of v feet 
(1200) a second to a round-shot x inches diameter. Re- 
quired the pressure (p) of the gas on the square inch before 
expansion takes place 1 

The pressure of the atmosphere on the shot as it passes 
along the bore is in a great measure counteracted Dy the 
gas which escapes around and before the shot. 

12 X diAaded by -—- = r- = — i 
•^ a 5 n 

86 
The dual logarithm of ■- =197408103, 



197408103 , ,„,^«,^o 
TTS — =1-97408103. 

Pat ^ = the dual logarithm of ^ divided by 10^. 

— . p = n a? jj = units of Work on each square inch of cir- 

cular section of calibre by the expansion of the powder. . There- 
fore the units of work done on the round-shot in passing the 

length of the bore ^nxptp x -t-~ •^'^x^p^. 

But the imits of work in the shot is also equal to its weight in 
pounds multiplied by !L 

g being put for 32^. 

25 25 

Weight of shot = -- ^ a?' ounces =:p2 — ^ ^ ^ ^^' = c «• a*, 

if c be put for the specific gravity of the shot divided by 1728 
Xl6x6. 
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;. c « a:* X — ia also = the onita of wort In the shot. 

•*• "aP 4"='^ — , an expression independent of both v >nd x. 

ngf 

PROBLEM. 

Tofindike position of the crank eorresponding to its maximum 

andminimnmt velocity in a tingle-acting engine. 

Let O B and O D be the required positions on the 

crank, and let P represent the constant pressure of the con- 





1 






H 


1 
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necting-rod, supposed to act in a vertical line. Put Q= 
the constant resistance, acting at one foot from the axis 
of the fly-wheel, equivalent to the work of the engine. 

The motion will be accelerated from B to D. This 
acceleration will commence when the moving pressure is 
equal to the resisting pressure, and it will cease undei:\the 
same condition. The former will correspond to the posi- 
tion of minimum, the latter to that of piaximum velocity. 
Hence, at these two points the moment of P must be equal 
to the moment of Q, and the point D will be as much 
below the horizontal line A O as thfe point B is above it. 

.\ PxCO.= Qxl. (1). 

Again, by the equality of work, putting 

r = OB, , 

Units of work by P in 1 revolution = 2^ P. 

„ Q „ =Qx 2x3*1416 

:. 2rF=ax2x3141« (2). 

Dividing equation (1) by eqttotibn (2), 

1 ' ■ • I : . - 

•\ !^rbtn the table of natural sitK^s 
•3l831 = cosineof71° 27*; 

for — - is the cosine of the auigle B C. 



/ , PROBLEM; . 

To find wJH diffUmMms of the fly-wheel^ suth tJuit' its angular 
vehcitlg rhJd^ at rib point differ from the rriean velocity be- 
yond adertiiih limit. ' ' " 

Let d aM^bei th^ majdmum and miniiirani velocities of 
the wheel' at' the distance of one foot from the akis ; W 
the wei^Htf 6t tHfii wheel, and k the distance of thle centre 
of gyratidfl f rtrii thd aki^. 

Work ofP fmaB to D=Ikx JiJ^ 
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Work of the constant pressure Q from D to B = 

ttx2x3 1416x142^54 , 
360^ 

2rFx:3968, 

by putting for CI X 2 X 3'1416 its value 2 r P, found in the 
last problem. 

Now the difference of these will give the work that goes to 
increase the speed of th^ wheel between the points B and D, that 
is, vsork going into the wheel between B and D = 

2r F X '948-2 rpx -8968 = rFx 1*1089. 

Accumulated work at B= ^ ^ ^ . 

2flr ' 

Accumulated work at D =-*-—— ^ . 
Hence the accumulated work gained from B to D=: 

"S — (^ ■"?')> ^^^ ^^ must be equal to the work 
before fotrnd ; 

• ^ "^ (eP_^) = r p X 1-1022 (3). 



• • 



2g 



Let y be the mean velocity of the wheel at one foot from the 
axis, and let the extreme velocities d and p differ from this mean 
velocity by the nth part ; then 

V V 

d=V+-andi) = V-I ; 
n n 

:. d«-/=lY! (4). 

n 

Let N be the number of double strokes performed a minute, 
then 

^ 2x31416xN ,._» T,^ ,-. 

V= — — - =-10472xN; (6). 

Let XT be the work of the engine, then 

U = 2rpir .-. rV=~ (5). 

K'2 
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Solwidtixtmg the vahies giyen in the eqmiiioiis (4), (5), (6), 
in equation (3), 

ajid redacingy 2^=32^ 



k'^ 4x(-10472)« 

.-. W=|-^x 808-2 (7), 

wliich is the expression for the weight of the fiy-wheel in 
poonds. 

If H be pot for the horse power of the engine, then XT = 
33000 S; substituting this in- equation (7), and reducing 
to tons, 

W=^,X 11907 (8X 

which is the expression in units of tons. Let K=the mean 
radius of the fly-wheel, e = depth of the rim, then firom a well- 
known property of the centre of gyration 

snfastitoting this in equation (8), then 

W= — X 11907. 



(R'+O 



N» 



Neglecting _ as being comparatiyely small, th^ 

W=:^L5,x 11907 (9). 

^ It may be observed that the weight of the ffheA varies 
inversely as the cube of the number of strokes performed 
by the engine per minute. 

If a=tbe area of the section of the rim in square feet, and 
460 lbs. be taken as the weight of a cubic foot of the metal, , 

then W=2fl' R a tons nearly. Substituting in equation 

(9), and solving the resulting equation for B, 

nH ^11907x2240 n* 



^^^"-(n^ ^ 2x8-1416x450 ) 
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which is so exprsBsion for the mean radiaB of a caat-inm fly- 
wheel of % dugle-actdiig engine, when there are given the nnmber 
of strokes of die piston, the horse power, the area of the mean 
section of the rim, and the proportional jvariatioD from a mean 
Telocit;. Proceeding in the Game way, for the doable-acting 
engine, 

cosme B O A=2 x -31831, 







In the fly-wheel B A W, Fig. 59, C A=:K; C B=r, 
the oater and inner radius of the ring. W=:weicht of the 
ring in pounds ; w the weight of the arms, breadth of each, 
D B:=o. If y be the centre of gyration of the ring and 
arms, then, putting ^=G y, 

« = ^ 6W(R'xr')+«.(4r-xy) 
la (W+w) 
In practice, the centre of gyration, including the ring 
and arms, may be assumed at y=r the length of the mner 
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radius from the centre, C. Putting a for the angular 
velocity or number of revolutions a minute, at the end of 
the time t in which the fly-wheel would concentrate the 
same power as the steam engine, t may be taken =128 
seconds ; but when the work is irregular, t may be taken 
as high as 170 seconds. Taking these average quantities, 
tte weight of a fly-wheel for a given horse power H 
inlibe 

cr ir 

Qties, 39. Required the weight of a fly-wheel when the 
engine is of 56 horse power; the inner radius of the ring= 
10 ft. making 42 revolutions a minute ? 

„ . , . 133100x128x56 p^^na lu i 

Weight = —; — r'-r — =5409 lbs. nearly. 

^ 42* X Itf . ^ 



t;<| • '«/• ^. » i«( •' <i' ',f 



IMPXOT. 

It has been^btef0re'«ht6Wii'*tii^ the mass {in) of a body is 
a constant quantity at all heights and in all latitudes, while 
the weight (w)- tod' the value of grJUre variable; but 

m= - under all circumstances. i 

9 

There is much uncertaipty and error involved in the 
methods employed by |)b36s6p{i^-t9^ fi^^d the value of ^r in 
different places. In this work, for the want of knowing 
better, g is put=32J ft. That is, a body falling from a 
Estate o( rest is supposed to be moving at the end of the 
first second with a velocity of 32^ ft. a second. When we 
say absolutely and without other explanation that the 
^ttkntityjr, which expresses the acceleration produced by 
gravity, is the measure of this force, we give to students an 
mcorrect idea, since jr^.is in reality only the velocity im- 
ported to or taken from a body by gravity during each 
second of its action, and the velocity which is expressed in 
feet cannot measure a force which should be compared 
with pounds. 
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MOMENTUM OB QUANTITY OF MOTION. 

The products m v, m V, equal to ^£ w or - V, have 

9 9 
received the name matnentum; it is a conventional phrase, 
to which we attach no other signification than that of the 
product of the mass into the velocity imparted to or taken 
from it. 

If t/7 = 193 lbs. where g = 32i ft, then the mass will 

193 
be= ^ =C. In Paris ff is said to be = 32*18 17 ft., in 



a 



which place w would be = 193*0902 lbs. ; but the mass 

u J r 192-0902 ^ 1 
remains unaltered, lor 09.1017 =" ^^®^' 

It may be further observed that the product m v, m V, 
is equal to ft or fT oi the force, and time during which 
it has acted. If we consider two forces as acting for 
different times upon two bodies of unequal masses, we 
shall have ft=mvy and F T=M V ; 

and .-. ft : FT :: mv : MV, 

whence it follows that the quantities of motion m r, M V, 
imparted to or taken from different bodies in unequal 
times, are as the product of the forces to which they are 
due into the time during which these forces have acted. 
It is only when the times are equal that the quantities of 
motion impressed or destroyed are proportional to the 
forces, and can serve for their measure. From these re- 
marks it follows, as we shall presently explain, that in 
shocks there is no loss of quantity of motion, which is 
expressed in saying that there is a preservation of the 
quantities of motion. But we shall show hereafter that 
snocks occasion a loss of work. 

If the forces are equal and act during the same time, 
the quantities of motion imparted or destroyed, in the two 
bodies with masses m and M, are equal. This occurs in 
the reaction of two bodies which press, push, or impinge 
upon each other. The effects of compression and resistance 
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being eqnal^ opposed and developed dnring the same tane^ 
it follows that the quantity of motion imparted, in the le- 
actioDy to one of the bodies is equal to that which is lost 
by the other. This is a fact which is a necessary conse- 
quence of the theoiy of the shocks of bodies. 

Thus, for example, when a body with a mass m impressed 
with a velocity r, impinges on a body with a mass M 
animated with a velocity V, in the same line, whether in 
the same or opposite directions, it develops at the point of 
contact equal and opposite efforts of compression, in an 
element of time ty taking from the impinging body a small 
degree of velocity ri and consequently a quantity of motion 
HI Viy and imparting to the body shocked, if it moves in the 
same direction as the first, an increase of velocity Vi, and 
a quantity of motion M Vi. These quantities being eqaal, 
we have then, at each instant of the mutual shock or com- 
pression of bodies, m t7i=MVi. In this case one of the 
Dodies loses a quantity of motion equal to that gained by 
the other, and the sum of their two quantities of motion 
remains the same. The same thing transpiring at each 
instant of the shock, it follows then that the total quantity 
of motion lost by a body is equal to that gained by the 
other during the compression, and that at each end of this 
period, the sum of the quantities of motion is the same 
after the shock as before. This consequence constitutes 
the principle of the 

CONSERVATION OF THE QUANTITIES OF MOTION ; 

otherwise termed, 

THE PRINCIPLE OF THE CONSERVATION OF MOTION OF 

THE CENTRE OF GRAVITY. 

When operating with soft bodies, whose elasticity is com- 
j)letely impaired by the shock, and which after compression 
unite and travel together with a common velocity ii, the 
quantity of motion wter the shock is (m+M) w, and from 
what proceeds we should have 

m v+M V = (w+M) u. 
We derive for the common velocity after the shock 
mv+MY ,r\ 
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Ques. 40. Let a body, A, weighing 772 lbs. move with a 
velocity of 7 ft. a secoiic^ ana impinge on a body, B, 
weighing 965 lbs., moving the same way in a line joining 
their centres of gravity with a velocity of 4 ft. a second, 
and after compression suppose these bodies unite and travel 
together, what is the common velocity after the shock I 

772 
Mass of A= 5^ =24 (m); 

Mass of B = ^ =30 (M). 

Then accordiog to (I.) the common velocity 

24x7+30x4 ^ .^ 

w = ^M ^^ =51 ft. 

24+30 ^ 

Now had we employed the weights instead of the masses 
the result would have been the same, and much unnecessary 
work avoided ; 

_772x7+-965 X 4_ 
"- 772+965 "^^ "• 

In this way we avoid employing the quantity ff. The 

same result would be obtained if the lb. weight happened 

to be too light or too heavy. Suppose in the present case 

the standard pound to be j^ part too light, so that A's 

772 
correct weight would be 772+y^=776 lbs., and B's 

965 
965 X ^r^- =970 lbs. Putting these weights for the 

masses in (I.), 

776x7+970x4 ^, . , 
w= — „„^ ^„^ — =54 feet. 
776+970 ^ 

If the body shocked was at rest, we should have V=o, 
and (I.) is reduced to 

mv .,, . 

U= ;^ . (11.) 

m+M ^ ^ 

or, substitutmg the weights, Wy W, for the masses (11.) 
becomes 
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wv 
u = 



ttT+W 

If two bodies strike against each other in opposite direc- 
tionsy a similarity of action exists ; but then, at the end of 
the compression, either the bodies are both brought to a 
state of rest, and we have 

mr = M V, and u =: o, in (L), 

or one of the two goes backward, and they proceed with a 
common velocity, u. 

If it is the body M which goes backwards, the quantity 
of motion lost by the body mhm (v — w), and the quan- 
tity of motion developed during the period of compression 
by the forces of reaction upon the body M is composed of 
that which has been destroyed, or M V, plus that imparted 
in an opposite direction, M w, and because the quantities of 
motion aeveloped on both sides upon each of the bodies 
should be equal ; therefore, 

m (v—u) = M (V-ftt) ; 
m t? — M V .TTT N 

•'• "= m + M <™-) 

If the weights of the bodies, Wy W, be substituted for the 
masses in (UI.)? *^® value of u will not be altered, and 
becomes 

Divide the numerator and denominator of (IV.) by to 
and it becomes, 

W 

w 

a forinula in which we see that the velocity of the imping- 
ing body will be so much the less changed as its weight, w, is 
greater in its ratio with that of the body shocked. Hence 
in machines working by shocks we must increase the weight 
of the impinging pieces in their ratio to the pieces shocked, 
in a ratio so much greater as it is desired to maintain a 
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greater regularity of motion. If the body shocked is at 
rest, such as a pile driven by a ram, we have Y=o; the 
common velocity of the descent of the pile and the ram 
after the shock is 

1 

^ = y^v, 

l+~ 
w 

which shows that this velocity will differ so much the less 
from that of the arrival of the ram upon the head of the 
pile as the weight w of the ram is greater in its ratio with 
that of the pile. It is best in this case, then, to increase 
the weight of the ram rather than its velocity ; for the work 
employed to raise it increases only with its weight, while 
its work will be increased proportionally to the height of 
elevation, or to the square velocity of its descent. 

Ques, 41. Let a body, A, weighing 1351 lbs. {w) move 
with a velocity of 10 feet a second and impinge on a body, 
B, weighing 579 lbs. (W) moving with a velocity of 14 feet 
a second in an opposite direction in a straight line joining 
the centres of gravity of A and B ; after compression, sup- 
pose these bodies to unite and travel together, what is tne 
common velocity after the shock? 

Mass of A= o^r ~^^ ' (^)' 

Mas8 0fB=|g=l8 (M). 

From (III.) we find the common velocity «, 

42x10-18x14 „„, ^ 
"= 18+42 2'^ ^^**- 

Had we employed the weights of the bodies instead of 
the masses of A and B, the result, as in the former case, 
would not be altered. Thus, 

1351x10-579x14 ..^ ^ , 

^= 1351+579 =^'^ ^''^ * ''^"^^- 

In this way we avoid employing the quantity p= 32^, or 
any other value. The same result would be obtaoned u tba 
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pound weight that measured the wei^t of the bodies hap- 
pened to be too heavy or too light. Suppose, in the pre- 
sent case, the standard pound to be y^ part too heavy ; 

1351 
then the correct weight of A would be 1351 — Too"" 

1344 lbs., and the correct weight of B would be 579 — 

579 

Jq5= 576 lbs. 

However, in measuring units of work, the pound weight 
must be correct. 

The preceding considerations were proved by direct ex- 
periments by the justly celebrated French engineer. General 
Arthur Morin. He employed the following apparatus : 
A wooden box, in which was placed successivdy clay, more 
or less soft, sand, pieces of wood, &c., the whole suspended 
to a dynamometer having a style and turning plate. The 
plate was impressed with a uniform motion, whicn was trans- 
mitted by a weight and regulated by a fan fly-wheel. When 
the box was immovable, the resistajice of the dynamometer 
was in equilibrium with the wei^htof the box and its contents, 
and the curve of flexure traced by the style upon the plate 
was a circle. The impinging body was a cannon-ball held 
by thongs, opening at pleasure, and when it struck the 
materials in the box it caused compression, immediately 
after which the two bodies fell together with a common 
velocity. It is easy to compare in each case the results of 
these experiments with those of theory. Some of these 
comparisons are presented here : 
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Experiments made with 
clay, whose resistance 
to penetration of projec- 
tiles with small velocity 
was 6080 lbs. the square 
inch. 


Experiments made with 
clay, whose resistance to 
penetration was 346 lbs. 
to a square foot. 


• 


Approxi- 
mate dura- 
tion of 
transmis- 
sion of 
motion. 




o ©^ O Oi iH "^^ O 

g iH <N iH <N (N <N 

O O O O O O 

• ••••• 


CO (M 
CO t^ 

oo 

. . 


-0075 
-0074 
•0060 


Velocity imported 
to box, 


- by 
expe- 
riment. 




*0 CO 00 iH iH i-H 
jM 00 C5 O CO *0 CO 

O O «H iH fH iH 


0-54 
1-44 


CO iO CD 
(N 09 ©) 


by 
theory. 




.00 ©^ 00 O <N "^ 
if 00 C5 O Tj^ »0 CO 

O O iH iH fH iH 


0-53 
1-51 


t^OS o 
<N l> <N 


Velocity 

dne to 

height of 

fall. 




Oi 00 O CO Oi o 

^iH ©< lO O iH kO 
Oi O CD |>0 CD 


6-50 
6-50 


o CO OS 
\o a ic^ 

• • • 

CD t^Ti^ 


Weight of 
faUof 
sphere. 


Ki 


. iH -^ iO 00 iH »o 
^ CO CO CO C5 CO CO 

iH 1-H O O iH O 


0-65 
0-65 


lA 00 CO 
CD OS CO 

• • • 

OOO 




+ 


lbs. 
146-08 
147-97 

159-28 

177-57 


161-05 
192-54 


74-85 
76-85 
93-14 


Weight of 
sphere. 


^ 


lbs. 
1 12-23 

26-64 
44-73 


12-23 
44-73 


26-64 
26-64 
44-73 


< 

1 


▼ T «a|^«si« v« 

the box 

and its 

load. 


^ 


lbs. 
132-84 
134-74 

132-84 

132-84 


147-82 
147-82 


»0 iO iO 

^1 ^1 ^1 

... 

00 00 00 

^1 ''^ ^1 

1 



14^ 



PBACTICAL HECHAinCS. 



Conation Geometrieal Problem, ia which now of Aeprinciplet 
of Mechanics are involved. 
Given S P= 13-52 ft. the radios of the index P of a bal- 
listic pendtdnm which shows the range of the recoil by 
marking soft compressible matter placed in a box. A F the 
chord of the arc of recoiI= 10*4 ft., S G= 10-14 ft., the dis- 
tance of the centre of gravily, G, of the pendulum, P Q R S, 
and ball w. It is required to find the height, D 6, that the 
centre of gravity is raised when P moves from P to A ? 
.' Draw AB and CD pmtendicolar to SP; then AP« 
divided by twice S P=BP, Fig. 60. 

••■ "=.^:=- 

AndSP: PB::8G:DG,thati8 
13-52: 4:;10-14:8ft.=DG. 
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Mechanical Problem. 

Tjet y be the centre of gyration of the pendulum 
PQRS, Fig. 60, without the ball, Sy=10ft.; if W= 
the weight of the pendulum, and t(7=the weight of the ball, 
6, the point where the ball impinges, 6S=12ft., what 
weight must be placed at 6, so that the pendulum would 
receive the same motion as when its weight is placed at y, 
its centre of gyration ; the position of the centre of gyration 
of the pendumm and ball together is also required ? 

WxSy* be 
We have before shown that if a weight = — ^^ ,g ■ 

placed at ft, the pendulum would receive the same mo- 
tion from a blow as when the weight, W, is placed at y. 
Now if the weight W of the pendulum = 9 tons = 
20160 lbs., 

WxS/ 20160x 10^ ^.^^^.. 
— g-Ta — = 222 =14000 lbs. 

Suppose w the weight of the ball = 20 lbs., then if z = 
the distance of the centre of gyration of both the nendu- 
lum and ball together from the point of suspension S, from 
what has been shown, page 104, 



««= 



Wx^y^+wx^h^ 



W+ia 
20160 X 10^+20x122 



= 100-0436. 



20160+20 

.'. z— 10*0022, so that the position of the centre of gyration 
is not much changed by the weight of the ball. 

Ques. 42. A ballistic pendulum, P Q E S, Fig. 60, is struck 
by a cast-iron round-shot 6, weighing w lbs. =20 lbs. with a 
velocity v ; the pendulum being at rest weighing W lbs. = 
201 60 lbs. ; Sy, the distance of the centre of gyration of 
the pendulum from the point of suspension = 10 f t. ; S 6, 
the distance from the point of suspension to where the ball 
lodges= 12 ft. Required the velocity of the point where 



144 PRACTICAL MECHANICS. 

the ball strikes and of the centre of gyration of both pen- 
dulum and ball combined ? 

By the last problem, if 14,000 lbs. be placed at ft, the 
pendulum would receive the same motion as when the 
weight of the pendulum W= 20160 lbs. is placed at y, its 
centre of gyration. We may, therefore, consider the body 
w to impmge directly with a velocity v upon the body 
weighing 14000 lbs. at rest, and the two booies will move 
on together after impact in the same manner as if they were 
inelastic. Let x be the common velocity after the stroke, 
then, since the momentum or quantity of motion is the same 
before and after impact, we have 

" ^""w+UOOO ""14020* 
By the last problem the distance of the centre of gjrrsic 
tion of ball and pendulum from the point of suspension = 
10-0022 ft. 

20 V 200*044 V 
• ^^' ^^ ^^^^ " 14020 • 168240 ' 
the velocity of the centre of gyration of the bodies combined. 

Quea. 43. A ball weighing 20 lbs. strikes a ballistic pen- 
dulum, P Q E S, Fig. 60, weighing 9 tons, at a distance of 
12 ft. from the point of suspension, making the length of 
the chord of recoil = A P= i0*4 ft. ; S P, the radius of the 
index P=: 13-52 ft. The distance S G= 8-45 ft. , G being 
the centre of gravity of the ball and pendulum combinea. 
S y=10 ft., y beingthe centre of gyration of the pendulum 
without the ball. Kequired Vy the velocity with which the 
ball strikes the pendulum? 

By the preceding geometrical problem, PB=4ft., then 
13-52 :4::8-45:2-5ft.=GD. 

200*044 V 
From the last question Tgooio"" *^® velocity of the 

centre of gyration of the ball and pendulum combined. 
Therefore, the units of work developed by the bdl = 

/ 200'044y y fg+W 

V 168240 / ^"SST' 
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These units of work are wholly expended in raising the 
centre of gravity from G to D= 2^ feet. But the units of 
work reqmred to raise the centre of gravity from G to D 
is also= 

2ix(tt;+W); 

•• V 168240 / ^"641 ^^^"^^^^^ 

V 168240 / ^ ^' 

. ^2^ 5x192 / 16824 \« 
6 \200044^ 

,. .= v/!!5xl^??l^ = 10665-75 feet. 

6 200-044 

This problem is distorted to show how the principle of 
work will apply without considering the oscillations of the 
pendulum or involving the centre of oscillation. 



SHOCK OF TWO ELASTIC BODIES. 

If we suppose that the two bodies under consideration 
are perfectly elastic, moving in the same direction, the 
effects of compression will be at first the same as in one of 
the preceding cases, pp. 134 to 140, and at the end of this 
time the body m will have lost a velocity, v— w, and a quan- 
tity of motion m (v— m), and the body M will have gained 
a quantity of motion M (w— V), and these quantities being 
equal, we have, as before explained, the common velocity f/, 
at the end of the compression, 

m t?-t-M V 

But, after the instant of greatest compression, the elastic 
bodies regain their primitive form, and in the return to it 
develop, if the elasticity is powerful, efforts equal to their 
resistance or compression, and consequently destroy or 
impart quantities of motion equal to those which they nave 
previously destroyed or imparted. It follows from tms that 
in the unbending of the molecular springs the body m will 

L 
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farther lose a velocity=r— i^ and that its final velocity 

will be 

v—2 (r— w)=2w— V, 

and the body M will receive a new increase of velocity 

equal to m— V, and will then have a final velocity equal to 

V+2(M~V)=2tt-V. 

If the body M were at rest at the beginning, supposing 
it perfectly elastic, it will then^^receive a velocity =2 1/, as 
Y=o. Thai is to say, twice that imparted to a soft body 
under the same circumstances, or 

2mv 

These reasonings relative to soft and elastic bodies pre- 
suppose the existence of bodies deprived of all elasticity, 
and others endowed with perfect elasticity. Neither of 
these hypotheses is exact ; and, according to circumstances 
in which they are placed, a body may act as if deprived of 
all elasticity, or as if possessed of only a partial elasticity. 
So also a body which, in certain conditions, acts as if it 
were perfectly elastic, will only appear as if partially so in 
other cases. We will here cite some examples, the results 
of experiments analogous to the preceding tneory, made by 
MQrin,.and which were effected by placing at the bottom of 
a .piovable box a plate of cast iron, upon which fell a 
spherical body. 

Morin's Experiments upon the Transmission op Motion by 
THfi Shock of a Spherical Projectile falling upon a cast- 
IRON' Plate. 
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The results recorded in this table show that the cast-iron 
plate shocked acted as a body perfectly elastic. But it is 
proper here to make some important remarks. The* pro- 
jectile, which, had it been in the condition of a perfectly 
elastic body as well as the parts of the plate with which it 
came in immediate contact, would have risen a height cor- 
responding to the velocity 2 w— v, did not by any means 
attain this height. This proves that the intensity of the 
«hock in these experiments had changed, in a great mear 
sure, the elasticity of the molecular springs of the parts in 
contact, while the elasticity of flexure, or of the general 
form of the plate, had not been altered. We see by this, 
that although bodies endowed with a certain elasticity appa- 
rently resume their primitive form, there is, nearly in every 
case, a notable loss of work produced by the shock, by 
reason of the more or less complete alteration of its 
elasticity. 



QUANTITY OF MOTION IMPARTED BY A CONSTANT FORCE. 

When the force is constant, let us call it F, and the time 
it is in operation, long or short, let it be called t Whence 

m 

This expression shows that the effort required to impart 
or destroy a quantity of motion m v is so much the greater 
as the time employed is less; and since the reciprocal 
action of bodies is more rapid, compared to the spaces 
described, their compressions, flexures, and penetrations are 
less for the same quantity of motion destroyed. W^ have 
here explained why it is that the shock of hard bodies, 
the transmission or destruction of motion by bodies sh'ghtly 
flexible, compressible, or extensible, occasion such great 
efforts and such ruptures and accidents ; and how it is, on 
the other hand, by the interposition of soft and com- 
preBsible bodies that the intensity of efforts and thek cqtl- 

l2 
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4sequences are so much diminished. We see by the ex- 

pression F=— v that a finite velocity v could never impart 

in an infinitely small time to a mass m^ except by an infi- 
nite effort, which shows the error in the hypothesis of the 
instantaneous transmission of motion by forces, to which 
we are then compelled to give a special name, and thus 
suppose a special nature m calling them forces of per- 
cussion. This error is often too explicitly admitted in the 
teachings of rational mechanics. Nothing like an instan- 
taneous operation really occurs in nature; quantities of 
motion are imparted and destroyed in greater or less 
periods of time, sometimes, indeed, imperceptible to our 
senses and means of observation, but never instantaneous. 

Familiar examples will enable the student better to 
appreciate this matter. We have before alluded to the 
quantity of motion imparted to a ball upon which the force 
of gunpowder imparted a given velocity. We shall here 
take another example of this kind. 

Ques. 44. Let it be required to find the force or effort of 
the gunpowder that impresses a velocity of 1500 feet a 
second on a ball weighing 96*5 lbs. ; supposing the velocity 
to be communicated in -^ part of a second, or while the 
ball passes through the barrel whose length is 20 feet ? 

96-5 W Q 
7W= =— =3 

m 9 

But F=- »=3 X 75 X 1500=337500 lbs., 
t 

for to divide by the time 1-=.-^- we multiply by 75. This gives an 

idea of the enormous efforts developed by the gunpowder. 

Qw^, 45. Suppose two horses to impress upon a coach, 
weighing 3 tons 17 cwts. 14 lbs., a velocity of 6 miles an 
hour, what force must these horses develop to start this 
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load in two seconds, with a velocity of 8*8 feet a second, or 
6 miles an honr? 

3 tons 17 cwt. 14 lbs.=8685 lbs. 

^_W 8685 o'TA 
9 32i 

F=^ X r=^x 8-8=1188 lbs., 

t 2 ' 

neglecting the friction of the ground and the friction of the 
wheel-boxes, which in ordinary cases would require an effort 
of 

-—--= 289*5 lbs., or 144*75 to*each horse, and 

l^+144-75=738-75 lbs. 

We see, in this case, that to impart this velocity in two 
seconds, each horse must develop a mean effort of 738'75 lbs., 
which is more than 18 times the mean effort to be exerted 
after the velocity has been once acquired ; for a horse can 
only use a traction of 41f , going at the rate of 5 miles an 
hour. (See page 12.) 

It may be remarked here, that the breaking of traces, 
of swing bars, wounds upon the breasts, and straining of 
hams, arise from the great rapidity of the destruction of 
the quantity of motion impressed by the horses upon their 
own masses by the resistance and reaction of the inertia 
of the vehicle ; whence the necessity of starting with slack 
traces, and of warning and urging the horses gently with 
the voice. Similar effects are produced in starting and 
stopping railroad trains ; and m seeking the means of 
prompt^ checking these enormous masses, we must bear 
in mind that too sudden changes of velocity are dangerous 
to the passengers. Finally, the means adopted for the 
connexion of machines, or for rapid transmission of motion 
to them, should be disposed or proportioned agreeably 
to these ideas. 
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Ques. 46. A hammer^ H, Fig. 61, strikes a nail, N, and 
drives it ^ of an inch, the hammer weighs 11*58 lbs., and in 
delivering the blow it passes over the space QN=10 feet 
in a second ; required the force in pounds delivered by the 
hammer upon the head of the nail I 



Fig. 61. 




10ft.:r'::^ft.:^" 

Hence the time occupied in driving the nail ^ of an inch cannot 
be less than -^ of a second=^. 
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m 
V F = - X v=-36 X 480 X 10 = 1728 lbs. 

The force in pounds delivered upon the head of the nail 
is nearly=:a ton. 

The student should be careful in making use of what is 
here termed the quantity of motion, or momentum^ for when 
we know the product of the mass of a body and the velocity 
imparted or taken from it, we have the measure of effect 
produced by the force during the period of action ; but we 
see that this measure cannot be taken as a term of com- 
parison except for analogous caies, w^here the velocities are 
really imparted or destroyed by the force, and it does not 
follow that th^ product F ^ of the force, by its period of 
action (equal, when there is a change in the state of motion^ 
to the quantity of motion imparted or destroyed), should 
always serve as a measure of the effect of forces, as is 
sometimes admitted for certain instruments and certain 
kinds of work. Indeed, it is readily seen that an effort 
may continue a long time without producing a mechanical 
effect. Thus, horses pulling upon a mired waggon, with- 
out starting it, develop considerable efforts, which, multi- 
plied by the period of their action, would give an enormous 
product without any useful effort resulting in any mecha- 
nical work, and nothing but the fatigue and exhaustion of 
the horses. Take, for example, the draught of a plough, 
which in strong earth requires a mean total force of 794 Ids. 
Suppose the furrow to be 400 feet long, the horses in one 
take 100" and in the other 200" to plough it. We shall 
have for the first case, 

F <=794x 100"i=79400 ; and in the second, 

F < = 794 ft. X 200" = 158800'; and yet m both cases 
they have accomplished the same work. 

An instrumeut giving the product of efforts by th^ tjimes 
or periods of duration would by no means lead to an exact 
appreciation of the mechanical effects produced. The true 
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measnre of these effects is, the method established in lliis 
work, the product of the effort exerted by the path de- 
scribed in its duration, which we estimate in units of 

WOBK. 

Important Observation. 

It should be further observed, that it is only in the case 

of a constant effort acting during a time t= 1" that we. can 

take the product mv for the measure of the effort F, and 

then we nave 

W 
Fs=M t;= — Vi or the proportion 

F :W :: V : g. 

But in cases of variable efforts, the same mode of measure- 
ment does not apply for finite times, for forces varying 
according to very Mferent laws may in the same time im- 
part equal quantities of motion to the same body or to 
different bodies. The formula F=M t; will only give then 
the value of a mean constant effort capable of imparting in 
the same time the same quantity of motion. 



VELOCITY ACQUIRED BY A BODY DESCENDING AN 

INCLINED PLANE. 

If a body freely descends an inclined plane b^ the force 
of cravity alone, the units of work accumulated m the body 
will be that due to the perpendicular elevation, without 
regard to the angle or curve of the path. Consequently, 
the velocity of the body will be that which it should acquire 
in falling freely through the perpendicular height* 

Ques. 47. What velocity will a body acquire in descend- 
ing an inclined plane whose perpendicular height is = 
579 feet? 
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Patting t for the time of descent, 

<2xi 6^^=579, 
/. <2— 36^ and 

2=6 seconds; 

,'. the velocity acquired at the end will be 32^ x 6=193 feet. 

Ques. 48. A train of 120 tons descends an incline of 
1000 feet, having a total rise of 20 feet ; what will be the 
velocity acquired by the train, supposing the friction to be 
7 lbs. a ton 1 

120 tons =268800 lbs. 
The units of work due to gravity will be 

268800 X 20=5376000. 

Units of work destroyed by the friction = 

120 X 7 X 1000=840000. 

Therefore the units of work in the train when it arrives at the 
bottom of the incline will be 

2688000-840000= 1848000. 

Putting V for the velocity acquired, we have 

1,3x268800 



=1848000. 



• • 



1188880 
»*=-268r=**2-291666. 

.*. v=21 feet, nearly. 



THE RESISTANCE OF FLUIDS. 



The resistance of fluids to an immefted body is occa- 
sioned by the force required to displace the fluid. It is 
evident that the fluid displaced must have the same velocity 
given to it as that of the moving body ; it follows, there- 
fore, that the work destroyed by tne fluid must be equal to 
the accumulated work in the fluid. Take, for example, the 
front of a body =201 square feet presented perpendicularly 
to the line of motion, the weight of a cvuAc iooX. ijJl ^^ 
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flaid=: 62 J lbs., and the velocity of the body 10 miles an 
hour= 14| feet a second ; then the weight of the fluid dis- 
placed every second= 

201 X 14| X 62^=182776 lbs. 

But this weight has a yelocitj of 14| a second ; 
.*. the units of work expended in the displacement will be 

(14f)« X 182776 
64i 

since these units of work have been destroyed, while the body 
moved over 14|^ feet ; if x be put for the resistance in pounds, 
this work will also be represented by 

a?xl4f 

14| X 182776 , , ^^^ „ 

••• a^= r,A. =41669 lbs. 
64i 

The value of x may be put under the form 

x=iuiy X 201 X g|- 

It therefore appears that the resistance. increases with 
the square of the velocity, as well as with the extent of the 
surface presented to the fluid. In extreme velocities this 
law does not hold strictly true, as the friction of the fluid 
along the sides of the body has considerable effect. It ap- 
pears also, from certain railroad experiments, that the 
resistance of the atmosphere to the motion of the train de- 
pends chiefly upon the length of the train, and not so much 
upon the extent of the frontage of the carriages. 



THE EFFLUX OF FLUIDS. 

When an aperture is made in the side of a vessel, con- 
stantly full of water, then the accumulated work of the fluid, 
on bemg discharged through the aperture, is equal to ths 
work which the force of gravity would perform upon it 
wiile descending a space equal to t\ie "^fex^Tidkxilar depth 
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of the aperture. Consequently, the velocity of the water as 
it leaves the orifice is eqtl&l t6 the velocity which a body 
would acquire in falling freely through a space equal to the 
perpendicular depth of the aperture. 

Qu€8. 49. The cross sectional area of pipe is 36 square 
inches ; how many cubic feet of waiter will it discharge a 
minute from a vessel kept constantly full, the depth of the 
discharge-pipe being 21 feet ? 

Let V be the velocity of the discharge, and w the weight in lbs. 
of the water discharged ; then the accumulated work in t(; as it 
is discharged will be. 

v^xw 



Bat the work in descending 21 feet is equal to 

21xt(7; 

v^Xw ^^ 
.-. g;p:=21xa;; 

.-. i?«=21x 641=1351; 

.-. v=v/l35i= 36-756 feet. 
Then the discharge in cnbic feet a minute will be 

' 36 ' 

. Y^ X 60 X 86-756=551^ cubic feet, nearly. 

Ques. 50. How many cubic feet of water will a pipe 
2 square inches of cross section discharge in a minute, the 
vessel being kept constantly full, and 5000 lbs. placed on a 
piston fitting the cistern in contact with the water; the 
cross sectional area of the piston 4 square feet, the depth of 
the discharge-pipe 10 feet s 

The effect of the pressure on the piston is equivalent to that of 
a column of water that would produce the giyen pressure, 

5000 
* • 4. y fio.r ; = 2^ ^®®* additional height. 

The height of the colui^uc^ of wa,t^r .producing the same pres- 
sure = 20 + 10= 30. 

/. Velocity =v/30 x 64j= 43-93 feet a second, and the 

2 
discharge m a minute will be ^jg X 43-93 X 60=^^6-^ cviJc?iR, i^^X.. 
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or poncelet's water-wheel. 

In the common under-shot water-wheel the paddles are 
flat, whereas in Poncelet's wheel they have a curved shape^ 
AB ; so that the direction of the curve at A, where the 
water meets the paddle, is the same as the direction of the 
stream. 

By this ingenious contrivance the water rolls up the 

curved incline A B without meeting with any sudden ob- 

„. struction calculated to occasion a 

*^* ■ loss of work. The channel has a 

depression at the point where the 
water falls from the paddles. Let 
V be the velocity of the stream, 
and V that of the wheel ; then, 
since the point A of the paddle is 
moving away from the stream, 
the water will flow upon the 
paddle with the velocity V — r, and will continue to run up 
the curved line until it has lost its motion ; it will then 
descend, acquiring in its descent the same velocity as that 
which it had in its ascent, but in a contrary direction. If 
the wheel were not to move during its return, V — v would 
be exactlv the velocity of discharge from right to left ; but 
the paddle is moving the water from left to right with the 
velocity r, therefore the absolute velocity of the water upon 
leaving the paddle will be V— u— r= V— 2 v. 

Now all the work will have been taken out of the water 
when its motion upon leaving the paddle is nothing — that 
is, when V— 2 v= 0, 

or V=2 V. 

In this case the water, having lost all its motion, will 
simply drop from the paddle, and the work done upon the 
wheel will DC equal to the work accumulated in the water 
of the stream. Moreover, it appears that the maximum 
condition is fulfilled when the velocity of the stream is 
double that of the wheel. However, the distinguished in- 
ventor states that, in practice, the velocity of the water, in 
order to procure its maximum effect, ought to be 2 J times 
that of the wheel, and that the modulus of the wheel is 



PBAOTIOAL MECHANICS. 157 

about 1^. . This wheel, other things being the same, will 
perform about twice the work of the common under-shot 
wheel. 

When there is motion in the water after leaving the 
wheel, the work accumulated in the water must be calcu- 
lated, and subtracted from the whole work originally in it, 
in order to obtain the work done upon the wheel. 

WxV« W(V~2 v)j 

if 

Ques. 51. Suppose 193 cubic feet of water flow upon the 
paddles of a Poncelet wheel a second, with the velocity of 
8 feet, when the wheel moves at the rate of 4 feet a second ; 
required the horse power of the wheel ? 

This is obviously a case of maximum work. Weight of the 
water flowing a second 

= 193x62-5 =12062-5 lbs. 
Work each second 

Horse power 

_12000><6p_„-fc ,j-o 
-— 33000" ~" *^* 

No account is taken of friction and other resistances. 

Qiies. 52. Required the same as in the preceding ex- 
ample, when the quantity of water is 386 cubic ieet a 
second, the velocity of the stream 8 feet, and of the wheel 
2 feetl 

The velocity with which the water leaves this wheel will be 
8— (2x2)=4feet. 

Weight of the water acting upon the wheel- each second = 
386 X 62-5 lbs.=W. 

(V-t?)i?=(8~2)x2 = 12. 

Hence the units of work developed by the wheel in a second 
will be 
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g »^6 



the horse power will be 

18000 X 60 

ssooa 



=32A'. 



FIRE-ENGINE. 

In this machine water is forced through a tube with a 
velocity necessary to reach a certain height. When the 
quantity of water that passes through the nozzle in a second 
is given, and the area of the cross section, the velocity is 
readily calculated, and also the power of the machine. 

Ctms. 53. How many men are required to work a fire- 
engine, allowing each man to perform 2500 units of work 
in a minute ; the area of the cross section of the nozzle= 
I of a square inch, when 100 gallons, each containing 
277*274 cubic inches, have to be discharged in a minute? 

I of a square inch = j^ square foot. 

27727-4 
Cubic feet of water discharged in a second =^^r — -=^ ; hence 

the velocity in feet a second will be - — r^zx^ x -r* =5^'^^ ^®®^ 
a second. 

100 imperial gallons =1000 lbs. of water a minute; 

.*. the accumulated work in a second 

, (51'34)« 1000'^ 
64i ^ 60 • 

The accumulated work in a minute will be 

^^64?^' "^ 1000=40970 9'. 

*?§^5!® = 16-388; so that \1 men will be required to 

2600 

work this fire-engine. » 
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Fig. 63. 

Ques. 54. Let a ram, W, Fig. 63, wei^hin^ 
1158 lbs. fall 24 feet, and drive the pde V 
4 inches. What force in lbs. is developed by 
the ram on the head of the pile ? 

Units of work expended in raising the ram= 
24x1158; putting v for thei velocity acquired 
by the ram in falliii^'^4 feet, then 




8 



/. »=\/64^x 24=39-2938 feet a second. The 
time that the pile is penetrating 4 inches cannot be 

less than 117.0014 P^ ^^ * second; F ^ = mv^ 



and F= — 1;. 




1158 ^^ 
^ = 32j" '=^^- 

F=36x 117-8814 X 39-2938=166852 lbs. 



DefinitUm. — ^The centre of oiicillation, O, Fig. 64, is that 
point of a body, Q R, in which, if the whole mass was col- 
lected, it would vibrate through a given angle about a hori- 
zontal axis, P T, by the force of gravity as before the 
matter was collected. 

If G be the centre of gravity, y the centre of gyration, 
then the position of the centre of oscillation is mstantly 
f otmd ; for, if P be the centre of motion, 

" PG ■ 
If P G= 18, and P y=U, then 

The centre of percussion is the same as the centre of oscil- 
lation. 
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If y* be the square of the radius of gyration aroand an 
axis passing in any direction through the centre of gravity 
of a body, and a the perpendicular oistance between tms axis 
and another parallel to it, then y» + ic' = the square of the 
radius of gyration through the second axis. 

Ques. 55. A cyKnder, B C, Fig. 65, moves round a fixed 
horizontal axis, Q E, parallel to the axis of the cylinder, 
A X ; required the position of the centre of gyration, S, 
and the centre of oscillation, O, with respect to the axis 
QB; the cUstance from the point of suspension, P, to the 
centre of gravity G=45 inches (a), toe radius of the 
cylinder, DB=:6 inches (r) t 
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Fig.es. 






When the cylinder reToWes round tbe axis A X, the eqiure 
of the radins of gyration D t/=^ r' ; but the axia Q R is p»alle} 
.to A X ; therefore, if S be the centre of gyration for this axis, 

8 P= Va'-I-Jr* = V45» + 15=:45-2, nearly. 

The distance from F to 0, the centre of oscillatioD, 

_ (P8)' _ 2025+18 



si5-4, exactly. 



A circular disc whose plane is perpendicular to the axis 
Q Bf with G as centre, radins = r, and 6 F=<^ will have 
its centre of oscillation at die same point O, as the cylinder; 
that is. 



P0= 
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CHAPTEE Vn. 

EQUILIBBIUM OF FKESBUKESf THBUiTC^ AHD TMWIjIHWHi 



Antthino which cannot be pfesratedtodieMDfBt mnrt 
be represented conventionally, or no idea of it can brenteiy 
tained by the mind. We have no objectiaa to w p rosen t 
the ma^tndes and directions of forces, velocitiei^ pro i surcs , 
thrusts, and tensions by straight lines of different Ipn^ths 
and in different positions; but we object to the caidess 
manner in which writers on mechanics rep re s en t forces 
pressures, velocities, &c., by straight lines, triangles, and 
parallelograms, out of all proportion, and often, too, without 
the least regard to the action, direction, or nature of the 
force considered. In the sixth chapter we gave a conven-* 
tional signification to the areas of plane figures, but in the 
present chapter the sides and angles of triangles, parallelo- 
grams, and other plane figures are employed to give an idea 
401 mechanical operations and combinations. 
^ The split arrow (jjwp— >) is put to designate the direc^ 
tions of tensions, the arrow without feathers ( > ) 

points out the directions of thrusts, while the complete arrow 
\ W ^ >) applies to forces and velocities in general* If 
ithiee forces, T, Q, R, Fig. 66, be represented by the 
abstract numbers, 6, 4, 3, respectively, then if A B C be a 
triangle whose side A G=6, A B.= 4, B G=3, equal parts 
taken from any scale of equal parts ; let P O be a tension 
equal and parallel to A C, Q O a tension equal and parallel 
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to A B, B O 8 tension et^ual and parallel to B C ; these 
three tenrions will keep thepoint O at rest. Three thrusta 
reptflaented by three lines F O, O Q, OB, whose lengths 
are as 6> ^ and 3, respectively, and parallel to the sides of 
tiie tiiuigie ABC, will also keep the point O at rest. 
Tike A T equal and parallel to B U, then the two thrusts 
represented in m^nitude and direction by the lines T A, 
B A, and the tension represented in magnitude and direo 
tion W the line A C, will keep the point A at rest, Again, 
if B S be equal and parallel to A C. tensions represented 
by A B, B S, and a thrust, G B, will keep the point B at 

Let F A. Q B, Fig. 67, be a parallelogram, if PA, Q A, 

T^xresent the magnitudes and directions of two forces, two 

pteflsores, two tluuats, two tensions, or two velocities acting 

on .the material point A; then the diagonal RA wiU repre- 

m2 
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sent the magnitade snd du%c6mi of a Buu^e force, pres- 
snra, thnurti, &c^ eqmTaJent to the opemtmu Kran^s^oted 
br ^e lengths and directiona of PA and Q A. oncfa ima- 
ginary parallelt^ntmB form a great portim of the stock-in- 




trade of writerB on mechanics. We have introduced figs. 
66 to 70 to iUuBtrate the manner in which the different 
forms of arrows are applied. The properties pcnnted ont in 
Fig. 66 depend upon the truth asserted of the parallelo^ 
gram P A Q B, Fig. 67, which we will proTO presently. 

The principle of nifficient reason ; ^rst employtd by Arehi- 
medes in demonstrating the fundamental propoiitiotu of, 
mechanics. 

- Let P and Q, Fie. 68, be two equal forces acting in tlie 
same plane on the rigid perpendicular prop AB, t& point 
B fixed ;- further, let these torces P, Q make equal angles, 
SAD, SAB, with the prop A E, which may torn to the 
right or left round the fixed point R. .But as the forces P 
andQ and theanc^les BAS andD AS are also equal, there 
ie no reason why the post A R will' turn to the right or left ; 
hence it will stand, and the two tensions will be neutralised 
by the perpendicular thrust of the post A B. Tliis we call a 
merhanical demonstration, and tlie principle applied ^the 
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principle of saffident reason." For there is no reason y/hy 
tiie . post under considoation should fall to one side more 
than another, hence we conclude it -will fall to neither side. 
Let A B G D be a parallel^ram whose sides are all equal ; 
if the length of the line A B be taken to represent the Qiag- 
nitn'de of the force Q, then A D will truly represent the 
force P, and two other equal forces, V and U, applied to the 
point C, represented in magnitude and direction hj the 
lines G D, C Bj will counteract the forces P and Q the same 
as the post A K, the diagonal A C being rigid. The prin- 
ciple 01 sufficient reason applies here as in the former case. 
It ia evident that any nnmoer of equal forces may be ap- 
plied in 'the directions of the arrowy P=Q=V=U. witn- 
oat i disturbing the form of the equal-sided parallelogram 
A fl.GJi^5_^B_B<^tion _of _^^jigid_diiigOTial_ A* ;The 
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its udn can be ex^Hossed hy numbers, it may be divided 
into small paTaUeloerams, the sides of which are all eqoal 
to one another. We have selected a very simple case, 
and takenOC=4 equal parts and A0~3of the same 
partfi. 

Let the force P be to the force Qaamtonjinthe 
present example, 

P:Q-.:4:3. 

The forces F and Q tq>plied to the material point O in 
the direction OC, O A, may evidently.be represented by 
the lines O C, O A ; if a new set of forces, represmted by 
the small parallelogranui, be introdnced as repreaented by 
the arrows in the Figure, the combined action of the forces 
P and Q will not be interfered witij nor will the eqoili- 
brinm of the Figure be disturbed. Take, for example, the 
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small eqtialHBided parallelogtftm D E T L, and for a moment 
«uppo« the diagonal DT mid; thenOejn^mcipteofnM- 
ctent retuan applies to the forces mtrodnced, and no dis- 
turbanoe takes place. Let us now view these forces under 
another aspect. The forces along the sides of the small 
parallelograms on the line G O are eqaal to the force P, 
but in A contrary direction, and hence destroys it. The 
forces represented on the line 9, 10, also destroy one 
another. This may be said of the forces on the line 7, 8 ; 
but the forces on the line A B are not neutralised, and are 
exactly equal to the force P, but applied to the point B in 
the diagonal OB. Again, the farces along the sides of 
the small parallelograms on the line A O are equal to the 
force Qy but in a contrary direction, and hence maybe said 
to destroy it. The forces pointed out by the arrows on the 
line 1, 2, also neutralise one another; the same may be 
said of the forces supposed to be introduced on the line 
3, 4, and so on until we arriye at the forces pointed out on 
the last'line B G, which, together, are exactly equal to the 
force Q, but applied to the point B in the diagonal O B. 
According as tne equal parts be long or short, tne point B 
will change its position ; but it wiU always be in the dia- 
gimal O 2, and tne forces a+6+c+d=P and 5P+/+e=Q 
will in an cases haye their resultant position in the diagonal 
O Z. fibd we supposed the force P to be diyided into 1000 
equal foixses, OG would be represented by 1000 equal 
parts^ and O A= Q would then oe composed of 750 such 
parts, and our reasoning on the 750000 equilateral small 
parali^grams of forces would result in the same conclu- 
sioiu The equilibrium of forces and pressures may be 
illustrated in a practical way by a simple mechanical contri- 
yance, represented in Fig. 70, easily constructed. Suppose 
PQB to be a slate or board rolling freely upon three 

3ual spherical balls placed on a horizontal table, A B G. 
any three points, F, Q, R, be taken in the surface of the 
plane moyable on the balls, and cords, A P, B Q, G R, be 
attached, passing oyer the pulleys, with a different amount 
of wei^t attached to the other ends ; the ends with the 
wei^ts attached are not represented in the cut. The 



I'fil f &ACTICAI, UECHAVICS. 

; ■ ' tit TO. 




ttoard F QK will roll upon the balls, and ultimately come 
4o rest upon the table A fe C, where the three forces destrojy 
each other. When this experiment is carefully made, it 
vill be found tliat the directions of the forces A P, B (X 
C K, meet in the same point, O. A^riun, from any scale ra 
eqnal parts take O r=the pounds in the force drawing the 
cord QB, and from the same scale of ec^ual parta lay off 
.Oa=tlie pounds drawing the cord K G ; then, if the p^ 
.rallelogram Orsa be constructed, the diagonal 0» will be 
in the oirection of the third force acting over the ptJley A. 
■It will be further found that the units of length in Oa, 
•the diagopal, will = the weight or force acting by the 
^»rd AP. 

. If O a=22 equal parts, O r=28, and 0«=26, all mea- 
■anred on the same scale of equal parts, then, if 7 lbs. be 
'attached to the cord Q B, and 5^ Ids. to the cord R C, a 
•weight of 6^ lbs. must be attached to cord A B to maintain 
•this equilibrium. When forces are thus represented by a 
^parallelogram, as Or^o, tiie forces represented by themdee 
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%Lre called tlie component forces, while the force repre- 
4sented by the diagonal is denominated the resultant. 
Another experiment may be instituted to determine the in- 
tensity of forces by this simple apparatus. Instead of three 
forces being applied to the board, let there be any number ; 
and suppose H to be any point taken in the movable plane 
P QB^ and from H let fall perpendiculars, H n, H m, H/, 
&C., in the directions, or directions produced, of the forces ; 
then . the units of length, taken from any scale of equal 
^parts^ multiplied by the pounds in the corresponding force, 
will' be what is termed tne moment of that force tending tb 
turn the board or movable plane upon the point H. This 
being done, the principle denominated the principle of the 
equality of moments may be verified by experiment. Here 
but three forces are applied, but any given number may 
Jbe introduced ; in the present case, 

H/x Bibs. + HW X Clbs. = Hn Albs. 

The student must not confound Hie principle of the 
equality of moments^ just defined, with the intensity of 
forces usually considered by examining the motions they 
produce, or the spaces passed over when the motions are um- 
lormly accelerated. It nas been before shown that, generally, 

(Foree) = ^ J (I.); 

t being an extremely small portion of time, denominated an 

element, during which the velocity v is generated. The 

above formula shows that if, by observing the laws of 

u 
motion, we know for each instant the value of the ratio «-7, 

we shall then have that of the corresponding effort desig- 
nated (Force) in the above formula. Suppose we know, 
from experiment, that the motion is uniformly accelerated, 
we have^ for the space S, 

S=4V,xT«. 

V r 
In which Vi = ^= - as in (L) ; 

(Force) =y-^ (II.) 



no 
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Que*. 56, Suppose a locomotiTe weighing 10 hRW 
(22400 lbs.) rons, with a nnifona accelerated motion, a 
distance of 154'4 feet in 4 Beconds; required the force in 
lbs. capable of imparting this accelerated motion, the friction 
of the rul not bemg considered T 

From (IL) (Force) = ?|^ i2i^)=l34401b.. 
(See pp. 93, 94, 116.) 
Defifution. — ^A bar is called a strut, or a ft^ according as 
a thrust or a ptdl is exerted along its line of redstance. 

Qius. 57. Let C H B A be a skeleton diagram representing 
centres and lines of resistances, H B a platform with a load 
W= 47 cwt. npon it, C B a chain supporting both load and 
platform ; find, by constraction, the tension of the chiun 
and the amount and direction of the pressure npon H, the 
point about which the platform turns, the wei^ of which 
Doing neglected ? 

Draw W A perpendicular to H B, intersecting the chain 
in A ; join A and H, and, ft»m a scale of equal parts, la^ off 
Ap=47, a part for each lb. in W which acts m the direc- 
tion AW. Draw pr parallel to CB, and rn parallel to 
A W ; the parallelogram Anrp ^vea the required tensiou 



Fig. 71. 
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and thrnsL Id the diagram A r= 37 eqoal part^ answraing 
to 37 cwt., the pressure on the hinge H ; A n=26 «qu2 
parts, answering to 26 cwt^ the pressure tending to hreak 
the ch^. Take H<=Ar, draw tm parallel to W H, and 
8 1 parallel to H C ; then H t gives the thrust of W agunst 
the wall which is represented by H C, and H m shows the 
pressure in the direction of the stationary wall H C 
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QuM. 58. Given a trian^ar frame, ABC, Fig- 72, 
loaded and mpported both in the direction of the vertJcal 
line DE; find tbe relative portions of the forces? 

Fi^ A, B, C for the three joints, and a,b,e for the three 
bars. These things beins premised, from any point, P, 
draw P E, P Q, P S parallel to the lines of resistance a,b,c 
respe<^vely ; across these lines the vertical line Q R S, then 
the following proportions apply to the forces : 

Load on A : supporting force at B : snpportang force at G : 
Btresa along c : stresa along a : stress alon^f i; so stand in order 
and proportion tlie lines 

Q8:8R:QR:PB:PB:PQ. 
Oat of the six proportions thus sncdnctly state^ to illns- 
trate, we shall single out one : 

Load on A : mpportang foioe at B : : Q B : 8 B. 

Ques. 59. Let a pole, AB, Fig. 73, be sopported bj a 
cord, C B, and cany a weigh^ W; required the tenuon of 
the cord, and the pressore on the polef 

From B to ft lay off equal parts, equal to the units of 
weight in W ; draw m n parallel to U B, mtersectine B A 
in m ; draw mp piirallel to B n ; therefore the onita in Bp 
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will gire the tension of the cord C B, and the units, mea- 
Boreaon the same scale of eqnal parts, in the diagonal B m, 
will give the thrust on the pole A B. 

Struts may be dintinguislied from ties thna: In !Rg. 74 
I*_Qj Q B, represent two bars of a frame meeting at the 
joint^ produce the lines of resbtance beyond Q to S and 
T. l^D a force in the direction of the arrow A, between 




the angle F Q B, both bars are struts; if the force be in 
the direction of the arrow B, in the angle T Q P, then P Q 
is a strat^ and Q B a tie. Again, when the force b applied 
in the direction of the arrow C, both bars are ties ; and,' 
lastly, when the force b in the direction of the arrow D, 
ii^the angle S Q B, then F Q b a tie, and Q B is a strut 

. Ques. 60. A beam, AB, resting on a wall, G, and snp- 
bortedil^ a cord, Q]A; it,! is required to determine the 
direction and -tension of the cord B P, so that the beam 
may not change its position when the wall b removed^ 
the point B being also given ? 

Let G be the centre of gravity of the beam, through 
which di»w the Vertical line Gb in the direction of the 
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Slumb line, to meet Q A produced in s, join « B, and pro- 
uce !t ; B F in the direction of « B shows the direction a 
cord fastened at B most take so that the baa^ti Trill not 
change its position when the wall C is remoyf^, ' 

To find whether a pier, or other support, S T, Fig. 76, 
will overturn hj the action of a force F, or the resultJuit of 
several forces operating in a given direction, P C A. Fro- 
unce the direction of the force F, and let fall the perpen- 
dicular O A ; then, in order that the structure may not 
turn on the point O, we must have, G- being the centre of 
gravity, 

Weight of the structure S T X O B greater than P X O A- 
■When_(w^htST)xOB=PxO^ the pier will be on 
the pcunt oi turning on the edge, O. 

5y Conttruction. 

Let B G be the vertical line passingthroiigh the cenbw 
of gravity of the pier or pillar, intersecting the direc- 
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tion of tbe ftnve P in ttie poiiit 
C; ^tn B scale of equal 
ftaia take F=the units in 
the premne P, and from the 
«ame scale taJke O £=the 
nnits in the weight of the 
stmctnn^ S T ; complete the 
parallel'oflTam of forces, 
CDE F, Um D will give 
the amoimt and direction of 
the nngle force tending to 
overturn wo stnictnre or sti]^ 
port, ST. When CD ^ro- 
doced intonect tbe base with- 
in the edoe O, the Btmctore 
wiU stand; bat should the 
point of intersection, B, fall 
without the base, the struc- 
tnre most fall. 

Qua. 61. A T, Fig. 77, 
is a pier, or buttress, weigh- 
ing 860000 lbs., P a pres- 
stue of 320000 lbs.; AB 
= OT=6-6ft.;OA=BT 
= 15 ft. ; the cross section 
A B T O is a rectangular 
paiaJlelogram, of whim G 
18 the centre of gravity. 
The direction of tlie force 
P tending to overturn the 
stmctore cats A B 4 ft. 
from A, and A O at 0, 
7 ft. from A. It is required 
to find whether the struc- 
ture will stand or fall, and 
what will be the amount of 
the pressure, P, just suffi- 
cient to overtam the solid 
mass of which A B T O u a cross 
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CP= VAC'-j-AP*= V7H?= 8-0622577, 

CP : PA :: CO : OQ, 

or, 80622577 : 4 :: 8 : 3-969=0 Q. 

Since A T is a rectangular paiallelognim, a vertical line^ 
SOm, pasaine through the centre of gravi^, 6, divides 
the base O T into two equal parts. 

.-. O S=8 T=3'3 ft. ; then ire cui compsie 

Homent of the vaU=860000xOB=2838000. 

Moment of the preeBare= 820000 x Q=127<)080, . 

S838Q00 beuig gntiei than 1270080. 

The Btroctare will Bt«nd. 

Putting 9 for the pressure that will just overturn it, 
acting in the direction of P, 

then, XX Q=2838000. 
2838000 
•"■ *- 3-9069 " 



= 715022 lbs. 



If P=715022 lbs., the point R irill coindde with.the point O 
on the outer edge of the strnctqie. 

GeomOrical Proposition. 
ri*c- 78. _ If the sides, or the sides 

produced, of one triangle, 
a be, Fig. 78, be respectively 
perpendicular to the sides, 
or sides produced, of another, 
ABC, these triangles are 
similar. 

a Q, & P, £ B, represent the 
three perpendicnt&rsi 
Angle C+C S P = «right angle. 
Angle c+c S Q=a right angle ; 
But angle C B P= angle c 8 Q, 
.*. angle e=angle C. 
In the same way tijc aii;>:Ifl b maj be shown to be equal to Uti 
angle It; and t-oDseiimntlv ttie-angleasA. 
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F\micular Poylgon. 

Funicular Polygon is the tenn employed to designate a po- 
lygon formed of rods, chains, or coras, whose angnlor points 
are solicited hy any forces whatever. The equilibrinm of 
such a system of thrusts, tensions, &c., are subject to mles 
easily detrained. First, let us suppose that the polygon 




has not all its sides in the same plane, and is represented 
by the contour, ABCDEF. Let P, Q, E, S, T, . . . 
be the forces acUng upon each of the summits A, B, C, D, E ; 
the req>ective tensions of the udes A B, B C, CD, I>E^ 
E F, rqiresented by T, T„ T„ T, . . reapectivelv- If the 
entire polygon is in equilibrium, it must be so for nil the 
suinmits separately, and usee Ti must be equal and oppo- 
site to the resultant of T and P, it follows that any two 
sides uniting at the same summi^ and the direction of the 
force acting upon this summit, must be in the same plane ; 
and the tension Ti must be equal and opposite to tne re- 
sultant of the force Q and tension Ta, and consequently in 
substituting at the summit C, for the tension T , its two 
components P and T, the forces P and Q and the tensions 
T and Tj, supposed to be transferred to the point 0, 
parallel to themselves, must be in equilibrium. We see 
also that the forces P, Q, K, and tiie tensions T and Ti^ 
supposed to be traoatnitted to the sununit D in ytnSkl 
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directions, most then produce an equilibrium. By continn- 
ing this process, we arrive at the conclusion, for the equi- 
librium of the funicular polygon, that when all the external 
forces and the tensions of the extreme sides are regarded as 
transferred parallel to themselves to any summit, they must 
necessarily produce an equilibrium there. These remarks 
are independent of the direction of the forces and the 
nature of the sides, and are applicable when the sides are 
subjected to efForta of compression instead of tensioD, with 
the reservation solely that the sides be suiBciently rigid to 
resist the compressions, without a change of fonn. Where 
the forces soliciting the funicular polygon are wen^ts, in 
which case the forces P, Q, K, S . . are all vertical and 
parallel, and the polygon are necessarilv in one plane ; for, 
the direction of 6ach lOTce, and those of the two sides meet>- 
ing at the summit, are in the same vertical plane; and, as 
through one side we can draw but one vertical plane^ it 
foUows that the two vertical planes, contiuning the same 
side of the polygon, are coincident, and so for the other 
sides. Agam, since all the external forces F,Q,B, . . and 
the tensions T, T* of the -first and last «idee are in equili- 
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briam, T aSad T4 moat also be in eqailibriain with the 
sin^e xemhut of aU the parallel forces. 



K of the Termotu hy a Gr^kical Coiutruetian. 

If, in aecoriLuice irith the preceding views, we describe 
npmi ^im die A B, produced, from any conrenient scale of 
equal |l>it^ a lengu equal to the tension T, and constmct 
the pandldiinflm fi abd. Fig. 80, the side B a, measured on 
the tawt taSa of equal parts, will represent their tension, T^ 
<tf die. ade B C^ and the side B a, the external force F. 
TbeUf if «9 draw tfaroufh the pcnnt B, for example, a line 
B G< piwndicnlar to the directions of the forces F, Q, K. 
. ..npiniAid»layofEBCSC'DSD'E',EiF>,F»G\ 
|n<c^MrtKHul to the forces P, Q, It, S, U, and from the 
same point erect &e line B O perpenmcnlar to A B 
widi a lengUi proportioned to the tension T, or to B ^ 
the triangle BOG* having two sides, B O, B C, respec- 
tivdy peipeaidicalar and proportional to the sides B 6 and 
B (Z 01 the triangle "Bbd, mnst be similar to it by the 
geometrical proposition preceding. Then the third side, 
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O 0^ of the first will be raoportional to the third ftid^ bd 
or B Oy or to the tension T|, and will be perpeaAcnlar to 
the side B C of the polygon ; the following tnangle will be 
in the same condition^ in relation to the side UD, to the 
force Q, and the tension T^ which will be proportional to 
the side O D*, and so on. Then, if the wei^t soliciting 
the different summits of the contour A, B, C. • • • are in 
equilibrium, and we lay off upon a horizontal Ime lengths re- 
speetively proportional to these weights, and then bam points 
of this fine corresponding to eadk summit draw atndjrht 
lines perpendicular to the directions of the sides of the'pmj- 
gpUy aU these rijsht lines wiU intersect at the same pointy and 
tneir lengths wm be proportional to the tensioDS of tihe sides 
of the polygon, which will thus be determined. IfafineVZ 
be drawn parallel to B G^ the triangle Y O Zanpven the 
same purpose as the triangle B O GK. ThetmndeBOOiy 
Fig. 81, expresses the same relations as thetziangfe B O O', 
Fig. 80, BG^ being taken equal to the sum alld in die 
direction of the forces P, Q, K • • • BO is drmiirn parallel 
to the direction of T, and B X parallel to the diredtion of 
Tft ; G^ X gives the tension of T, and G^ O the temui of Ti, 
both measured on the same scale of equal parts as B G^ 
O Bis parallel to T or AB; O 0^ is drawn parallel to BG; 
OD»toOD;OE»toDE; OF»toEP. 

We have been very particular to pass nothing oTer that 
might make the proper relations and actions of forces, thus 
circumstanced, clear to the mind of the student, since the 
proper arrangement of thrusts and tensions, the action of 
oraces, struts, and ties, in bridge-building, roofing, and in 
all sorts of lattice-work, designed to combme strength with 
lightness, depend upon the extension of the simple principles 
here presented. 

If the same Fiff. 81 be inverted, then such frame. Fig. 82, 
consists chiefly of struts, and is, therefore, unstable unless 
their ends are made fast bv suitable stays. In a polvgonal 
frame loaded and suspended vertically, represented by the 
skeleton diagram. Fig. 81, the bars which are struts in 
Fig. 82 become ties, and the frame is stable and yet 
flexible. 

The diagram of forces for Fig. 82 may be constructed 
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as f oUows ; — Suppose the polrj^nal frame loaded vertically 
and supported verticslly, let A, B, C, D, . . , be the ban ; 
a,bfC,a. . . the joints, of which h, c,df«,f are loaded, a 
xbA g are supported. Take any convenient point, as O, 
draw O A' parallel to A ; O B' parallel to B ; O C parallel 
to 0; O D' paraUel to D; 6 E» parallel to E; 0F» 
parallel to F; and O G' parallel to G. Then draw the 
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vertical line A^ F' crossing the lines O A', O B*, O C'. , . 
Then if the whole load on the frame be represented by 
A' F>, the parte into which A' F' is cut by the lines O A', 
O B', O C^, . . . will represent the fractional parts of 
tiie load that must rest on each of the joints to securt 
equilibrium. 

Ai Bi represents the part of the load to be applied at the 
joint b; Bi Ci the pan to be applied at c ; d Di the part 
to be applied at d ; and so on. The lengths of the lines 
O Ai, O Bi, O Ci, . . . represent the resistances along the 
lines A, B, C, . . . to which tlieyare respectively parallel. 
The two parts Fi Gi, Gi Aj, into which Fj Ai is divided by 
the line Gi parallel to G represent the supporting forces 
at a and g, that is, Fi Gi represents the supporting force at 
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gj and Oi A| the sapporting force at a. The horizontal 
stress of the frame is represented by the length of the peiv 
pendicukr O Gs let fall from O on Fi Ai* H the ang^ of 
the polygonal figore A B D ... be ^Ten, the tii|^es of 
the diagram of forces O Ai Fi are also given ; heinoe^ when 
the length of any one of the lines in O Ai Ft is abo fpYCBf 
the lengths of the other lines are readily fbimdby plane 
trigonometry, to any required de^ee of accnxagr. 

If the skeleton diagram ABOD • • • f^^» 8^ represent 
an open frame, the bar G is omitted ; in this caiB tibe stress 
aloi^the outer bars, represented in the diagram of foKoes by 
the fines O Ai, OFi, must be met by oblique foioea as kbut- 
ments; for yertical supports would not be sufEhaent. This 
frame, being, as before obsexred, compoaed of strnt^ is un- 
stable^ aadmtuft be coimected with suitable staji. 

^ Ques. 62. Let A B and B be a xoof resting on the 
side-walls A and ; a uniform section of this roof weighs 
6000 lbs., the angle B A 0=34% B A-W; it is requu^ 
to find the thrust on the points A, 0, the roof being with- 
out a tie-beam ; what would be the tension of a tie-beam, 
A C, or of a rod connecting the feet of the rafters ; and 
also find the direction and amount of the pressure of the 
roof to oyertum the side walls ? 

To construct the dia^am of forces, draw O a parallel to 
AB ; O c parallel to CB ; andO 6 parallel to A C, Fig. 83. 

Draw the yertical line a b c=6000 equal parts to repre- 
sent 6000 lbs. 

Let W=6000 lbs. applied, suppose, at the centre of gra- 
yily, G, of the section. 

.-. angleaOft=34°; ftOc=44° 

O a 5=90-84 = 56°; Ocft=90-44=46^ 

Sm. 78° : 6000 : : sin. 56° : O c=5085-85. 

Natural sine of 78°=-9781476 ; natural sine of 56°= -8290376. 

Sin. 78° : 6000 : : sin. 46° : Oa=4411-44. 

Natural sine of 46°= -7193398. 
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.-. ThetbnistontfaepomtG=50851bs.,ftndtlie throat 01 
point A=4111 lbs. 

As sine of 90°: Oa:: sin. a 06: a(=246G'8. 
;. 6c=6000-246fi8=S533-2. 
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.-. The Bide wall it C sapporls 3533 Dm. of Um wdgbt W, 
•Dd the nde wall at A,2467ll». neailj. 

As Hia. 90' : O a : : GOB. a O ( : O »=3657-3. 
.-. Tlie horizontal thnut along the nde A C = 3657 lbs. 
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Draw A p perpendicnlar to A 0, and = ab, the vertical 
weight at A, Fig. 83 ; make A m = O a, the thnist along the 
raft«r AB ; complete the parallelogram Aptn n, and draw 
the diagonal m A, = the amount aodairection of the presBnre 
of the roof tending to overturn the wall A. Or, to avoid com- 
plicating the figure, we reprodace the diagram of forces, 
Fig. 84 ; taking the linen Oa, ab, complete the parallelo- 
priim Orba, then the diagonal a r gives the amount and 
direction of the pressure as well as the parallelogram 
A.nmp, Fig. 83. On the lines Oc,'ci, construct the 
parallelogram O sbc, draw S c=the amount and direction 
of the pressure of the roof applied to overturn the wall C, 
when the tie A G ia omitted. 
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Oiven the skeleton diagram ABODE, Fig. 85, of a 
frame loaded and Eupported vertically ; A E Being hori- 
zontal. OBi is parallel to AB; OC, parallel to BO; 
CD, parallel toCD; O Ei parallel toDE; andOFiis 
drawn parallel to A E ; B] £, representA the whole Imid, 
and, being vertical, is perpendicular to O Fi. Now sappoee 




186 PRACTICAL MECHANICS. 

the angle FiOCi=12^9 the natural tangent of which is 
•21255 =Fi Oi, when OFi=l ; the secant of this angle is 
l-0223=OCi . FiOBi=37°; F^ ODi=25°; F^ O Ei= 
50° ; then the comparative lengths of the lines in the dia- 
gram of forces will stand thus : 

Tangent Secant 

O Fi = 1 , FiCi = -21255 O Ci= 10223 

FiBi = -75355 OBi= 1-2521 

FiDi=-46630 O Di=11033 

FiEi=l-1917 OEi = 1-5557 

This frame is vertically loaded with 5000 lbs. ; how is it 
distributed, and what are the particulars of its action when 
the forces balance each other i 

Fi Bi+FiEi=l-94525 = 5000 lbs. 

1-94525 : 5000 : : 10223 : 2628 lbs. stress along the bar h 
or BO. 

1-94525 : 5000 : : 1-2521 : 3218 lbs. stnss along A B or bar a. 

1-94525 : 5000 : : 1-1033 : 2836 lbs. stress along bar c' 

1-94525 : 5000 : 1-5557 : 3999 lbs. stress along d. 

Fi Bi-FiCi=Ci Bi=-75355--21255==-541 

1-94525 : 5000 : : -541 : 1391 lbs. load on tibe joint B. 

Fi Ci+Fi Di=Ci Di=-67885 ; 

1-94525 : 5000 : : *67885 : 1745 lbs. load ou the joint 0. 

FiEi-FiDi=-7254 

1-94525 : 5000 : : -7254 : 1864 lbs. load on the joint D. 

1-94525 : 5000 : : F^ E^ : 3063 Ib^., 

the vertical weight ^Billing on the support at 1^, the remainder 
of the weight, or 5000— 3063 =1937 lbs., must fall on the support 
at A. The horizontal stress being represented in the diagram of 
forces by O Fi=l, we have 

1-94525: 5000: : 1 : 2570 lbs., I 

the horizontal stress of the frame. When the load is properly 
distributed, the necessary stays, C E, AG, require but little 
strength ; without stays such a frame, however well balanced, 
would be unstable. Here^ as in other places^ we have been care- 
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fill to SToid encambering the mind of tbe stndeDt nith theoretical 
deTelopmente of a complicated natare. However, when theoe 
simple conatnictioua and ordinary calcnlatiotiB ore clearly nnder- 
stood, Uie system is easily generalised, and in practice readily 
applied to a Toiiet; of complicated atmctnres. 



PRACnOAI' EZAMFUS OF WOODEN AKD IRON BRIDGEg 
IN WHICH THE ACTIONB OF FOROEB EXFLAINBD IN 
THIS OHAPTEK HAVE BEEN APPLIED WITH HOBE OB 

LESS snooEse. 

AmUjfHt of the Wooden Bridget of ths United Statea and 
Canada. 
The McCallnm Inflexible Arched Trass Bridge ap- 
proaches nearer the standard of perfection than any othor 
wooden bridges that have fallen under the author's notice ; 
this fact is easily established hj comparison and demon- 
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Fig. 86 is what is known as the Burr Bridge. It is com- 
posed of lower and apper chords, and posts and braces. 
The posts are framed into the chords, and the braces are 
framed into the posts. Arches are placed on each side of 
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the trnssy securely fastened thereto, and, extending below 
the lower chords, abut against the masonry. 

This form of truss was extensively used throughout the 
United States previous to the introduction of railroads. 
Many spans were of great length, and in cases where the 
arches were large, and the masonry sufficiently permanent, 
this bridge was comparatively successful. Much difficulty 
was, however, experienced, by reason of the absence of 
countei^braces. A moving load produced a vibratory and 
undulating motion, tending to loosen the connexion of the 
timbers, which generally resulted in failure. 

Many of the jirBi railroad bridges, both in Europe and 
America, were built upon this plan ; but much greater dif- 
ficultv was found in adapting it to the use of railroads, than 
had Deen previously expenenced in its use upon common 
roads. This difficulty arose from, 1st, the practical impos- 
sibility of perfectly combining the action of the arch and 
the trvAB (each system, of itseli, being insufficient to carry 
the whole load) ; and, 2nd, the absence of counter-braces. 
These defects, clearly apparent in their use on common 
roads, were greatly aggravated under the increased and con- 
centrated nature of tne weight, and the rapid transit of 
trains on railroads. It is true, they were obviated in part 
by adding largely to the amount of material in the struc- 
tures ; but as the difficulty was inherent in the plan, violent 
contortions in shape could not be prevented, and these in 
time caused failures. 

These remarks are intended to applv to spans of consi- 
derable length, as experience has proved that plans of even 
an inferior grade may be measurably successful in spans of 
ordinary length ; whereas, nothing short of the most judi- 
cious distribution of material will ensure permanency in 
cases where long spans are indispensable, and any arrange- 
ment which can be made permaneiit in the latter case must 
certainly prove so in the former. 

It is worthy of remark here, that this particular com- 
bination of the arch with the truss is even now, with 
some, a favourite idea, but it is believed that its warmest 
advocates will be generally found among those whose op- 
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portonitiei for practical investigation have been limited^ 
and that it is only necessary that the question be properly 
presented to them, to produce a change of views in respect 
to it* 

This partiality for the combination of the arch and the 
trass is attributable partlv to the fact, that the simple truss 
has in many instances failed, and, as a last resort, the arch 
has been added, of such dimensions and strength as to be 
competent to carry the truss and load ; the truss serving 
only as a stiffener to the arch, while the latter, thrusting 
upon the masoniy, has sustained the whole weight. Be- 
sidesy to the casual observer who has never studied bridge 
construction, this combination presents at least an op- 
nearanee of great strength and solidity, which do not in 
fact exist. 

That the simple truss without the arch has failed in 
some instances is unquestionably true ; but while many of 
these failures have been caused from inattention to, or 
ignorance of, the laws regulating the composition and reso- 
lution of forces, by far the greater number have arisen from 
the inferior quality, or lack of the requisite amount of mate- 
rial, or from infenor workmanship. 

The acknowledged failure of the Burr Thissy as applied 
to railroad purposes, led to the invention of several other 
plans^ all of wtiich were based upon the abandonment of 
the arch, and were aimed at penecting a truss, which, of 
itsel/y would be sufficient to meet the emergencies of the 
case. This was in pursuance of what was considered a very 
reasonable hypothesis, namely, that one system properly pro- 
portioned must prove much superior to any method or ar- 
ran^ment in which the attempt was made to combine two 
distmct principles, in their nature heterogeneous. 

Among the most prominent plans presented to remedy 
existing defects was one inventea bv Col. Stephen H. Long. 
This pum of bridge was composed of lower ana upper chorcfi, 
posts and braces, similar in outline and general arrange- 
ments to the Burr Truss, but differing from it in detail. 
An efficient system of counter-braces was introduced ; these 
were made adjustable by wooden wedges, as were also the 
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sortaining braoes, by means of which any dearatUe dera- 
tion or deflection might be given to the trass. Thtsplanof 
trass was rigid to a decree not previously attained; and to 
snch an extent was this true, that, when properiy adjusted, 
no perceptible deflection was prodoced oy the passage of 
the load. 

It was, however, found difficult to keep it in adjustment 
in consequence of the great shrinkage of the wedges and 
other timbers of the truss. 

The invention of what is known as the Howe Bridge fdt- 
lowed. In this, as in Col. Long^s bridge, the idea of com- 
bining the arch with the truss was originally abandoned 
for reasons heretofore given, and it was believed that this 
simple form of truss would prove equal to any reasonable 
requirement. 

In the Howe Bridge, the posts used in the Burr and 
Lone bridges are d^i^nsedNrith, and iion rods sabsti- 
tute^ by means of which any desirable ea$nber may be 
given to the truss, thus overcoming the practical difficulty 

Previously experienced in the adjustment of CoL Long^ 
ridge, by the use of wooden wedges* 

This method of producing camber is certainly an im- 
provement upon the means adopted in the Long bridge 
for that purpose, but is much inferior to the latter in its 
method of counter-bracing, in that they are not adjustable^ 
and perform a negative rather than a positive duty. 

The Howe Bridge is composed of lower and upper ebords, 
braces and counter-braces, vertical rods, ana cast4ron 
bearituf blocks. The braces abut the bearing blocksy which 
pass through the chords in such a manner as to permit the 
rods to bear directly upon them. 

Spans of considerable length were built upon this plan, 
but experience proved that even this truss — ^uke all others 
—had its limit, beyond which it could not be safely ex- 
tended. 

In the progress of railroad enterprises, in order to save 
large expenditures of money for masonry, longer spans 
than haa been previously used became (ksirable, and in 
certain locations absolutely indispensable; besides this. 
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locomotlTeB were largely increased bi weight, to meet the 
demanda of trafEc, and furnish a more economical mode of 
working ; and thus arose the necessity for the adoption of 
some other expedient to meet the increased reqairements 
of bridges. Aa all had been done by way of miproving 
this b*Dss that mechanical skill conld devise, and wnich an 
extensive practice had amply afforded, it became evident 
that some radical change must be made in its arrangement^ 
to enable it to meet the exigencies of the case. 

In this emet^ency the arch, heretofore condemned in the 
Burr Trtat, was again resorted to ; for it had been proved, 
from the experience which its uBe in that truss had afforded, 
that an arch of sufficient size, abutting against permanent 
masonry, would place the truss in a position of secondary 
importance. 

It will be observed that the arch of the Burr Bridge, 
Fig. 86, abuts upon the masonry in precisely the same 
8 the arch of what is denominated the Improved 




Home TVattf Fig. 87, and the difference between ttie two 
consists simply in the mode of connexion with the truss, 
and not in any change of principle or method of action. 

It will be seen that the Burr arch is securely fastened to 
the posts and braces of the truss, forming a solid adjust- 
able mass. In Fig. 87 the arches are not fastened to the 
braces or rods, but have an independent connexion with 
the lower chord of the truss^ by means of rods radiating 
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from the former to the latter. Bj this method it Was sup- 
posed that any desirable adjustment cotdd be effected, and 
that the strain could be put upon either system, or equally 
upon each. 

This new arrangement^^ although plausible in theory, h 
found impossible in practice, for the following reasons : 

1st. Tne rods from the arch to the lower choid are of 
various lengths, consequently the contractions and 
sions must vary proportionately. 

2nd. Not a single rod in the arch is of the same.leiiglli 
as those in the truss, hence the expansion and contiMMn 
of the rods in the truss will vary from that in each, and tdl 
the rods connecting the arch with the lower chord. : /.. . . 

Srd. This combination is exceedingly liable to maksBil^ 
ment from the careless or ignorant 

4th. And even if it were everything in practice that k 
claimed for it in theory (which is not the fact), it iiiTolvai 
a constant expenditure for adjustment, which must ocmtiiuie 
during the existence of the bridge itself. 

The Burr Truss, Fig. 86, with all its defects, can be made 
superior by far to the Improved Howe THwf , Fig. 87. For, 
in the former, there may sometimes be a yielding and com- 
pression between the parts of the truss and those of tibe 
arch, producing a certain degree of united action ; while 
in the Howe Truss everything depends upon the length of 
the rods, which must always change with the temperature, 
and thus render an approach even to perfect adjustment a 
matter of extreme delicacy. 

But in either Fig. 86 or Fig. 87, it is clearly evident 
that, in order to have a structure absolutely safe, the arch 
and the truss-— each of itself, independently of the otheiH- 
should be of sufficient strength to sustain the whole hmif 
that the strain may be borne alternately by each aeparata 
system. 

In order to simplify and make clear the real points of 
difference existing in the combinations of the various jdans 
of trusses of the same general outline, it may be stated 
that the material composing any bridge tnissj whether of 
wood or iron, or of both, is subjected either to tension or 
thrust, and it is upon the proper application of , these de- 
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ments, together with a judicious distrihation of the mate- 
rial, rather than upon any difference in detail that the 
perfection of any brid^ structure depends ; this may be 
illufltrated hy reference to Figs. 88, 89, and 90. 




Fig. 88 is the truss of the Buit Brid<^ ; in tliis tlie 
upper chord and braces are acted upon by thrust, and the 
lower chord and posts by tension. 

Fig. 89 is the Howe Tmss, without the counter braces; 
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in this also the upper chord and braces ore subjected hi 
throst, and the lower chord and vertical rods are acted 
upon by tension. 




^ 90 is a plan of truss sometimes used, the coonter 
rods beiug omitted ; in tliiti tlie upper choiii and vertiuil 
struts are subjected to thrusta, and the lower chords and 
dia^nal rods are acted upon by tension. 
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Upon a comparison of these plans It will be discovered 
that the variations between the Burr Truss, Fig. 88, and 
the Howe Truss, Fig. 89, consists in the use of vertical 
rods and bearing blocks in the latter, instead of vertical 
posts in the former, both having precisely the same duty to 
perfomu 

It will also be seen that ¥1g. 90 varies from Fig. 89, in 
duifc the rods aie placed diagonaUy instead of vertically, 
fJMwmng the element of thrust from the diagonal braces 
in t& latter to the vertical struts in the former, and 
tmnafeRing the elemoit of tension from the vertical to the 
diMoiial fine. 

finch importance is sometimes attached to just such 
'Uodificatioiis in detail as exist in Figs. 88, 89, 90, wkUe 
■AemahKn and intensity of the destroying forces are tke same 
msdeMolin eaeJu 

Hub has been proved by actual experiment, by the cele* 
Imted enmieer and bric^ builder, D. G. McCallum, as 
follows: Models were buSt, one on each plan, of equal 
length and hei^t of trusses, containing the same sectional 
area and kind of material in chords and braces, and of 
equal perfection in details and workmanship, when it was 
found that the real difference in strength was unappre- 
ciable^ and it may be well to add, that any given amount 
placed upon each, in progress of the experiments, presented 
precisely the same characteristics and contortions m shape, 
until final failure took place. 

All bridges having their chords parallel, irrespective of 
the particular method adopted in combining tiiem, and 
r^;araIe0B of the amount of material used m their con- 
Btmctioily when loaded to nearly the point of fracture, 
present somewhat the same appearance, the greatest deflec- 
tion being invariablv at points near the abutments. This 
will be understood by the statement, that the vertical strain 
is increased, as the cUstance from the centre, to the ends of 
the truss ; at the centre the vertical strain is nothing, and 
at each end of the truss it is equal to one-half the weight of 
the structure and its load. 

o2 
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In point of strength, the arranj2;ements, Figs. 88, 89, 90, 
are not superior to the simple combmation, ^g. 91. 




All bridges having their chords parallel exhibit the 
same uniformity of action, and may oe illiiBtrated br re- 
ference to Fig. 92, in which A A is the upper chord; B B, 
the lower chord ; C C, tension rods ; D D, braces. 

When a aafficient weight is applied to any truss of tids 
outline, to cause deflection below the straight line, the 
opper ends of the braces, D D, are made to approach each 
other, and the distance between the ends is diminished, and 
as the deflection increases, the upper ends of the bracec^ 
D I>, will describe arcs, ab,oi& circle downaardt, the radius 
of wliicli being the length of the braces, D D. But when 




the upper chord ia arched, as in Fig, 93, a sufficient weight 
will cause the braces, D D, to describe an arc upwards, re- 
presented hycd, Fig. 93. When the chord, e e, becomes 
straight, the arc will then be described downwards, as 
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shown in Fig. 93. As an iUustration of the McCallum 
Inflexible Ar^ed Truss, see Fig. 94, in which A A is lower 
chord; B B, npper chord; C, tension rods; D D, 
bmcea ; £ £, strata ; and W, weight. 




Upon an inspection of this figure, it will be seen that 
any deflection produced upon the centre of the arch, by 
means of the weight W, will cause the points B B to sepit- 
rate, hy thrusting outward, and in the direction of the ends 
of ^te truss, producing an upward movement of the upper 
chord, at the ends of the braces D D, the latter descrioing 
axes of a circle upward, and from thence will be communi- 
cated^ by means of the tension rods C, to the centre of 
tlie lower chord, raising the latter at the point where the 
rods, C C, meet. 

By removing the weight W, and inserting a vertical 
•tmt at F,the upward movement of the chorda will be 
arrested by the wdght W. This peculiar action may be 
described as f <^owb ; 
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Any deflection produced in the centre of the arch will 
cause an outward and, consequently, an rgnoard force at 
the upper ends of the braces, which, by means of the tenSHHt 
rods and strut, ii transferred directly back to the nnder 
side of the arch, producing an igneard tarce at the latter 
point, equal to Uie original doiomrard force applied on top 
of the same. 

This combination of forces is in agreement with a wc^- 
known law, namely, when two forces of equal powers of 
resistance are opposed to each other, a state of rest is pro- 
duced. 

For a further illustration of the action of this trass, see 
Fig. 95, in which A A are pieces of the lower chord, the 
centre being removed; B 6, upper chord, deflected by the 
weight W. C are braces which pass through the lower 
chord and rest upon the masonry. D D are tenuon rods. 
It will be seen that the ends of the pieces of lower chord at 
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E E are raised considerably above a horizontal line. This 
upward tendency will contmne until the upper chord be- 
tween B B is deflected below a straight fine, when the 
action will be reversed. 
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Fig. 96 exhibits the forces at a state of rest, in which 
A A are pOTtions of the lower chord ; B B, npper chord ; 
C C, arch Draces, which pass throo^i the lower chord, and 
rest in the masonry ; D D, tension rods ; E £, braces ; 
W, weight. 

It will be seen that the strain produced by the weight 
W is transferred to the lower chord by means of thrnst 
npon the braces E E, to the points F r, and, by means of 
tension on the rods D D, to the points B B, and from 
thence it is brought npon the arch braces C G, which rest 
upon the masoniy. 

In this manner, a perfect equilibrium of forces b effected, 
as it is evident that the point Ot cannot change position, 
onless the points B B are thrust outward towards the ends 
of the trass, which most raise these points, this being pre- 
vented by the strain npon the points F F, commonicated 
by the weight W, through the braces E E. 

For a fall plan of McCallum's Inflexible Arched Truss, 
the reader is referred to Fig. 97. Upon inspection, it will 
be observed that the sust^mg principle ia very mnch in- 
creased toward the ends of the truss, not only by the ad- 
dition to the iiiiio>unt of material at these points, but it will 
be seen also that the panels become shorter as the vertical 
strain increases. The posts are placed npon lines radiat- 
ing with tlie arch ; the oraces form equal angles with the 
posts; and in this way the latter are made to approach 
more nearly together toward the ends of the trass. 

The sturlent has already had sufficient evidence of the 
ffreat strength of this form of truss, and it has also been 
shown that the tensile strain npon the lower chord is much 
less than in any other known plan. In fact, the latter may 
be entireli/ seoersd, and the structure will sdll be competent 
to-ra«tain a heavy load. In this, it differs from all other 
onnlnnations. 

Upon referring to Fig. 97, which represents a clear 
span of 180 feet, it will be seen that the arch braces which 
rest upon the abutments are extended to points on the arch 
about forty-seven feet from the abutments. From the top 
of each set of arch braces, running diagonally on each ude 
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of the truss, are placed heavy suspension rods, which are 
connected with the lower chords 12 feet further from the 
masonry. Thus the bridge seat is substantially transferred 
to a point 47 feet towards the centre of the bridge, re- 
ducing a span of 180 to 86 feet, so far as the tenail strain 
npon the lower chord is concerned. 

For this intermediate space of 86 feet, the arcli beam 
is of sofGcient strength to sustain the whole load, if re- 
quired. 

Strength, liowever, is not all that Is required, for a rail- 
road bridge especially, subject as it is to a mooing load; 



PBAGTIGAL MECHANICS. 201 

there must also be rigidity y stifnessy freedom from vibration. 
A bridge majf be strong yet flexible, ripd yet weak ; in 
faOkpfleadbilitjr is incompatible with durability; the structure 
ifasiudl be pEepared at all times to receive its load, and 
■hMdji.aol be permitted to change shape in the slightest de- 
gli^kfi ilv passage over it. 

' Ihb'ttod^ this result, an effective system of counter 
Imm 3« indispensable. 

3Bll0 pcoper office of counter braces is frequently mis- 
Vldi^MMd^ as is evident from the manner of their applica- 
tioA in. 'many cases in which they are used as clieck braces 
0filgg lukving a negative rather than a positive action ; this 
may be leadfly shown. When the load is applied, the truss 
is deflected in consequence of the jrielding of the braces ; 
this has the e£Fect of shortening the diagonals in the direc- 
tion of tbeir length, while the diagonals in the direction of 
the oonnter braces are correspondingly lengthened; this will 
leave a apace between the ends of the latter, and the bear- 
ing bhekisk the lower chord. 

When the truss is in this condition, if wedges are in- 
serted bcrtween the ends of the counter braces and the 
lower chord, in such a manner as to fill up the whole space, 
it is evident that the weight may be removed without at all 
affectii^ the shape of the truss, the deflection originally 
prodacea by the weight being maintained by the counter 
oracea, the strain upon the sustaining braces and other 
portions of the truss remaining precise^ the same as when 
the weight was suspended. 

Now suppose the original weight to have been 200 tons, 
it is evident that, as soon as it is removed, each counter 
brace will be subjected to an upward thrust, easily found 
from its position ; the sum of all the thrusts making 200 
tons. 

Now let there be a smaller load applied, this load will 
not produce any additional strain upon any portion of the 
truss, nor will the deflection be increased in the slightest 
degree; the only effect produced by suspending the latter 
weight will be the relief of the counter braces, equal to the 
difference between the first and second weights. 
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The inventor has found it very difficult to explain this 
clearly in the course of conversation with some individuals, 
from the fact that weiglU and strain were confounded. 
Now it is true, when the original weight was applied of 200 
tons, the abutments were loaded with just 200 tons more 
than previously, and the truss was also loaded with ten tons 
more ; but when the wedges were driven, and the weight 
removed, while the abutments were relieved of 200 tons 
pressure, the truss still retained the original strain pro- 
duced, the weight being required to produce tlie stramf the 
latter remaining after the former has been removed. 

In order to make a practical application of the above, the 
following method of adjusting the Injleaible Arched Truss 
is submitted. When these bndges are raised, it is usual to 
load them with a train of locomotive engines, attached 
t;losely to each other, and that greater weignt may be ob- 
taineo, the tenders are sometimes detached, and the brid^ 
covered with engines only; with this load, the latter is 
strained down to a perfect bearing in all its parts; by thi^ 
means the whole structure is more or less deflected, while 
the counter braces are hanging loosely in their places ; if, 
therefore, when the bridge is in this condition with its load, 
the counter braces could be lengthened with considerable 
force, it would not recover its original shape upon removal 
of the load, but would be held down by toe action of the 
counter braces to very nearly the same position as when 
loaded. In this plan of bridge, the lower ends of the 
counter braces rest in iron stirrupsy which are attached to 
the vertical ties or posts at a point near the lower chord 
by means of castings and nuts, by which they may be 
lengthened several inches ; in this manner they are made to 
pertorm a positive duty. When the bridge is adjusted as 
above, it is clear that a less load than that originally ap- 
plied cannot produce any deflection whatever; the only 
effect of the passage of a train over it will be to relieve the 
counter braces, and will not add a pound pressure upon any 
timber of the trusses. 

In the arrangement of any bridge truss the attainment 
of the following requisites is desiraBe : 
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Fir^L Such equilibrium of forces as will produce uni- 
f omtt^ of Bcdan. 

Second. Sudh qnautitjr and distribution of material as 
win ensuie a large surplus of sustaining principle^ thereby 
guarding ike structure aaainst accident. 

ITiML Perfect rigidttyj that the combination in all its 
parts maj have permanency equal to tJie durability of the 
material composing the same. 

Fourth. Tne arrangement of the parts should be such as 
to be free, if possible, from tlie necessity of adjustment. 

The McCatlum Inflexible ArcJied Truss meets all these 
requirements^ 

PROBLEM. 

Let it be required to find the equal weights Wy Wy Fig. 
98, kept in a state of rest by a single weight, W, which has 
caused the arc ; C a to assume the chord pl>by the rigidity 
of the arc being neglected. 

Let B=the radius of the arc q C a^ and put 2c=its 
length ; then the chord q a and versine C D are readily 
calculated. 

Let the chord q a=2 d, and C D=2 e. 

Let/=A 5'=A/>=B a=B ft and 

^ = Bn = Bm = A« = Ar. 

Also, let A B = 2 A 

2h—2d , , 
—2— =^-^' 

h—d 

-J- =008. tf, putting for the angle a B n=q A 8, 

2h-2c ^ 

2"""^'"^' 

2h-2c = AB-pb. 
Putting for the angle b B n=p A 8, 

h — c 

— rr— =C08. ^. 

^— tf = angle a B ft = w Bm=« Ar. 
m n=g sin. (^— ^). 



Then, according; to the principle of work, 

aydn. (f-«)»=a«W. 

.-. TT- ''^ 

S Bin (^-(1) 

Let AB=2A=188ft.; tiie length of the uo ;Ca=tl]e 
■traightlinepI)&=2C = 136ft.; R=200ft; mB=9=60ft; 
JB=/=60ft. 

It will be Fonnd that the arc 9 G a before being diatnrbed con- 
tains 38° 67' 40''; the versine of this aTC=ll-449ft.=S«; tJie 
chord= 133-39576 ft. = 2 d. 
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40' 4" 
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.-. *-«= 


.l" 45' 
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6-7245 




-S-I( 



.-. ff Bin. (^-i) ~60 sin. (1° 45' 49")~ 
.*. tD=i]i6re than 3 times W. 
Consequently, the weight W before reducing the arc j C a to the 
straight line ^ D & it mnat raise more than six times ita own 
weight if potiited at t and n. 
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■Dxatmxmas op an ibon bbtooe, m which the tobces 

ABB WELL COMBINED TO MEET THE UEMAND8 OP 
ftAILWAT TSATFIO. 

^1^ hnigb we now propose to describe is one belonging 
to ir qntam of bridj^building introduced by Wendel 
Bolbiwt; it wu erected at Harper's Feny, U.S^ the 
pntnod wooing of which was carefollj observed hy the 
aathor of the presrait work. This iron saspension trussed 
brii^ Wu \i* ft. between the abutments. The length of 
the cast iron in the stretcher was 128 ft. The weight of the 
cast iron, 65,137 lbs. ; weight of wrought iron, 33,527 lbs. ; 
making uie total weight of cast and wrought iron, 98,6f>4 lbs. 

Fig. 99 is an elevation of part of the side, showing one 
pier and part of the cast-iron stretcher. The cap is re- 
moved from the pier to show how the rods are secured. 





Fio. 99. 
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Fig. 100 is an elevation of a pier and four panels out 
of eight of which the bridge is composed. The system of 
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amnong the braces and connecting rods is exhiluted in 
tUs^ore. 




Fig. 101 is cross section, showing the floor bracmg and 
the position of the ruls. Fig. 101 also shorn, in section, 
the roof and posts. 




Fig. lOi shows a plan of the flooring of the bridge, the 
positions of the r^ls and floor bracing. 
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Fig. 103 shows two posts, part of the stretcher, and tlie 
diagonitl lods in one of the panels. 
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The wrought u:on requires little workmanship, the rods 
from the centre to abutments having but an eye at one and 
a screw at the other end; with a weld or two between, 
according to length. The long counter rods have two 
knuckles and one swivel for adjustment of strain, and con- 
venience in welding, as well as in raising the wholew 

Tne cast-iron stretcher is octagonal without, circular 
within, and averages one inch of metal. It is cast in 
lengths according to the length of panel, and jointed in the 
simplest manner ; — ^at one end of each length is a tenon, at 
the other a socket. The latter is bored out, and the tenon 
and its shoulder turned off in a lathe to fit the socket; 
thus, when thoroughly joined, to form one continuous pipe 
between abutments. The ends of the sections of cylin- 
ders, inserted to those contiguous, are slightly rounded, to 
allow a small angular movement without risk of joint 
fracture. 

A cast-iron plate or washer sets on a bracket cast with 
each abutment end of stretcher, and at right angles to the 
centre acting rods. The tension bars are passed through 
this washer to receive a screw nut for the erection and ad- 
justment of the system. 

The stretcher or straining beam, the vertical posta^ and 
suspension bars compose the essential featiires of the bridge ; 
each post being hung by two bars from both ends of the 
stretcher independently of all the others; and each post 
and pair of tension bars forming with the stretcher a sepa- 
rate truss. 

This system, perfect in itself, is additionally connected 
by diagonal rods in eachpanel ; also by light hollow cast- 
ings, acting as struts. Tne diagonal side rods mi^t be 
safely dispensed with ; for the peculiar merit of the truss is 
its perfect independence of sucn provision. They are there- 
fore used as a safeguard only in case of the fracture of any 
of the principal suspension rods. 

By this combination of cast and wrought iron, the former 
is in a state of compression, the latter in that of tension ; 
the proper condition of the two metals. It unites the 
principles of the Suspension and of the Truss Bridges. 
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Each bar performs its own part in supporting the load in 
proportion to its distance from the abutment ; so that the 
entire series of suspending rods transmits the same tension 
to the points of support as would be equally transmitted 
from thence to the centre of the bridge. 

This bridge^ it will be seen, is composed of seven inde- 
pendent tmsseS) which transfer the weight concentrated on 
each floor-beam directly to the abutments, without aid from 
any other connexion ; and not from panel to panel as in 
general use. 

The strain on cast and wrought iron is wholly in direct 
line ; and the result, the least quantity of metal is required 
to carry a given weight. The weight of bridge ana load 
has a vertical pressure on the piers, towers, &c., the only 
horizontal thrust being from the expansion of iron, whicn 
is accommodated by rollers, sliding on abutment bracket 
over its pedestal, or by other means : the necessaiy dimen- 
sions of masonry may therefore be most moderate* 

It is evident, from an inspection of the cuts, that no 
chord is requisite at the bottom of the truss to resist ten- 
sion ; the only advantage of that employed is to regulate 
the movement produced by expansion, in the performance 
of which a^ncy the resistance is one to compression. 

Although the abutment bracket casting and its pedestal 
were so constructed as to admit of accommodation to ex- 
pansion, by rollers, yet such contrivance was omitted with 
the view of fully testing the effect of greatest expansion 
throughout the system. 

This bridge was inspected by the writer, ten months after 
it Was erected at Harper^s Ferry ; during which time it had 
been exposed to extremes of cold and heat, and to an 
average run of twenty trains daily. 

From the closest inspection, we find that the extreme 
expansion measures, as near as possible, five-sixteenths of 
an inch on each tower, or five-eighths in the entire length, 
128 feet of stretcher; and without the slightest percep- 
tible derangement of masonry ; the dimensions of which are 
4 feet square 6{ Iwise, 12 feet high, and 2 feet 9 inches at 
top. 
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While on the subject of expansion, it may be well to 
notice the effect from difference in eimansion of the rods. 
At die first point of suspension, or where the lon^Bst and 
shortest rods meet, the counter rod is about four aim a half 
times longer than the acting rod ; and the expansion of 
the counter is four and a half times that of the acting rod. 
But there is also a proportionate difference in the lengths 
of stretcher from the point directly over the centre of con- 
nexion to the extremities of these rods. This has been 
practically proved in this bridge. 

The suspender bolt when the expansion is extreme or 
five-eighths of an inch in length ot stretcher, exhibits a 
motive difference of three-sixteenths toward the short or 
actinfit rod ; which difference is provided for, as se^i by 
slot-dotted in Elevation, where the vertical suspender boit 
moves to accommodate any such difference, and to give 
that proportion of weight to each rod according to the ande. 

It affords easy access for repairs ; for instance, shoula a 
new floor beam oe required, it is but needed to slacken the 
horizcmtal rod and the keys in longitudinal strut, remove 
tiie washer under point of suspension, and let down the 
beam to be replacea : which can be done without trestling 
up any part of the bridge. 

In case of fire, the floor may be entirely consumed with- 
out any injury to the side truss. 

The permanent principle in bridge building sustained 
throughout this mode of structure, and in which there is 
such gain in competition with every other, namely, the 
direct transfer of weight to the almtments, renders the 
calculation simple, the expense certain, and farilitatee the 
erection of secure, economical, and durable stmctores. 

nial tnadt on the lat day ofJunej 1852, U> jpirmm the 

capability of this Bridge. 

Three first-dass tonna^ engines, with three tenders, 
were first carefully weigh^ and then run upon ihe hcidge. 
at the same time neany covering its whole lffiDi^|(lli| and 
weighinj; in the ag^gate 2739550 lbs,, or 13.6M|f tons 
net^ bemg over a ton for each foot in length of tne bridge. 



pbact:oal mechanics. 211 

This harden was tried at about eight miles per hoar, and 
the deflectians, according to gauges properly set and reli- 
able in their action, were at centre post, 1§", and at the 
fiiBt post from abutment nine-sixteenths of an inch. 

from this test it is found that the load did not cover 
the entire length of bridge by about 13 feet, yet the excess 
of wei^t in the middle, and at a speed of aboat eight 
miles per honr, produced no greater deflection than \§ of 
.an inch at the centre post, and nine-sixteenths of an inch 
at the first point from abutment. 

Before proceeding further, it is necessary to pmnt out 
soooe serioos mistakes made by experimenters and writers 
on the strength of materials. When discussing the strength 
of ffliders resting on supports, the author of the present 
■woAf in his new theoir of the strength of materials, first 
pointed oat the fallacies involved through introducing an 
imaginary line, termed the neutral axis, and merely inves- 
tigating upright laminn of the materi^. We do not pro- 
pose to discuss this subject thoroughly here, but to snow 
the stad^it how errors may be involved when the strength 
-of ji^rders is considered with respect to forces supposed to 
act onh' in parallel upright planes. 

If a oeam, Q B, F^. 104, rests loosely on two sapporta, 
A and B, and is loaded in the middle with a weigot, W, 
which deflects it ; before the weight is placed on the beam 
ab=pq=cd; and ef—r»=nm; but when the beam is 
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deflected by W, pq is greater than ab or cdy and rs is 
less than either ef or m n. Before the beam is loaded it 
is supposed to be rectan^lar ; in most cases this change of 
form may be detected by experiment. Although the 
nature of the material and amount of pressure may render 
this change of form imperceptible, yet these forces acting 
across the girder, in the directions of p q, r Sy are in opera- 
tion, loosening bolts, buckling and puckering upright 
sheets, and so on. This action should be carefully at- 
tended to by engineers in constructing girders, whether 
solid, hollow, or composed of skeleton frames. 

The material at r 9 is wire-drawn and compressed) wbile 
atpq the material becomes upset, extended, and loosened, 
accoming to the elastic linut and nature of the ^Mhr. 
The current erroneous theory of the strength of mittritfs 
supposes, when the beam is bent by a weiiiliti Wt'tiie 
fibVTai^ compressed at p^ and extoided ^r!^<«j^ 
alteration of breadth; that isp^ remains=a6.0lr''d'%iBid 
also=r9 or ef. When Robert Stephenson waseiMinig 
the Menai tubular bridge in Wales, the author of ifais |afe- 
sent work, Oliver Byrne, published an outline of Idi^Bew 
theory of the strength of materials in the Civil Jhyrtiwi 
arid Architects^ Journal^ and explained his yiewe 10'll]r. 
Stephenson, who directed the author to observe Iiis (Sfe- 
phenson's) final experiment on a model of the bridge, onieh 
sixth the full size. Fairbaim and other engineers Were 
present. The direction of the fracture depends on the 
molecular action of the material of which the girder is 
formed. A portion of the body will often be forced out 
near the line p q ; but when the substance supporting the 
weight is tou^h, the separation may take place irregmarly 
and diagonally, with a sliding cutting motion, and not 
directly through the plane pqraym the middle. 
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METHOD OF CONSTBCOXINa SKELETON STBUCTDBEa, PBO- 
FOSBD AND PATENTED BT EDWABD KOCH. 
Half the sospended beam, Fig. 105, gives a clear repre- 
sentatioii of most of the particulan: or this mode of con- 
stmctioii, the practical application of which depends on 
the coanecttng bolts filling their respective holes without 
play. After these bolts are posited with mathematical 
accnrac]'', it is also required toat neither bolts nor holes 




aherwaxia wear much. The inventor proposes plans to 
surmotint these and other engineering dimcnlties, in a 
book by hia friend Olaus Henrici, entitled " Skeleton 
Structures, especially in their Application to the Building 
of Steel and Iron Bridges." 

In the diagram of forces. Fie. 105, O H, is parallel and 
H, D, perpendicular to H H ; the diagonal braces, D, D, D, 
meet in a point Q ; Ti, %, T, ... are parallel to T, T, T, 
. . . respectively ; and V-,, Dj, D,, ... are drawn parallel 
to D, D, D, . . . respectively, llie construction of this 
diagram will show how the forces act in magnitude and 
direction, and may be measured on a scale of equal parts, 
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or foand hj calcnUtion, when the inclinatioiis of the bars 
are ^ven. Bat, as the lariangles atandiiig on H, Hi are 
right-angled triangles, Mr. Henrici employs the following 
method of estimating the companttive forces : 

Ti«. ms. In toe stmctore, Fig. 106, A C 

and B C represent bars which are 
connet-ted at A and B by bolts to 
a wall piece, and at C by bolt to 
each other, A weight P acts on 
i\ni Ijolt C, and we want to ascertain 
the strain in the two bais. Firstly, 
we have to apply two rectangwlar 
axes thnnigh 0, and beeaue A C is 
horizontal, and C P totfca^ we trice 
these directions as Ibi axes. The 
strain in the bar B Ove call S, aad 
the one in A C, T. If 9 tt rea^ved 
into its components, we'fiiid 

in the direction cf G X : 8 ^-z^ 

AB 




according to th» 



CY: S 



ffc" 



The two other forces act i 
hence we get 



the direction of the axes; 



in the direction of OX: S^+T, 

„ „ CY:S||-P, 

where F is subtracted, because it acts contrary to the strain 
S. Both components must disappear; we have therefore : 

sf-^x=o, 



From these e(]uations wo see that 
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BC . 

"ab- 
ac 

~ AB- 



:. P; 



which Bhows, that in the bar B C there is tenfflon and in 
A C compression, hecanse T is negative. 

In this example we had only one connexion-point | we 
shall take, therefore, a more complicated example hy join- 
ing more bars to those, and thus we get a stntcture like 
the one presented in Fig. 107, of which we shall proceed 




to calcnlate the strains. We will call here the connexion- 
points 0, 1, 2, 3, &c., and the bars will bo represented by 
two figures (01), (12), &c. ; the lengths of the bars we 
call r with the respective figures, rig, &c., and the strains 
likewise, Si», &c. We take now 



and find further : 

(^»)^=«^+(t> = «"(i + ^) 
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= 16*^' 

= — a'; 
16 

therefore : 

V17 

r,4 = J a. 

By this all bars are determined in length and position, 
and we can proceed to resolve the forces*. For axes we 
always take one horizontal and one vertical line, and be- 
cause we have three free connexion-points, 1, 2, and 4, we 
can form six equations, by which we are \able to ascertain 
all the six strams at once. For point 2 we have the same 
equations as in the previous example, by introducing 
Sa4 instead of S; and Sis instead of T; as likewise ruy r^, 
and Tu instead of A B, A O, and B O ; and we get 

S_ ♦'24 p 
^14 

or by introducing the values of r : ^ 

S24 = ^ P«> 

Sij = — - P,. 

Looking at point 4, we get : 

Sa4 resolved into S24 . -^ and S24 . -^ 
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S,4 resolved into S,^ . !^ andS,4 . t^SiTlif 

By adding these^ we get 2 equations : 

8,4 rii - S34 ^ = 0, 

8,4 !ii - 834 liiiZllii + Si4 = 0. 

The first equation will give 

*'84 ^19 a 

,4 — -—.-— . Dj4, 

or because 

S„ = |P, and !:»1 . !il = ^H, 
3 roi r24 5 

From the other equation follows 

Si4 = — g Pa. 

We have still to ascertain the strains Soi &nd S^s^ which 
we are able to do by the equations of point (1), after having 
altered them in the same way : 

Soi + ^^ . Si, - 8„ = 0, 

814 -}-—.♦ Sis = Pi. 

By which; in connexion with the above equations, we 
find: 

+13= VYPi - j-Vr P,. 



Soi = — Pi — ,-77 ^«* 



12 
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It Trill be clearlj nnderstood how these calculations are 
carried on. Takinj; a stmctnre like that in Fig. 108, the 




calculations are done in the same way; one strain is calcu- 
lated after the other without difficul^. 

I will mention here at once, that the same calcnlation 
can he used for a trussed structure, aa in Fig. 109 ; the 




structure is exactly the reverse of Fig. 108, and it is not 
necessBiy to alter the formulae ; for as all the Ps act here 
in the contrary direction, all the signs will be reversed. 
All the strains, therefore, will be the reverse of those in 
Fig. 108 ; where there was tension in a bar there is now 
compression ; and where there was compression, tension. 
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CHAIN AND SUSPENSION BRIDGES. 

Sappose a perfectly flexible chain or cord of nmform 
density and Uuckness to be suspended from two fixed 
points, A and B, Fjg. 110, and when in equilibrium to 
form the curve A O B ; this curve is termed the Catenary, 
The equations of this curve, of so much importance in 
mechanics, being of a mised exponential kind, mathemar 
ticians were obl^ed to resort to guessing and all sorte of 
dodges, to obtain results which were often very far from 
the tmtb.. The results here referred to can now be ob- 
i^ned with the greatest ease by direct processes of the 
dual calculus, in an endless vanety of ways, without tlie 
use of tables. Having thus pointedly arrested the atten- 
tion of students in unmistakable terms, at the same time 
it may be necessary to inform them, that her^ as else- 
where, we accommodate those inexperienced in such in- 
qniries with solutions under simple forms easily intelh^ble. 
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PROPOSITION. 

To find the Equations of the Catenary Curve* 

Let O be the lowest point of the chain or cord A O B, 
Fig. 110, O M=:x; Mr=y; and the length of the arc 
O r^8. Again, let v be the length of a portion of the 
chain, the weight of which is equal to the tension at O. 
If we suppose the part O r rigid, after it has assumed the 
form of equilibrium, it will evidently be supported in the 
same manner, and the tensions at O and p q r will be the 
same as when it swung loosely suspendea from the points 
A, B Op qr is therefore kept at rest by three forces, 
namely, the tension at O acting in the direction of the 
tangent O Y, the tension at the point pqry acting in the 
direction of o q T, the tangent to the curve at the point 
pqry and the weight of the piece of cord or chain O r, 
acting in a vertical direction. Because the three forces 
just described are respectively in the directions to the three 
sides of the triangle T j9 M, the forces being in equilibrium 
will be proportional to these sides. 

Hence, (Weight of O r) : (Tension at O) : : T M : Mp, 
p q r represent a very small right-angled t^angle, similar 
to the la^r right-angled triangle T M j9 ; in the language 
of the difterential calculus y r is represented by dxy rp by 
d y, and t> qhy d s. Whence, v being put for a piece of 
cord or chain, the weight of which is equal the tension at 
O in the direction of the tangent O Y ; therefore, 

8 : V : : dx\ dy 

. 5L^ _ £ 
dx 8 

In every plane curve (d8y^{dxy-\-{dyy^ and, consequently, 

d8 _ /-t . ^\* 
dx - V^da^J ' 

.-. In the catenary ^ = V^^' + ^ ' , or dx =— ^ 



dx 



8 \/ V* + 8 



\/v^ + 



,% 
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Taking the integral of this last equation, and observing that 
«=o when a;=o, we obtain 

a:-|.t;=-v/i*TP, or 8^=a^+2vx; (L) 

When t; is determined, (I.) is the equation of the ecUenar^ 
expressed by a and s as variables. 

dy V ^ 

Again, because -r- = - = / ^ = , which, being in- 

^^ d d? 8 y/ 0^-^-2 vx 

tegrated, gives f = log. ^^^W^^'^-' 

£ being put for the base of the hyperbolic system of logarithmsi 

(n.) is an equation to the curve between the variable co-ordinates 
X and y ; v being unknown, but constant. The dual logarithm 

of e = 108, written \ ,(e) =100000000, 

6 = 2-718281828.... 

Transposing , and squaring both sides of (IL), we 

obtain 

1 

Further, because, (I.) **=(a; -|- »)«-!;• 

••• ip-^ - -, 

■■■ •=Ue—e-0' '■"■> 
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(IV.) is an equation to the catenary between the variables 
9 and y\ it is to be particalarly observed that v is unknown in 
(L), (IL)» (in.), (IV.), but not variable. Suppose ^ to be the 
length of a portion of the cord or chain which is equal to the 
tension of Q, then OE = a?,EQ = y, 0Q=:«, and 

ti 8 i\ QG : GE : : da: dx 






8 ds = tdx. 

Differentiating (I.), or «* = ic*-f 2 ra?, gives ads =:xdx -^-vdx 

/, tdx:=xdx-\'Vdx; dividing bj dx gives 

t =:x + V. 

Now, suppose the tension at Q to be balanced by means of 
Q R, a portion of the chain passing over a pulley at Q and 
hanging freely ; then QR = a; + *^ = OE-f-»; consequently, 
FR = YD = OC = r, evidently a constant quantity, although 
unknown. Hence, if the tension be supposed to be balanced by 
means of portions of the chain or flexible body hanging over 
pulleys at the points pqr, Q, A, the lower ends will be in the 
same horizontal line, B, D, G. 

Qtiea. 63. A heavy flexible chain, each foot in length 
weighing 20 lbs., is suspended at its extremities to two 
fixed points, in the same horizontal line, 106*2 feet asunder, 
the greatest depth of the curve being 15'8 feet. It is 
required to find the length of the curve, the tension at 
the lowest part, and the tensions at the points of suspension, 
by direct calculation, without the use of tables, or methods 
of approximation? 

In dual arithmetic we have three corresnonding numbers, 
namely, natural number, dual number, and dual logarithm ; 
any one of these corresponding numbers being given, the 
other two may be found by a few simple additions and sub- 
tractions. — See the " Young Dual Arithmetician.^ 

We have first to put equation (III.) in form to be operated 
upon by dual arithmetic. 



{-%!}' 



« + «' = p «1 + -.5-; (III.) 
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When y is put = 1, a; may be represented c', x and y being 
both gi^en to find the value of v. Hence (III.) becomes 

2c*(i)+2=e^+ 4 



2c* 



.-. c ^'2\-) = &v- -p-; or, 



V 

Putting -- =^, the last becomes 

2cv/^=e'-6l, (V.) , 

Question the 63rd being the first of the kind solved by 
an independent and direct process, without employing 
tables or approximate methods of trial and error, it is there- 
fore necessary that we should be particular with respect to 
details. 

The dual logarithm of 2 is the whole number 693147 18| 
vmtten, 



\ 



, (2) = 69314718, . 



This logarithm is of the ascending branch, marked by a 
comma on the right of the logaritnm below, and inune- 
diatelv after the arrow. The dual logarithm of the reci- 
procal of 2' or of i is represented by the same whole 
number '69314718, and written. 



\ 



, (i) = '69314718. 



S24 
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This logarithm is of the descending branch, marked by a 
comma to left of the loCTrithm above. When 69314718; 
is considered positive^ 69314718 is considered negative, 
and vice versa. 



Natural 
Namben. 


Dual 
Numbers. 


Dual 
Logarithms. 


2-00000000 
•50000000 


\ 7,2,6,0,7,8,2,6, 
i '6'6'0'6'8'2'0'2 


69814718, 
'69314718 



I, (10) = 



230258509, and 



tiVlO ^""' 



230258509. 



The same notation and arrangement is applied to other 
natural numbers and their reciprocals. See the ^^ Young 
Dual Arithmetician," and ^^Dual Arithmetic: a New 
Art," Parts I. and II. 

15*8 
In the question before us, c>=: g^ =-29755178907 ; 

A 1 , (2 c)= I , (1-09096616)= \ ,0,8,7,4,6,4,5,5, =8706369, 
and (V.) becomes 

e'-gT = l-09096616-v/« 

J ^(e)= 10^=100000000, 

Then, putting Wj, for the first dual digit of xr i (g) and 'u^ 

for the first dual digitpf the logarithm of- i:! (e)*^« redpioqal 

to IS I (g) f '^1 is nearly =Ui, but less than u^. 

To place this matter in a clear light, it is only necessary 
to observe that. 
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If «« I l,0A0,0,0,O,0,then- = | »1 1,0,1,0,0,0,1,; (9M1018). 
„««=5| 2,0,0,0,0,0,0,0,,,^= j '22,0,2,0,0,0,2,; (19062036). 
„a;»=| 3,0,0,0,0,0,0,0,,,^= j '8 8,0,3,0,0,0,8,; (28593054). 

f t (*)= I , (1-1)= j , 1,0,0,0,0,0,0,0, =9581018, ; 
I »( -)= I /ji)^ I , '1 1,0,1,0,0,0,1,='9581018 ; &c. 

These things being premised, we have 

1 I [«i-l ^ [u'l = 2c Vi= 2c VttiX (09531018); 

bat since Ug is nearly eqnal to u\f in order to find a convenient 
yalue for Ui the last equation may be pat ander the form, 

^2 (^±) =2 c Vth X (09531018) 



ti,» 



• • 



j^=cH«, (-09581018); or ii,=100c» (-09581018) ; 



which gives ti,=:(-29755 . . .) (100) (0953 . . .)=2-885 

Becaase 2*835 ... is less than a convenient valae for Ui, bat 

greater than the corresponding valae of u\ ; conseqnently | 3, is a 
convenient valae for u^. By parsaing a similar process of rea- 
soning, XT as far as the fonrth daal digit will be foand to be eqaal 

I 3,0,8,4, u«, ; the next step gives the fonr succeeding digits, 
and at the same time develops the general plan of operating on 
such equations ; besides, any mistake that may be made in the 
preceding operations will be detected. 

\ , (1-88558107) = 1 ,3,0,3,4,0,0,0,0, = 28982904, 

Reciprocal, '28982904= | '27'8'2'5'r6'5 = | , (-74876579). 

Q 
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Zi for the dual logariilim of 1 3,0,3,4, Uf, . . . divided 
by 10", or 

^i=:-28932904+-00001000u6 ; 

now equation (V.) becomes 

e'* i- = 2 c V •28932904+00001000 U5= 

2e V -28932904 Vi-|. .00003803 1*5 = 

( \ 0,8,7,4,6,4,5,5,) V -28932904 (1+ -00001902 Us)=^ 
-58682320 (1 + -00001902 Uj) 
•58682 320 ^^^^ 1 +-00001902 may) 

rol -{^ *»^6^ ^^^ ^^ squares. 

^28 (root of 1 + -00003803. ) 

•00001116 for -0001902 
... 2 c v/-28932904+-00001000tt5 = -58682320+ -000011 16 tis 

e^^_-L =1-33553107 (1 + [ti5)--74876579 (1 1 [u'5); 

1-33553107 (1 1 [%) °^y '^^ P^*= 
1-33553107(1+ -00001000 1*5), 

and--74876579 (1 \ lu\) may be put = 

- -74876579(1 + -00001000 u^) ; 
. ^^1 «. J- = -58675628 + 2-08429686 (-00001000 w,) 

2-084 2 19686 
12084 

.-. -58675628 + -00002084 ««= -50682320 +-00001 116 u^ 
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5792 



•• ^»=:968-=^-^^^ 



• • 



lQ^z= \ , 3,0,3,4,5,9,8,3,=28938887, 

;. z= 4- =-28938887 
2v 

:. 17= 1-72777897 trae to the 

-last figure, when y=l ; /. when y=53-l, r=91-745063 ft. 

From (I), s*=a? (a?+2r)=15-8 (15-8 +183-490126) 

.-. «.= 5611395 

.-. the length of the whole curve, Q O H, Fig. 110, iB 112-2279 ft. 

a?-|-t7= 107-545 ft. 

Tension at the lowest part = 91-745 x 20=1834-9 Ihs. 

Tensions at points of 8U8pension= 107*545 x 20=2150-9 lbs. 

Ques. 65. The length of a heavy flexible chain A O B, 
Fig. 110, is just double the horizontalline A B, joining the 
points of suspension A and B ; required the pressure on 
these points and the tension at the lov^est pomt O ; th.^ 
distance of O from the horizontal line A B is also re- 
quired? 

K A X=l, the length of half the curve, or A Q 0,s:2, and 
equation (IV.), becomes 

2= J! fg} L \'j and putting z= _ 

When z = 2' the dual logarithm of g is nearly =the dual log. 

of 8' ; 4^=8' also. It may be remarked here that, in operating 
with the dual calculus, we may take dual digits much greater or 
much less than any particular one pointed out, and yet obtain, 
without tentative artifices, a result as near the truth as we please. 
Since this method gives the same result as near the truth as we 
please, by several direct processes, it presents a series of direct 
operations, and not a succession of approximate trials. 

Q2 
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\ (7-8S905604)=:200000000,uid f, (18583528)= *200000000; 
oonseqaently we may assume 

7-38905604 (l | [t«i) -•13533528(1 \ [t«'x)= 
4(2-00000000+09531018 u^) ; (A) 

200000000, 18 increased by 9531018, for eyeiy unit in ff^ ; and 

200000000 by -09531018. 
To find a conyenient yalae for tf^, (A) may become 

7-25372076 +7-52439132 ^ =8-00000000+ -38124072111 

.-. -37119841 iH=-74627924 

/. «j«=+2or|2, 
In practice, one tenth of the fignres here employed wonld not be 

required to find that 1 2, is a conyenient yalne for tf^. lliis may 
be too great) but that is of no consequence, as the next digit 

may be negatiye to compensate for the excess in taking fix= 1 2, 
200000000,+19062036,s | , (8*94075744) and *219062036 = 

1,(11184734). 

To find a convenient value of uty the equation now takes 
the form, 

8-96075744 (1 1 [u,)- -11184734 (1 \ [uj) 

=4(2-19062136 +00995033 u^); 
therefore we may put 

8-82891010+9-05260478j^=8-76248144+-03980132ti2 

A 11,,= -1-or = |o, 'L 
For every unit m ti,, we employ 995033, and -00995033 ; but 
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for every unit in 'u, we employ '1005084 and —-01005084. 
See " The Tonng Dual Arithemetician," pp. 82, 99. 

219062036, 
'1005034 , 

218057002,=» \ , (8-85184984) ; 
'218057002= \ , (-112977175) 

.-. 8-85134984 (1 \ [«,)- -11297718(1 \ [u^)=z 
4(2-18057002 -I- -00099950 ti,) 

This gives W3= -8 or j '0 *0 *3 
This process being continiied gives ^=2^2, '1 '3 '3 5, 0, 5, 2, 

the log of e* is 217731902, for \ ,2,'1'8'8 5,0,5,2, =17731 902. 
Patting B for the base 100000001, then B"""*«»= 6*-^^'"»^. 

The reciprocal of 2- 17731902 =-45928042=1?, the length of 
chain = tension at O. 

Butasaj«+2ra?=«>: a?= 1-592779= XO. 

ar+v=2-052059=the leng^ of the chain that amounts to the 
tension at A and B. 

Qties. 66. Given the length of a heavy flexible chain 
R QO H N=1130 ft. (2a), Fig. 110; this chain hangs 
freely over two pulleys Q, H in the same horizontal line 
Q H,=226 ft. (26) ; required the position in which it will 
rest, the length of Q R, and the length of chain that is equal 
to the tension at O ? 

Let Q E : O Q R : : 1 : n or 6 : a : : 1 : n. 

It is evident that when the chain is in a state of rest, 
what in the foregoing questions was the pressure on the 
points of suspension Q, H, will be equal to the wei^t of 
either H N or of Q R=a?+v, the parts hanging verbcally. 
Putting «=the length of Q O, when QE=l=y ; O QR 
=ji; and QF=EO=a?, then ar+v+«=n; t;=FR=OC. 
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Prom (m.). a:+r=J(['gi^ l) 

From (IV.). «= 2"V^' "" - J 

Whence, from adding these equations together, we obtaia 

1 

■■' i'«=l'«'+l.(eO=l,'' + Tl^ 



or — = r* or 

c 



c \n/ 



' Taking the — root of both' sides of the last equation 

n 

we obtain an equation easily solved by the Dual method. 

JL * 

(ly =Cf V"=^, putting ztorl 

Hence we have the final equation 

Before the introduction of Dual arithemetic, an inde- 

Seiident and direct solution of equations of this form 
efied the skill of mathematicians (see ^^ Dual Arithmetic," 
Part n., pp. 91, 100.) 
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Ui> 



100000000 ; and i -i -i ; 

n 5 a 



.-. z\, ^=:'20000000. 

••• '?=r2 I 0,'6 2,5,6,8,8,8, =-078658307; /.»= -393291536, 

fotmd as at page 124. The yalne of f,=:— , not attainable by 

n 

anj preyionsly known method, may be almost instantly obtained 
nnder a yariety of fonns by the Dual calculus to any required 
degree of accuracy. In the present case, 

z^l^ \ '0'6 2,5,6,8,8,8,1,7, ; ^=i \ 4,7,2,1,9,8,2,2,= 

'078658807, &c. Under the last form all the dual digits 
are positive. 

I ^ (-J )='254264202 .-. | ^ (^)= 254264202, 
.-. ^ = 12-7132147; and hence i =2-54264294. 

V V 

But we have before shown that n=»gT •'• 1 (— )= 
I (g^) = 254264202, and I f± )='254264202 ; 

Whence *=- ^ gl - «.^ \ becomes known. 

«=-| (12-7182147--078658307) 

= (•393291585 x 6-8172782)=2-48448448 ; 
Because, a?+t?+«=n=5. /. a?=2-12222898. 

In these calculations, Q E=v is ptit=l ; but in the ques- 
tion, QE= 113 ft. ' ^ f ' M 
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.*. X = 239-81 1S097 ft = E O = QF ; « := 280*74675 ft. « 
«ro QO; and 9=44*441966 ft.:=F B=0 Oslhe length of 
chftin that is equal to the tensum at O. «+«=:284-2582MfLs 
Q R=ithe length correspondiiig to the tenflioii at Q or Hi 

Qu48. 67. In the Chelsea Snspenncm Brid^ Tkaiu 
Page, Enmneer, the central span between tm pin ii 
34o ft. with a deflection O X, Fia. Ill, of 29 ft. ; sapposiDg 
the entire weight of the chain A O B, when l^e wei^ of 
the platform, roadway, and full load is trananutted tott, to 
be 1*5 tons for each foot of its length, leqoired the stun 
at the highest points A and B, and the tension atAe 
lowest point O, as well as the length of the catenaiy cv^ 
passing through the points A, 0,3 f 

348 _j^. 29_1_ . 
"2~"^^*'l74-6" 

.*. 2 cr: -81649658. 
Whence, equation (V.), beoomee 

•81649658 VJ =6^-i- =2c%^5; («). . 

z being put for — ; v representing the length of tbe chiin 
whose weight is equal to the tension at the lowest pcnnt O. 

We propose to find the value of o under the foim|ic£ 14111... 
To find a conyenient value for Vn assume e^ \ tf^, then (a) gives 

(1 1 [ui)-(l \ [X)=2 c VT=2 e VuiX*095dl018 

9581018, being the dual of a logarithm of 1 1, or of each unit 
in Ui. Since we arrive at the exact valve of z whether we 
assume u^ too great or too small ^ 

(l + [-Mi)-(l-[-tii=)+2^may be put=2cVt«iX -09581018 
/. ^=c« K X 09531018) =-^(tti X •09531018). 
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9-581018 , ^^ 
.-. «!= g =1-59 

•*• Tbe reciprocal of Uj, or \ may be piit=: \ '1*5'9 . • ' * • 

or 1*1,= 1 1,7, 

I, (117934889)= |,1,7,0,0,0,0,0,0,=16496249, 

Redprocal='16496249= | ,'l'5'9'3'4'5'r7= \ ,(-84792554> 
It 18 easily foond that o, is the most conyenient yalne for u^ 

hence we may pat in (a) £= f 1,7,0,^4, 

. . e*- i-=2cV -16496249 +-00010000tt4 



=2 cV 16496249 (l+'OOOSOSlOtt*) 
=•38162478 (1 -f •00030310tt4) ; 

^_ ^^mAj also be put under the form 

1-17984889 (1 1 [t**)- -84792554(1 \ [V4) 

=(1-17934889) (1+-00010000 1**) 

- (•84792554)(1 - -00010000 1*4) 

=•88142835+- 00020373 1*4 

A •88142885 -f -00020378«4 = -83162478 (1 -f •00030810tt4) 

= -38162478 +-00010052 u^ 
,. ^^^ '00020143 ^20148^^.3^^ 
-00010052 19052 

•\ z may be again pnt= \ l,7,0,l,9,tfe, when a higher degree 
of accuracy is required. 

I ,(1-17957297)= \ ,1,7,0,1,9,0,0,0,= 16515249, 

Reciprocal, '16515249= \ ,'1'5'9'5'3'6'2'1= \ , (-8477640^) 

1-17957297 117957297 

•84776406 -84776406 



•83180891 202733 



•00000 



703 
203t/6 
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2c\/-16515249 + -00000100m6= 

2c\/l6515249 (1 + OOOOOSOSwe) 
=•33181570 (l + -00000303Mfl) 

•33180891 + •00000203ttfl=-33181570 + -OOOOOlOlwe 

. ., -00000679 679 ^.^^ 
• -00000102 102 

/. j , -?= j ,1,7,0,1,9,6,6,6,= 16515915, 

^.16515915 1 , 

^'' ^ ^ ^.16515915 =('81649658)v/-16515915. 



To find the value of -^ in such equations as (a), to any re- 
quired degree of accuracy, and by such direct, independent, 
and^ simple means, is, without doubt, a great mathematical 
achievement. 

^=— /. r=3-02738298=three tunes the length' of OC. 

aj+t;=3-19404964; and the length of the catenary curve 
passing through the points A, 0,= v a?^ •\-2vx, (L); 

.-. the length of the curve A 0=1-01828555. But when 
AX=174 ft., then r= 526-7646 ft.; a?+r=555-7646 ft.; and 
the length of the catenary curve passing through the points 
A, 0, B,= 354-36337 ft. (526-7646) x (1-5) = 790-1468 tons, the 
tension at the lowest point O in the direction of the tangent 
O F, and represented by the lengths of the three lines O C. 
(555-7646 x(l-5)=833-6469 tons, the tension at the highest 
point A, but in the direction of the tangent AT ; this tension is 
represented by the lengths of the three lines F B, and the 
line AF. The sectional area at the centre of the bridge 
=214 sq. inches, and the sectional area at A and B=230sq. 
inches ; hence a weight of only 5 tons to the square inch gives a 
power at of 1070 tons, and at A and B a power to sustain a 
tension of 1150 tons with ease. 
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CHAPTER Vm. 

PRESSURE OF WATER AND OTHER FLUIDS. 

Let L F BD, Fig. 112^ be a vessel of any form what- 
ever, filled with water, ab any portion of the surface 
F K C B in contact with the water, G the centre of 
cravity of a 6, G B the > perpendicular depth of G below 
tne surface of the water ; 

then if B G=10 ft., and the area of the sorfaoe a d=8 square feet, 
the lbs. pressure on this surface will be = 8x10x62*5= 
1875 lbs. 

1875 lbs. is the weight of a column of water whose base is 
the area a by and perpendicular height the depth of the 
centre of gravity of a 6. 

If the area o^ c € on the bottom of the vessdssS square 
feet, and QGi=14ft. the perpendicular depth of the 
centre of gravity Gi below the surface of the water ; then 
the lbs. pressure on the area c €= 

5 X 14 X 62-5=4875 lbs. 

Again, if the area of the surface A/, on the slanting face 
A L=4 square feet, P Ga=ll ft., Gr, being the centre of 
gravity of the area hf; then the pressure on this slanting 
surface will be 

4x11x62-5=2750 lbs. 
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Aa in former cases, the weight of a cabic of water is 
taken = 62^ lbs. It ma^ be further observed that the po- 
sitions or incliQations of ^e surfaces ab,ce, hf, are not 
taken into account, but merely their areas and the perpen- 
dicular distances of the centres of gravity from the hori- 
zontal surface of ^e fluid. On this simple principle rests 
t^t department of mechanics termed hydrottatict ; it is 
easUy demonstrated, as eravity acts on all the particles of 
the nnid, and each particle presses on that next below it^ 
and, further, because, from the peculiar property of the 
fluid, this pre«sure is transmitted in all directions equally. 

QuM. 68. Find the lbs. pressure on a floodgate whose 
breadth is 9 ft, and depth 7 ft. 

7 X 9=63 square feet area, 
7 
deptli of centre of gravity^— =8-4 ft. 

.-. 63 X ^ X 62i= 13781-25 lbs. 



Quet. 69. What is the pressure upon 10 ft. length of 
an embankment^ the depth of the water pressing a 
bedng 11 ft. T 

Fig. 118. 
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10 X 11 X y X 62-5=37812-& lbs. 

Qua. 70. Beqnired the relation of the pressure apon 
the four adea of a cubical vessel filled with water, and &s 
pressure on the bottom which is horizontal ? 

Pnt n=the Ungtii of the side of the cube in feet, 
n'x62'5=pre8«aTe on the base; 

nxnx— x62-5=pTeBsnreiHioiieof thesides, 

.'. 2 n* x62-6=pre8sareon the four ddes. 

Then «» X 62-5 : 2 n> x 62-5 : : 1:2, 

that is, tbe pressure on the sides is = to twice the pressnie on 

the base. lit these calcalatioiiB tbe fluid is enpposed to be at 

reat, and acted on only by gravity. 

Let A B C D be a vessel filled with water, the preasnre 
Qon any point n, in the side AD, Fig. 113, is due to the 
perpendicular depth An. If in the oase D C prodnced 
we take D F = D A, the perpendienlar depth of the water, 
then the pressure upon the point D will be due to the mbs- 
aure of a column of the fluid, whose height is = I> F. 
Draw F A, and from any point n draw m n perpendicular to 
AD; hence tnn=A n, and the pressure Qon the point 
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n wfll be doe to a column whose height is m n ; the same 
leaaoniiig applies to any other point in the side of the 
vesseL 

Let ns take an examnle and compare this method of 
viewing the subject with the one previously enunciated and 
illustrated. 

Ques. 71. What is the pressure on an embankment 
whose length is 21 ft and depth of the water AD=12 ft.f 

The whole pressure upon the side of the embankment is 
equivalent to the pressure or weight of a mass of fluid of 
the form of a wedgB, AF D, Fig. 113. 

12 
Area of the triangle A D F= 12 x - =72 square feet. 



• • 



72 X 21=1512 cubic feet content of the wedge. 
.-. 1612 X 62-5 = 94500 lbs. pressure. 

Before it was stated that the pressure in lbs. on the side 
is equal to a column of water whose base is the area of the 
surface, and perpendicular height the depth of the centre 
of gravity. 

It is evident, since the side of the embankment is a 
parallelogram, the depth of its centre of gravity 

=-2 ^^ ^'' 

area of the siir!aoe=12 x 21=252 square feet 

.*• 252 x 6 X 62*5 = 94500 lbs., the pressure before found. 

It may be earily perceived that there is a certain point 
in die side A D of^ an embankment or vessel filled with 
water, where a nngle pressure will counterbalance the 
pressure of the water against the whole side. This point is 
called 
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THE OBNTBB OF PSE88UBB. 

The eentre of preiBure must evidently lie in the line F G 
passiDg thionch the centre of ^vity, G, of the wedge of 
preseurea, of which the plane AT D is a croga section. 

Bisect FDinE, and DAinH, draw AEand FH; Qtm 
lines cat one another in the centre otgntntj 0. D P=1DA, 
that is, the centre of pressore, P, in tius case lies at ^ of D A, 
from the bottom, see page 24S. 

Que*. 72. Reqnired the preasnre on the staves of a 
cylindrical vessel filled with water, the diameter of the base 
being 10 ft. and the perpendicular height 8 ft. ? 
8'1416x 10=31-416 ft. the c 



31-416 X s- X 8 X 62-5= 



of the cylinder, 
lbs. preesnre. 



If the staves of this barrel are to be kept together b; a mngle 
hoop, that hoop sbonld be V' =^ f^- ^^ ^^ bottom. 

Quel. 73. An embankment H D, Fig. 114, resists a pi«s- 
sare of water, whose eetUre of presture is at P ; it is re- 
quired to determine by constniction the conditions of eqni- 
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librimn, supposing when the pressure is sufficient to over- 
turn the emoankment it will turn upon A, as a centre? 

Let F O C be the vertical line drawn through G, the 
centre of gavily of the embankment. Draw PL perpen- 
dicular to F C, mtersecting F C in O. Make O n= the lbs. 
pressure in the embankment, and O m=the pressure of the 
water, complete the parallelogram O mp tiy then if the 
diagonal O p or O 2> produced falls as at B inside the base, 
the embankment will stand, but if the diagonal cuts out- 
side of A, embankment will fall bv turning over upon O. 

Otherwise, since the pressure of the water P, in pounds 
multiplied by the length of A L in feet, gives the moment 
of the water tending to turn the embankment, H D, on A 
as a centre ; and the product of the weight of the embank- 
ment, H D, in pounds Dj the length of A G in feet, gives the 
momentum of the embankment that acts against the pres- 
sure of the water; consequentlv, when these moments are 
equal the embankment, A H E D, is upon the point of 
taming over the point A ; if the moment of the water be 
the greater of the two, the structure will fall, but if it be 
the ^sser of the two, it will stand. 

Ques* 74. Suppose 10 ft. to be the length of an em- 
bankment whose height, D E, from the surface of the water 
at £, is 28 ft., A D =6 ft., will the embankment stand or 
fall when a cubic foot of the material of which it is 
composed = 160 lbs. f 

Surface upon which the water pre8ses=28 x 10=280 square 
feet. 

QQ 

Pressure of the water=280 x ~ x 62*5 = 245000 lbs. 

28 

---= D P= A L=the distance of the centre of pressure P, from 

o 

the bottom A D. 

28 2 

.-. 245000 X ^ = 2286666 -^the moment of the water. 

o o 

Weight of the embankments 28 x 10 x 6 x 160=268800 lbs. 

B 
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Moment of the embaDkment=:268800x -^ ==806400. 

This stracture must f aD, since the moment of the water 
is greater than the moment of the embankment. 

Qm9. 75. What must be the height of the water in the 
last question, so that the embankment may be upon the 
point of overturning ? 

Putting X for the required height, then the moment of 
the water will be 

a?xlOx-r x62-6x-^ =:-^ x625. 

.-. % X 625=806400. 
6 

/. 07=20*59967 ft., height required. 

QuLtB. 76. Required the thickness of a rectangular em- 
bankment that supports a pressure of water rising its full 
height of 16 ft. when the structure is upon the point of turn- 
ing over; the weight of a cubic foot of the material, of 
which the embankment is composed, 128 lbs. ? 

We may take the length of the embankments 1 foot, for 
if it stands for one foot of length, it will stand for any other 
length. 

16 
1 X 16 X -«■ ^ ^^'^ =" ^^^^ ^^"> *^® pressure of the water. 

16 
8000 X ~ =th(e moment of the water, 
o 

If re be put for the thickness of the embankment, its moment 
will be 

16xa;xlxl28x ^=a:'x8xl28. 

16 
Putting 8 X 128 X a:»=8000 x 3-' 

125 

Gives a:»= 4- ; •"• a; = 6-45497 ft. 

o 
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Qua. 77. Let the cross section of the embankment, 
ABCD, Fig. 115, have the form of a trapezoid, vhere 
AE=6ft, EB=5ft, BC=15ft., and the weight of a 
cnbic foot of the inaterial= 120 lbs. ; as in former cases, 
the cnlnc foot of water is supposed to weigh 62^ lbs. ? 

Let us consider the circumstances with respect to 8 ft. 
length of embankment, and suppose the cross section, 

Vig. US. 




ABCD, to be divided into two pjirts, namely, the rectan- 
eolar part BCD£, and the tnan^arpart, A ED. It 
has been before shown that a vertical Ime, gij, passing 
through the centre of gravitr, g, of the triangular part, cuts 
the base, A I*, sapposed to be horizontal; so that AL=f 
of A E = 4 ft. Ibe Tcrdcal line, Q F, passing through the 
centre of gravity, Q, of the parallelogram, £ D C B, cuts 
the base at F ; so that 

AF=AE+iEB=85ft. 
It is sonpoaed that the pressure, P, of the water tends 
to turn the embankment over a horizontal line passing 
through A, peipesdicular to the plane of the paper. 

— ^ X 6 X 120=43200 lbs. weight of the part of which A D E 

is across section; the moment of this part wiUbe=43200x4= 
172800. 

b2 
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W«iglit of B C D E=15x 5 x 8 x 120^72000 lb>. 

Moment of thU p«rt=72000 x 85 = 612000. 
.-. 613000+172800=784800, the nioment of 8 ft. lenglli of 
cmbmnkment. 

Since the moment of the wmter will be 



15 



15 



16 X 8 X y X 62-5 X ^=281250, 
it follows that the embuikmeot will Btaud. 

Quel. 78. The breadth of a flood-jrate is 12 ft. ; tbe 
depth, AB=8ft.; the centre of the hinpe, Q, is 18 in. 
from the bottom, A; and the hinge, B, is 18 in. from the 
surface B; the pressure on Q, YVfr. 116, a required T 




Since one-half tlie preesure of the water on the gate only acia 
n the hinges Q and R, that pressure in lbs. will be= 
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8xex|xG2-5=12000ib8. 
Let P be the centre of pressare of the water, thea 

AP=| ; QU=8-S=5ft.; •' 

PR=PB-BR=| x2-li = 8Jft. 

Becanse the pressaro of the water at P ie Bnpp»rted by th« 
hiages at Q and it, then, on the principle of the lever (p. 33),' 
sappoaing B to be IJie folcnun, 

,', Putting X for the preesare oa Q, 

xxQB=PxPB,thBtis 

a!X5 = 12000x3|; 

.-. a: =9200 lbs. 

Quet. 79. If one side of an equilateral triangle, im- 
mersed in a fluid, be perpendicular to the surface of the 
fluid, flnd the relation of me pressures ou the three sides ? 

Let the side, A B, be Fi?.ii7. 

perpendicnlw to the sur^ 
face of the fluid L N, 
Fig. 117. From F and 
G, the ptnhts of bisec- 
tion, and therefore the 
centres of gravihr of A 0, 
C B, draw E F, DO, 
H Q, perpendicular to 
AB. 

It is evident that the 
perpendicular depths, M F 
=AE,AD,MG=AH; 
of the centres of gravity of the sides, A 0, A li, BO, 
are as 

1:2:3. 
Hence the pressure on the side B is equal to the sum of 
the pressures on A B, A 0. 
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Qeometriottl I^opot^on. 




If from any of the an- 
gles of s ticiande, ABC, 
aline, Ain,beazswB torn, 
the middle of opporite side, 
C B, the poiot Q is the 
centos of gfKnty of the 
triftogle if m G= ^ of m A. 
Draw B «, bisectine A C, 
join m, n, then it ts evi- 
dent that all line& aapq, 
parallel to C B are Disect«<i 
W A m; hence the centre 
01 gravity of the triangle 
must lie in A m. In tne 
r it may be shown that B h bisects all lines, 
r «, parallel to OA; therefore the centre o" 



also in B n ; consequently the point G, where A m and . 
intersect, is the centre of gravity of the triangle ABC. 
. But mn=:^ AB, and is also parallel to AB; and be- 
cause tlie tiianf^ mn G and GAB are similar, mG= 
i G A, whence m G=\ m A. 

As the knowledge of tlie position of the centre of gravity 
of a body is of much importance in almost every departr 
ment of mechanics, and to save the trouble of distinct in- 
vedagations in cases that often occur, we have thought it 
prefer to add the succeeding results : 

n. The «mtre of ffravilj/, G, of a trapezium^ A B C D, 
F^. 119. 

Let L be the centre of gravity of the triangle ADC, 
Hof ABC, Eof ABD,Pof BDOjjoinHLandEF; 
these lines cut in G, the centre of gravity of AB C D. 
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Flu:. 119. 




ILL To find tht ontrt ofgraeity, Or, of a guadr^Ueralj 
ABCD, wkm two tidea, AD, B(^ anpanUelf Fig. 120. 
a=AL=LD,andBK:=KC=6; KL = 3c. 

b+a 
Rk. lao. 




rV. To find the centre of qravity, G, of any triangidar 
pyramid, ABCD, Fig. 121.' 

PutAB = a, AC=6, AD=c, and BC=rf, BD=e, CD=/; 




OK-^Mt BCinP. *MrFilt,FA: i^BF=iorFD, 
MiHF^Itf AF,»ld»FHIIt,AE. Tfci liiiiftlii IT HP. 
CAP«»ra»a» 

.'. HC=^I>=iHD; 
£G=^A=1EJL 

VWaBC=CD=DBs 
Iks AG«=ft(^+*»+«P-#). 

Win BC=CD=D fi; Md aiw AB=AC= A D. 
Iba A 0"=^ {S^-^h 

CASK IT. 

If aO the edge> an eqnJ, A BCD beonnn » r^nlar 



V. Tojttid the centre of gramiy of a pyramid whoee base 
iionypoU^on. 

The centre of grevi^ vill be on the line drawn from the 
vertex to the centre of gravity of the tns^ and at the dis- 
tance of } of its length from th^ vertex. 
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YL The ooitres of gravity of the surface of a cylinder, 
of a cone, and of a ccmic fruBtmin, are respectively the 
centres of grsv3j of Ae pacaBdloi^nuii, triangle, and 
trapezoid, iraidi aie yertical sectiiMis of the respective 
sohds. 

VJl. The centie of eravity of the sorf ace of a spherical 
segment is at the nud^ of its versed sine, or height. 

VIIL In die ocme^ as vrell as in the pyramid, the dis- 
tance of the. centie of gravity from the vertex is } of the 
axis. 

IX. In a conical fmstnun, the distance of the centre of 
gravity, measured on the axis from the centre of the less 
end 

_ h 8R«+2R r+f* 

4 R«+Rr+r»' 

A = the height ; R, r, the radii of the greater and lesser ends. 

X. The last theorem will apply for the f rostrum of any 
regular pyramid, taking B ana r for the sides of the two 
ends. 

XL In a paraboloid, the distance of the centre of gravity 
from the vertex=| of the axis. 

Xn. In the f rustrum of a paraboloid, the distance of the 
centre of gravity from the centre of the lesser end, along 
the axis 

_h 2R«+r« , 

3 R«+r« • 

k deletes the hdght, B and r the radii of the greater and 
lesser ends. 

Xm. To find ike centre of gravityj G, of a circular arc 
MAm,Fig. 122. 

From the middle point of the arc A, draw A O to O, the 
centre of the circle; put a:=AP, y=MP=Pfn, radius 
A 0=r ; the length of the half-arc, or M A=r=Am. 
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Fig. 133. 




XIV. When the arc is a semidrcle, then y= 1 ; and 
£=ifl.= 1-57079, 

•'^!=r5Tor9=-«3««2; and then 

OG=-63G62r. 

XV. To find the centre of gnmty, G, of a circular seg- 
ment, M A m, Fig. 123. 
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XVL Whmth* circular tegmentbeoomee a eemicinU. 

V _ r* _ r 

" "-3 qnadruU, ailiM r'°»«i«l»*i'~2-358194 ~ 
-4M4Ir. 

XVII. In s cnriKMCUr, OB AC, Fig. 124, the dis- 
tance from the ocatae af tbe drele tu the centre of gra- 
vity, or 00,=^i in whidl r=OA.; «=BOi i.=the 
length of the arc £ AC. 

Fis, 124. 




XVni. To find the centre of gravity of a common pa- 
rahoU, Fig. 1S4. 



To find the centre of cravity, a, of the senuparabola, 
CAD, Fig. 125, tie 

G»=tCD. 

XIX. Tojmd ti^ centre 0/ gromt;/, Of 0/ the teclor of a 
■pAtrt, O D A B, Fig. lili. 




Let A C=:x, D=r, then 

When x=r, the sector becomes » hemiqihere, tlten 
Aa=|r. 
XX. To find the eaUre of gravity, Ot, of ^ 
tpkeroid. 

FIff. 128. 




Let A be the rertex of tlie fizod «zifl a, pnttiitg e ( 
lengtii of tbe lerolnng uds, then 
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When the segment becomes a bemiapheroid, thm x=-a '^'^ 
- _■ j ;=gT, for the distance of the centre of gravity from 
the vertex, .*. | z is its distance from the centre of the base. 

If c=a, the spheroid becomes a sphere, and, as the theorem is 
independent of c, it is alike applicable to both solids and their 
corresponding segments. 

XXI. Tojind Hit ee»tr« of gravity of a kj/perboloid. 

Patting g = the distanoe of the centre of gravity G, from the 

Tertex A, and taking 8^=^ (ax+x') ; 

ia+Sx 

XXn. The position of the centre of gravity G, of any 
irr^nlar body, ABC, may be determined when balanced 
in the manner represented in Fig, 127, and applying tlie 
propcnlioii, 




3R. 

jwall, ACB, 
ip A ; the stay 
Bure, P, of the 
when the em- 
ver. Suppose 
cubic foot of 
Med 120 lbs.; 

but any other 
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WagU of vail 8 X 3 X 15 X 120=43200 lbs. 
Hotnent of tlie nft]I=432O0 x{=64800. 
Let bdh6 perpendicnlu to a c ; 

.-. 5d=^J^i=|V2=3■5355. 

Pnt X for the tlimst on the Btavs, a e, that prop 8 ft. 
length <rf wall ; the moment of this thrust will be 
«X 3-5355. 
Moment of the pressure of the water will be 

15x8x^x62-5x^=281250. 

.-. arx 3-5355+64800=281250 
.-. a!=612221bB. 



Qneg. 81. Required the 
moduliu of stabAity of the 
stone Btructnie, A D H O, 
Fic.l29.AD=3ft.;OH 
=0 ft. ; B R. drawn from 
the middle of AD to the 
middle of O H = 18 ft.; 
the he^ht of the water, 
HD=r7-4fLj weight of 
a cubic foot of the mate- 
rial of which the wall ia 
compo»d=2001b8.r 

It is onlv necessary to in- 
vestigate the action of the 
forces on a length of one 
foot. A D H O is a cross 
sectcff of the walL 




BG=iBR0R±AD^gi+3 84 

* 0B+AB 4 + 14 11 

G being the centre of gr&yit; of ihe w&U. 
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RT=:4-1J=} 

RB : RT :: RO : R8=lA- 

/. 8 0=5A. 

B'PrsB R« — RT*, that is, BT is eqnal to the square root of 
18i-(|)«=J V 1271=17-82554. 

Pressure of the wall, acting in the line Q 8, through the centre 
of gravity 0= 

^i^x 1 X 17-82554 x 200=19608-094 lbs. 

The centre of pressure of the water is at P, and HP= 

lIi=5-8ft. = CS. 
3 

17-4 
Pressure of the waters 17-4 x 1 x -^ x 65-2=9211-25 lbs. 

••• 19608-094 : 5-8 :: 9211-25 : 2-724652=0 w= 8 «. 

In the- parallelogram GSnm, if the line CS=5'89 
represents the pressure of the action in a vertical line 
passing through its centre of jgravity ; C 9n=2'724652 re- 
presents the whole pressure otthe water acting on P, its 
centre of pressure. 

The ratio of S O to Sn is termed the modulus of sta- 
bility, which, in a good structure, should not be much less 
than \. In the present case, 

8n 2-724652 ^„^^ ^. ^ . ^ ^^ 

jTqs — Fj — ='5384, which is greater than -5, 

Hence the structure is secure. 

A square, AB G D, Fig. 130, is immmrsed v^ticallj in 
a fluid, the side AB comciding with the surface; if the 
diagonal, BD, be drawn, compare the* pressure cm the 
triMiglesABD.BDC. 

Bisect AB, DO, in E and F; jom DE, BF; take 
EG=^ED, andFflr=iBF; G and gr are the centres of 
gravity of the trisingles A B D, B D C. 
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D E is eqaal and parallel to B F, 
Bg=2gF=2EG; 
:. the perpendicnlar njy=twice the length of theperpen- 
dicnlar On. 

.*. The pressure on the triangle B G D is doable the pressare 
on the triangle A B D. The same ia true in the case of a rec- 
tangle, and the proportions remain the same whatever be the in- 
clinations of the immersed planes, provided only that A B coin- 
cides with the surface of the flnid ; for the perpendicnlar depths 
of the centres of gravity will be altered in the same ratio. 
Fi|t. 130. 




Given a rectangakr parallelogram immersed vertically 
in water, with one side A B, Fig. 131, coincident with the 
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•nrfacfl ; it is reqoiied to draw from one of the aDgles, B, 
to the base a xtrai^t line, B E, so that the pressores on the 
parts A D E B, £ B C, may be in the given ratio of 
m to n 

It is evident that the pressure on the whole parallelogram 
is to the pressure on the triangle, so is m+n to n. 
PatAB=a; A D=B C=6, and E G=«; 



•■ - 2 «+«"■ 
To rompare the presmires on the rectangles A C, C F, 
Fig. 132, immened vertically in water, AB coinciding mth 
the surface of the water. 

Fig. iss. 




The preBBora tm A B C D : that ob A B G F 
:: ADxiAD : AFxiAB 
:: AD' : AP; 
.-. The presHure A B G D : the preBenm cm D E F : : 
AD' : AP-AD» 

Pnt A F=b and D A=x, thea D V=b—x. 
When the pieseore on A C is eqoal to the prewnre on C F, 
then 

'A 

Or 1 -. ^/2 : ; * ; J. 
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If the pressHTO onABCDistobetothe pressure on 
DOEF, 5to7, 



.•. 7i'=5i"-5»" 



-^ 



Let AODF, F%. 133, be 
a rectaDgular paralle^gram im- 
mersed in water, the side A C 
coinciding with the surface, 
AB=a; AF=i. FBD is 
the inscribed parabola; find 
the ratio of the pressure on the 
parallelogram and the pressure 
on the parabola. 



V O be (he centre of gmit; of A G D F, then 



Fig. 


33. 




^5B^9^HI 




r 


■ 









B 0=7; *i»l t^e pr«BaiiTe= 



X62i=' 



.«* ^, 



Hie area of the paniboUsf of the paraHelogram ; 
B g=^ 6, if f be tJie centre of gravity of the parabola ; 

/. ^.^x^x62i=^x62t=the preeBore on the p»- 
8 5 o 

rabola 

/. 5 : 4, is the ratio 
of the preeanre on the parallelogram to the prMsure on tiie 
parabola. 

Show that if a hollow sphere be filled with a flnid, whose 
specific gravity is i, that the whole preasiire agwnst the 



S60 FBACTIOAL MZOHANICS. 

internal Biuface is three times the wnght of the contained 
flniiL 

Let r=tlie ndins ; then ivi*x internal snr&ce, 
V as nsaal= 3-14159265. 
.-. the |>rea8nTe=4«-r'xrX«=4«-r'«; 
Hie solid content of the sphere = |« r*, snd its wdght 

.4»f*» : ^wi>i :: 1 : | ot 8 : 1. 

Jjet Ot be the centre of gravity of a trapezoid A B G 0, 
Fig. 134, A B=a, and pMallel to O C=b ; B C=c, and per- 
pendicular to both AB and O C. The str^ht line O Y 
IB drawn perpendicnlar to O C X, it is required to find 
general expressions for the perpemucolar co-ordinates x= 
inG=On, and Y=nG=Om. 




Let p be the centre of gnTity of the rectangle A B G D, 

H f be the centre of gravity of the triangle A D, then the 
co-orduuttes of 1 will be, t B=^ A 1}=^ B C= ^. 
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Area of A B COxan=Area of ABODxpQ+arra of 
A D X t R ; that is 



y=|(l+jjj)- See pp. 37, 38, ! 

Gxam=Areaof A BCD 

lat is 

2 h-a , c (b-a) 2(6— g) 



AguD the area AB Gxam=Areaof A B G DxOQ+ 
Areaof A DxRO: tiiatis 






«l 



8 3(a+J) 



Se« pp. 87, 38. 



Que«. 82. Given in 
ABC O, Fig. 135, which 
represents the crras sec- 
tion of an embankment 
made of brickwork, a 
cnbic foot of which 
weighs 112 lbs.; AB= 
ft., parallel to = 2 ft.; 
fina the heiKht,B 0, which 
is perpendicular to both 
A B and O C, when the 
embankment is upon the point of overturning upon the 
edge at O by the preBsnre of the water which standi at the 
bran, B? 

Fat ti=B C, the raqtiired height, then tite preBsnre of the 
water on I ft. length of embankment^ 
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Homent of the water= — x 62*5 x -^ = ~ x 6S-5. 

If G be the centre of gravity of the trapezoid A B C 0, 
then by the last proposition, 

PreBBure of a length of one foot of the embankment= 
— -— tixll2=168vlbe.; moment of embaukment= 



= " x62-5=168«x^; 

.-. I- X v/lS^Tia =4-43982!. 
Weight of embankmeDt= 168 1>=715-89 lbs. 

Ques. 83. Let the embankment A B C O, Fig. 136, be 
the same as in the previous qneetion ; now if the embank- 
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ment be raised until H L=3 ft., what must be the perpen- 
dicular depth B L, so that when the part A B O be upon 
the point of overturning at O, at the same time the whole 
embankment, A B L uj will be upon the point of turning 
over the edge through H 1 

E L=D C=2-— =- 

9 9 

/. HE=3.Z=H? 

9 9 

/. the moment of A B C round the point H, will be 
20 
746-89 X -x-. If ^ be the centre of gravity of O C L H, then 

_ _ 2 o 4 26 

H ■F=-- X 3 — =— ; putting z for B L, the moment 

o oyZ-rOj 15 

of the part C L H round H as a fulcrum wOl be 

^-(^-f,)(112)x-. 

Hie moment of the water acting in opposition will be 

^xlx ^x62-6x-| =- X62-6 
2 o b 

:. ^ (62-6)=?i^ (^-4-43982) (112) ?|-f 745-89 x HJ. 
D jj lo y 

.-. ^»-46-692r= -47-73689344; (0). 

/. x=6 \ 0,4,0/51'9'9'5= 6-24037812. 

By dual arithmetic in any cubic equation the value of the un- 
known quantity, as z^ may be found in a few minutes under an 
endless variety of forms, but all reducible to one or other of the 
roots; in the present case z may be found under the form ^= 

6 \ 0,3,9,4,3,4,8,6, which is also= 6-24037812 

z may be found under the form 5 \ 2,3,1,1,3,2,0,1,= 
6-24037812, 

When we assume z of the form n { U| u^ % . . . . a convenient- 
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Talne for n is readily found by supposing A B H L a trapezmd, 
then B L must be greater tiian 6, hence n was put=6; but 
we might assume n = 4, 5, 6, or 7, and yet determine 

-r = 6-24087812. 

The height and dimensions of any number of trapezoids 
forming an embankment like A L H, of equable strength, 
can be found in a similar way. A B, O C, H L, &c., may 
be given any common difference. The labour and difficulty 
experienced, before dual arithmetic was invented, in finding 
the roots of equations higher than a quadratic prevented 
writers on practical mathematics from introducing pro- 
blems involving cubic or higher equations. The student 
should pay particular attention to these remarks. 

In solving equation (jS) we put it under the form 

t 

Because, in the dual calcolns, z^ and — become known at one 

z 

and the same time. This arrangement being made, it is soon 
found that z=6 | 0,4,0/5 'uj^'uiu^'u^. 



REVETMENT WALLS. 



If dry or wet clay, mixed earth, shingle, gravel, pe&t, 
&C., be excavated, and placed unprotected by a wall, or 
other support, the face, O A, in a perpendicular position, 
O P, Fig. 137, horizontal, during the wet and winter 
season, a portion of the embankment, A O Q, will slide 
away, and ultimately assume a permanent slope, as O Q; 
then O Q is termed the natural slope. The weight and 
natural slopes of different kinds of earths are given m most 
engineering pocket-books ; but the natural slope of earth in 
engineering works should, if possible, be found in each 
particular undertaking. The thrust of earth upon a revet- 
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ment wall ia given by a portion, K O G, of the wedge 
B O Q ; the line O C is termed the Une of rapture. Coa- 
lomb found that the ansle, HOC, which the line of mptnre 
makes with the Tertical, is one-htJf the angle K O Q, which 
the line of natural slope, O Q, makes with the vertical, 
OA. 



ng. 137. 




lo find the pretsure of earth when it U level toUh the top of 
the revetment wall. 



Rule. MolUplv the weight of a cubic foot of the earth 
by the square ot the tangent of the angle ROC (equal 
half B O Q), the product is to be taken as the weight of a 
cubic foot of a fluid pressing like water. It may aid the 
memory to observe, that the product above mentioned takes 
the place of the 62*5 lbs., the weight assumed for a cubic 
foot of water. 



Ques. 84. A revetment wall, 36 ft. high and 8 ft thick ; 
any unit of length may be taken for convenience, we select 
a foot ; this wall has to support the pressure of a mixed 
earth, the natural slope of which was found to be 34 de^^es, 
and the weight of a cubic foot=: 112 lbs. ; the wall is Duilt 
of sandstone, a cubic foot of which weighs 144 lbs. ; will it 
stand or fall ? 
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i of 84^=17*' ; tangent of 17^= -3067807, tak«i from a table 
of nataral tangents. *d057 will be near enough for onr present 
porpose. 

'8057 sqoareds: '09345249, of which we take *09345, also near 
enongh for onr present purpose. 

-09345 X 112=10-4664 lbs., the weight of a cubic foot of the 
supposed fluid, acting at the back of the wall like water. 

36 
36 X 1 X — X 10*4664=Ibs. pvewme of the ^Barth. 

M 

Moment of the earUi=:86 x 18 x 10*4664 x 7^81886-7264. 

g 

Moment of the reyetment=86 x 8 x 1 x 144 x fii=:82944. 




Hence, the wall will stand, but it is not Teej secure, for 
82944 is not much greater than 81886*7264. 

Qtie8. 85. When the wall is of brickwoik, 16 ft. high, 
supporting damp clay, whose natural slope is 45^ ; find tne 
thickness of the wall when it is no more than sufficiently 
strong to resist the pressure of the clay? 

Natural tangent of 22^ 30'='41421d6. 

'4142 squared, -1716; a cubic foot of brickwork=1121bs.; 
damp clay weighs 120 lbs. ; -1716 x 120=20-592. 

16 16 

.-. 16 X 1 x ^ X 20-592 x -^ =14057*472, the moment of the 

clay. Putting x for the thickness of the wall, we have the mo- 
ment of the wall equal 

16 xlxxx 112x^=8960^, which must be equal to 
14057*472, when the wall is upon the point of oyertuming. 



^ 114057*427 « ^^^^^ 
^=N|— 89^ =3*96095. 

The required thickness of the wall=4 ft., nearly. 
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Qi«8.86. Let OA=9-6ft., 0C=4ft., the weight of 
& cubic foot of the brickwork in A C=112 Ibs^ the water 
is up to H, the embankment is supported by a bank of 
earth, O D, the natural slope of which is 45°, O D=5 ft., 
E D is level ; will the embankment stand or fall, EDO 
being composed of gravel and shingle, a cubic foot of which 
weired 96 lbs. T 

Fig. 1S8. 




In making trial calculations, when a wall is supported by 
earth, aa in Fig. 138, the weight of the equivalent fluid 
may be taken =6 times the weight of the earth. On this 
supposition the earth, EDO, may be considered a fluid, a 
cubic foot of which = 96x6=5761bs. 
4 
Then, 9-6 X 1 x 4 X 112 X5=8601-6, moment of the wall ; 

As osoal, one foot ia taken for the len^h. 

5 5 

5xIXaX576Xo=12000, moment of the earth. 

9-6xlx-5- x62-5x —=9216, moment of the water. 
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8moe8601*6+12(X)Oig greater than 9216, the wan, OGAB, 
will stand. 

Qmi. 67. A revetment wall, A C, Fkr. 138« is 30ft 
highssBC; O0=6ft On one side, GB^ earth of mean 
quality, 45^ natural slope, is sustained levd with the top, 
and on the otl^r side. A O, the earth has a natural slopeu 
FD, andrisesto theheidit 0D=5ft.; will the wall stand 
or fall, suraosing that 3ie weight of a cubic foot of the 
earth to be 1S01&, and that of the wall 1301bs.T 

When a wall remsts the pressure of earth with a natural 
alope at the tx^ rejureaentea by the line B G, Fig. 138, the 
wei^t of the equivalent flmd is roughly taken=^ the 
wei^t of the earth ; but when the earth with a natural 
akqpe, DF, resists the pressure of the revetment, A O, and 
water or earth presmng on B C, then the weight of the 
equivalent fluid is ron^y estimated at ^ the weight of the 
eaitii,FDO. 

In this case, the m<Mnent of the earth, which rises to the 
level of the wall, is opposed by the sum of the moments of 
the wall, and the earth on the other side having a natural 
abpe. 

Weight of the wall 

=30 X 1 X 6 X 130=23400 lbs. 

Homoit of the wall 

=23400 X 1=70200; 

Woght of a cubic foot of the equivalent fluid, with respect to 
the sloping earth 

=120x^=60 lbs. 

Pressure of this earth 

=5 X 1 X 60 X 1=750 lbs. 

Moment=750 x ^=1250 ; 
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Total moments sustaining the wall 

=70200+1260=71450. 
Moment of the level earth 

OA QA 

= 80 X 1 X ^ X 120 X -1716 X -=92664 ; 

Since the latter moment is greater than the sum of two the 
former, it may be concluded that the structure will fall. 

Bef erring to Fig. 137, page 265, and putting tf for the 
angle B O Q, then because tan* -g = ..,. , and may be 

employed when a table of natural tangents is not conve- 
nient. 

The amount of pressure of a bank of earth, supposed to 
act in plane parallel layers against a vertical plane a foot 
in breadth= 

— I — ^ I, h being the height. 

2 Vl+costf^' ® ^ 

When the bank is composed of layers each sloping pa- 
rallel to the natural slope, then the amount of pressure of 

the bank= 

h^ sin ^ 

~2 

But if the earth is made up of layers sloping from the 
vertical, OB, at an angle, K0B=^, greater than the 
natural slope, B O Q= ^, the pressure of the earth= 

h* . sin 0— Vein* 0— sin* tf 
_ sm ^ — z======. 

2 sin^+Vsin*^— sin*^ 



MEASUBEliENT OF HEIGHTS BY OBSEBYATIONS OF THE 
BABOMETEB AND THEBMOBiETEB. 

Much of what has been said respecting the pressure of 
water applies to all fluids, both liquids and gases ; air and 
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Other elastic fluids have some properties peculiar to themr 
selves ; however, the nature and properties of both atmo- 
spheric sir and mercury have been carefully ascertained, 
oo far, the determination of the heights of mountains by 
the barometer presents no difficulty ; but to solve the ulti- 
mate equation defied the skill of mathematicians, and the 
formulflB presented by writers on mechanics to effect this 
object onnr gave i^proximate results. This ultimate equa- 
tion, which may be presented under the form (I.), can be 
solved with the greatest ease by dual arithmetic 

„M1±^)(. +!)>,,. [5 (. + £)•], (1, 

In this equation all the quantities except tiie required height 
z are known. The logs, are hyperbolic, and (L) may be put 
under the form 

In this last equation put a?= \— ^1 + -^ 5 B= — — ; 

is, log. ass A. These substitutions being made, (I.) becomes 

ar = A + Ba? log. ic» ; (II.) 

€ 

e=2-71828183, and | ' e=10». 

(n.) may be written g* = ax^^ . taking the a?th root of 

both sides, 

1 

e = a' a^ . Put n'" =6, then 

3b 1 



and put \-— = A ; and suppose A= hyperbolic log. of a, that 



n 

= a* 



X 



-iB ^ I 




y'=l 0-1,0' 
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W \ cF f ' 

X 

This last equation, by putting y for T-V) becomes 

yl.Hl.(^/ (in-) 

A general solution of exponential equations of this form 
is given in " Dual Arithmetic a New Art," Part 11., pp. 91 
to 101. 

In measuring heights by the barometer it is necessary to 
know, to the greatest nicety, the ratio of the density of 
mercury to that of air. The accurate and indefatigable 
M. Begnault found, at Paiis, that a litre of air at 0° cen- 
tigrade, under a pressure of 760 millimetres, weighed 
1*293187 grammes; and at the level of the sea, in latitude 
45% it weighed 1*292697 grammes. He also found that a 
litre of mercury, at the temperature of 0° cent., weighed 
13595*93 grammes. A litre of water, at its maximum 
density, weighs 1000 grammes ; therefore the ratio of the 
density of mercury to that of air, in latitude 45°, will be= 

^^^^^'^^ = 10517-49. 
1-292697 

At Paris, a litre of atmospheric air weighs 1*293187 
grammes, but this number is only correct for the locality in 
which the experiments were made — ^that is, the latitude of 
48° 50* 14", and a height of 60 mitres above the level of 
the sea. Taking 1*292697 grammes for the weijght of a litre 
of air under the parallel of 45° latitude, ana at the same 
distance from the centre of the earth as that at which the 
experiments were tried, to be 1*292697 grammes, then, 

imtting w for the weight of the litre of an*, in any other 
atituoe, an/ other distance from the centre of the earth. 
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^_ 1'292697 (1-00001885) (1 --002837) cos X ,jy. 

l+S 

n 

n= 6366198 mitres, the mean radius of the earth, q the 
height of the place of observation above the mean radius, 
and X the latitude of the place. In applying formula (IV.) 
to a particular example, the author found that at Philadel- 
phia, U.S., lat. 39° 56' 51"-5 N., the weight of a litre of 
air was 1*2914392 grammes ; the ratio of the density of 
mercury to that of au* at the level of the sea was 10527*735 ; 
and n= 6367653 mitres at Philadelphia. 

Begnault also found, by experiments, that 1*36706 repre- 
sents the volume of air at 100° centigrade thermom., the 
▼olume at 0° being supposed = 1. Before the time of 
Begnanlt. these ana many other constants were greatly in 
error. Experiments show that air, under the same pressure, 
expands uniformly for equal increments of temperature ; 
that the expansion due to the same increase of temperature 
is not the same for all gases, as many scientific men have 
supposed. However, in air the expansion for a unit of 
bulK is *36706, according to Regnault,.from the freezing 
to the boiling points ; and therefore the expansion for each 
degree of FSirenheit is ^ of *36706. 

Let assthe expansion of air for each degree of the thermo- 
meter, ib = the ratio of the elasticity of air to its density at the 
temperature of melting ice ; then the bulk at the temperature x 
will be increased, and therefore the density diminished in the 
ratio of 1 -h a a? to 1 ; conseqaently k {1 + a a7)=the ratio of the 
elasticity to the density at the temperature a. 

p =:the elasticity, ) at the surface of 

g =the force of gravity, ) the earth. 
For the air let^ P=the elasticity, v ^^ ^j,^ ^^^^^^ ^ 

D=the density at temp, x, )■ ^^^^ ^^ ^^^ 
G=the force of gravity, / 

p 

Then = =ifc(l-|-ax), and .*. P=D A: (1-f aa:). 

Then, for what is conventionally termed the differential of P, 
in the notation of the differential calculus, put d P ; 
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Then, P— dP=the pressure at the altitude (zi-dz^ 

P=:the pressure at the altitude z. 

♦ - T^^j 'Dgr^dz 

.^ -dP=the difference of pressure8=DGar= " 

r being put for the radius of the earth where the observation is 

made. ^ 

dP_ gr^ /• dz \ 

•'• "■ P k(l + aa!)\(r+zf^ 
:. Inteigration gives log. P = ^f^j(;q:^)+C, 

consequently, log. p= ;fc (iVaa:) (7=7T:^) 

^k (l^axyKr-^zJ^k {l + ax)\r+zJ ' ^^v 

From experiment it also appears that mercury contracts uni- 
formly as its temperature decreases. 

1 J S"5^'^^* of barometer, 1^^ ^^ ^^^ 
For mercury let-J M=density of mercury, > ^^ ^^ ^^. 

^T =temperature of mercury J ' 

and Hx, M^, T^ the same quantities respectively at the altitude 
z ; and - = the condensation of mercury for one degree of the 
thermometer; 

But^=^nM; and 

P=GH,M.=(-j^(H,)m(i+^) 

H 

putting h for 0+— i±i^H, and equating tike hyperbolic loga- 
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rithm of the last Talne of ^ with the ralue before found (Y.), 
wehaTo ' 

The temperature x has been supposed to remain the 
same throughout the whole column z^ whereas it always 
decreases as we ascend from the surface of the earth ; but, 
being ignorant of the law of this change, a mean value (r) 
between the values at the two stations is taken and consi- 
dered constant ; the mean r being substituted for « in the last 
equation, (I.) is established. 

In a discussion on General Anstruther^s paper respecting 
the fli^t of projectiles, reported in the ^Journal of the 
Boyal United Service Institution,'' vol. ix., the author of 
the present work made some observations upon the value 
of the force of gravity and the constant o, the resistance of 
fluids to bodies moving in them, and on uat due to friction 
when the moving bod^ described an irregular path ; those 
remarks and observations are introduced in this place for 
the student's most careful consideration. On the occasion 
referred to the author observed : When great minds con- 
spire to perpetuate a fallacy, it has always been a difficult 
matter to clear that fallacy away. I mow of no subject 
capable of bein^ submitted to mathematical investigation 
that has received a greater amount of fallacious treatment, 
and that, too, by great minds, than the motion of piojectfles. 
Initial velocities have been little more than guessed at, the 
resistance of the air overrated, and the force of gravity mis- 
stated. The system introduced by General Anstruther, 
which is practical and easily applied, must give correct 
results within the range of his experiments, without offer- 
ing any special theory about initial velocities, the resistance 
of the air, or the force of gravity ; indeed, in his system 
are collected all those elements. Let us examine the 
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dieories put forward -with respect to the resistance of the 
atmosphere to the motion of a ball passing through it. 
The resistance of a fluid to the motion of a bodv is said to 
vaiy as the square of the velocity ; the hypomesie upon 
which this law rests may be thus considered : the fluid ditK 
placed must have the same motion given to it aa that of 
the moving body ; hence, on this supposition, the units of 
work destroved by the fluid will be equal to the accumu- 
lated work m the fluid. 

For example, let the ^^^J^'IH' 

cross section of the body , ' 

perpendicular to the di- 
rection in which the 
body moves = 3 square 
feeL the wemht of a 
cubic foot of the fluid = 
62 lbs., and the velocity of the body 7 feet a second. 

The weight of the fluid moved at a velodty of 7 feet a 
Becond=7x3x621bs. 

The units of work expended in the displacement will be 
y'x7x3x6a 

in which g is put =32|, 324, 32, &c^ and is said to vary 
inverselv as the square of Uie distance from the caitre of 
theearui. 
Then the body in moving throngh 7 feet destroys 

_ 7>x3x6a ■. , V 

7 X 22 , umts 01 worlc. 

If T be the rerastance of the fluid in pounds, the units of 
woA destroyed will also be represented by T X 7 ; 

Hence it is concluded that the resistance increases with the 
square of the veloci^, as well as with the area of the cross 
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section of the body presented to the flnid. It is eas3y per- 
ceived, especially with high velocities, tiiat tiiis law is not 
stricdy tme, ana very far from the trath when the motion 
takes place in air. It has been found, from experiments 
on rauwavs, that the recdstance of the atmosphere to the 
motion ot tlie train depends chiefly on the length of the 
train, and not upon the fronta^ of the caiiiaces. The re- 
sistance resembles more that of friction than me moving of 
a long parallelepiped of the fluid in which the body moves. 

Twng this latter view of the motion of a ball through 
the atmosphere from one given point to another, the umts 
of work will always be the same, whatever may be the form 
of the curve described. 

Let W, Fig. 140, be a body moved tiirough the air, then, 
by the resolution of pressures, the pressure of W, perpen- 
dicular to the tangent= W cos a ; 

/. The resistance of friction=/W cos a, 

putting f for th^ coefficient of the friction of the air 
on the ball. Hence the total work on the plane a fizz 
jr/Wcosa+Wy; but 2rcosa=ic; 

.'. The work on each plane =/Wa?+Wy, 

this expression being independent of the inclination of the 
plane. It points out the work employed to move the body 
over the horizontal distance ay, added to the work due to 
the gravity in elevating the body the vertical space /3y. 
Since a curve may be supposed made up of an infinite 
number of straight lines, therefore the work upon the whole 
curve will be equal to the work done upon tne horizontal 
projection AB, added to the work done in opposition to 
gravity in raising the body from B to C, no matter what 
form be given to the curve AW W W C. This demonstra- 
tion shows that the way in which Genersil Anstruther has 
treated the resistance of the air to be the most rational yet 
proposed. In the next place, let us examine the manner in 
which the value of gr, representing the force of gravity, has 
been estimated. 
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Let r=CM=radiii8, Fig. 141; v=tlie uniform velocity 
of M on the curve; i=:the time employed in moving from 
M to m, or in falling from M to ^. If / be conadered 
constant during a short apace of time, 




Hm=Mp. 



u M = T t=iiniform velocit]' x time. 
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tin. sappose the time so short that the arc is equalto 
the chord, or aro mMschord m IL 
Then MpkllA*(chord Miii)«=(tic Umf^iri^; 

hot, Mp=4- and M As:2r, 

••• /=?; (A). 

If T bo the time of an entire reyolation, then 

Tv=2«T :. ▼■=-p- 

- _ 4flr*r ,_.- 
and/= fp-; (B). 

Let another body, E, Fig. 141 .describe the drcumference 
of a circle, E P Q, in the time Ti ; and let F represent the 
accelerating force of gravity at E. Put. R=E C, then, 

from (B) 

4fli*R 



F= 



Ti« 



• • 



r R 
/ : F : : ysi . -^, (C). 



Now the third law established by the experiments of 
John Kepler shows that the squares of the times are as the 
cubes of the distances from the centre, G ; heince if we put 
r» for T, and »• for Ti«, then bec(Mne»: 

and thus it is shown, by the experiments of Kepler, that 
the force of gravity varies inversely as the squares of the 
distances. Sir Isaac Newton had little to discover in this 
matter when KepIer^s laws are admitted. The experiments 
at General Anstruther^s conmiand are as accurate as those 
upon which the law indicated by (D) is founded. The in- 
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fluence of ^yity on the motion of the moon round the 
earth, or o Ahe earth round the sun, is then compared with 
the falling of a heavy body near the earth's sinrf ace, and 
near the earth's surface /is represented by g^ which is said 
to be found by experiments. Astronomers apply a variety 
of corrections to uphold (D), and the cooked-up value they 
have given to a. When g is trimmed up to suit the motions 
of the heavenly bodies, it is out of gear to apply it to the 
falling of heavy bodies in air near the earth's surface. In 
changmg the value of ^, General Anstruther is right, for 
his system corrects the constant quantities, and secures 
correct results within the range of his limiting experi- 
ments. 

To find whether the resistance of the. air or any other 
fluid medium is proportional to the square of the velocity 
(Y) or not, and also to find whether the value usually 
given to {g\ the force of gravity near the surface of the 
earth is under or over estimated, 

Oenerallyy is pat=dl|, d2|, 32, &c. 

Let v^ multiplied by some constant coefficient express 
the retarding force ; and to simplify the investigation put 
this coefficient under the form n'g. 

Then the retarding force will be expressed by 

g—gnH^ ; (I.). 

In this investigation a is put for the space passed over in 
the time U 

In general terms, if F be any accelerating force, U the 
velocity, S the space, and T the time, the relations between 
these quantities are found from the two equations 

_^ as , „ dU ,__^ 

U=-^andP=^; (H.). 
When T is eliminated from these equations, then 

UdU=FdS; (in.). 
Again eliminate U, then we have 

FdT=g; (IV.). 
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Then bom (L) sobstitute g (l-n'v*) for F in (SL\ then, 

Prom(IIL),gda=_^; (YL). 

1— nV 

When the equations (V.) and (VI.) are integrated and 
corrected, on tne supposition that wnen t^o; 0=0 and 
«=o ; the resulting equations will be 

ff^^ and 8= — lofiT. . 

Eliminate v and eqnation (Vll.) is obtained 

The reduction may be effected as follows : 

if*"*' 
l-nV=: 



TK 1 (*»'^+l)* /lV/'*^+K« 

""I2 €»«* j 

(Vn.) may be put under the form 

2c'^'=c«»'+i, (Vm.). 

Now from (Vlll.) the values of n and g may be found 
by (toppmg cannouHshot from a balloon, at different known 
heights, the time occupied in falling being measured. Two 
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different ralues of 8 and two corresponding values of t being 
thus determined, (Vlll.^ presents two independent eauar 
tions, from which n ana g may be eliminate by the aual 
method of solving equations. I have but little doubt that 
the liberty taken by the General to change the reputed 
force of gravity near the surface of the earth, to meet the 
practicalSeSly, will be warranted when tie value of p 
and the resistance of the atmosphere are independentlv and 
accurately determined. The force of gravity is pulled in 
all directions by astronomers, to make it fit the motions of the 
heavenly bodies ; yet, after all the corrections and allow- 
ances are made, the moon and asteroids will not obey. 
The practical results given by the system of General 
'Anstruther also show that it is right to change the initial 
velocities previously conjectured, for it is easily demon- 
strated that the initial velocities given, both by the ballistic 
pendulum and the pendulum of Navez, are erroneous. 
These instruments may be employed to indicate any con- 
jectured initial velocity, for the time incorporated m the 
osculation is made to depend on a body very much re- 
strained, falling in air a few inches. To say the least of 
the process, it is very ridiculous ; the results may be cor- 
rected until the time anticipated is obtained. The value of 
^ in or out of air is unknown, and yet it is made to tell all 
about the pendulum, and in return the pendulum is made 
to tell all about g. The General points out the errors of 
other systems in bold relief, and arrives at practical results 
within the range of his guiding experiments, without 
assuming initial velocity, a particular value for ^, or in- 
cluding any wild theory about the wonderful resistance of 
the atoospliere to cover shortcomings. 

With respect to the force of gravity^ and G, g, jf, see 
pp. 37, 38, 93, 97, 134. The weight of a body is in a 
ratio compounded of its mass and uie intensity of gravity 
in the place where it is situated, see p. 134. Hence, if we 
denote this weis^ht by W. the mass by M, and the measure 
ofirm^^by/welive' 

W=zgU. 

This quantity ^, which is independent of the particular 
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nature of the bochr, is in this poshiony the wei^t of what 
has been arbitrarily assumed to represent the nmt of mass. 
We may also wnte^ 

W=i«;V, 

w denotii^ the weid^t of the bod^ which represents the 
nnit of Tonune, and Y its volmne. The weidit, Wy is what is 
termed the specific jgravity of the body that is considered, a 
denomination which is evidently improper, for gravity is 
common to all bodies of different species, and therefore 
there ought to be substituted for it the denomination 
apeeifie weight, 

Fmally, if D represents the mcas^ under the unit of vo^ 
liune of the body which is considered, D will be what is 
termed the density of the body, and we shall have 

M=DV, 
and since W=^M, .*. W=5'DV. 

The preceding are the equations which obtain between 
the five quantities W, a, M, JD, V, each of which should be 
expressed numericaUy, by referring it to a unit of its 
species. The student should bear m mind that the exact 
size and form of the earth has not been accurately deter- 
mined. 

Morin and other mechanical investigators first establish 
theories on abstract reasoning, and afterwards correct them 
by experiments ; while others, like Anstruther, without any 
pkrtic^ar hypothesis, interpolate a ran^ of e:4>eriinents by 
proportion or empirical rules. A third class, which is very 
numerous, assumes constructions, and asserts that those 
constructions possess particular i)reperties, that may or may 
not exist, and supports such claims by highHsounding pre- 
tensions, and a little mathematics to cover the delusion ; a 
fair representative of this class is the expounder of Kodbi's 
ingenious system of skeleton structures. 
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CJHAPTEB IX. 

BE8I8TANCE OF FLUIDS, BESISTANCB OF WATEB TO THB 
MOTION OF PADDLE • WHEELS, SCBEW PBOPELLEBS, 
&C. &C* 

THEOBETICAL OBSEBYATIONS AND CONSIDEBATIONS. 

When a body moves in a fluid, it necessarily displaces 
the particles of the fluid, impressing on them velocities in 
a certain ratio to its own, and it is readily conceived that 
the inertia of the fluid particles, thus set in motion, develops 
a resistance which increases with the velocity of the body. 
Similar effects are produced when a body is at rest or m 
motion, and acted upon by a fluid* The manner in which 
the fluid particles are divided when conung in contact 
with the body depends much upon the form of the body, 
and we perceive, without experiment^ that the resistance 
must vary considerably with these circumstances. 

When a body. Fig. 142, of any form, P Q M N, moves 
in a stream in a direction X Y, if we suppose each particle 
of the body transferred to a plane perpendicular to the 
direction of the motion, it is readily observed that in 
moving an elementary space s=M roj the body will displace 
a volume of liquid that may be represented by A «, found by 
multiplying the projection of the body upon the plane per- 
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peadicnlar to the directioii X Y, by the length of the 
path=<. 




In the two snccesstve positions the body occupies the 
same voltune, and there is a space common to the two 
positions, which corresponds to MO j>r, so that the anterior 
volume, n m 9 r M, is eTidently eqoal to the yclome 
O'SPQ^rp. It IS further evident that each of these Tolutnes 
is also equal to the volume, N n g Q, made by the greatest 
cross section of the body, or by the area of its projection, 
which we have represented by A. 

Thus, when the body describes in relation to the fluid, 
or when the fluid describes in relation to the body, an 
elementaty space a, the volume of the deviating fluid which 

res from the front to the rear of the body is expressed 
, A. a which we shall put=j; the mast will therefore 
be= 

d jA« 
g — = (tZ—, 

9 9 
putting d for the density or weight of a cubic foot of the 
fluid. This deviating maaB efl'ects its relative dbplacement 
with a velocity depending essentially upon that oi the body 
in relation to the fluid, in the case when it la tlie body that 
moves, and which it is reasonable to suppose is proportional 
to the velocity of the body. It will be the same for the 
units of workf or for the vu vttia imparted to the deviating 
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fluid ; 80 that in the case of a fluid at rest, in which moves 
a body impressed with a velocity V, the vis viva imparted 
to the displaced fluid for an elementary motion of the body 
wiU be proportional to 

d A « ys 

T" 

and if we put i=the unknown ratio of the vis viva F, reallv 
momraned upon the fluid, to the above expression, we shall 

9 
in wUch k has to be found by experiment, and 

^=the units of work. 
2 

On the other hand, if we nut B=the total resistance 
which the inertia of the fluia particles opposes to their 
displacement, the work of this resistance for tne elementary 
space, Sy will be 

and must, according to the general principle of vis viva 
(see pp. 116, 117, ll8), be equal to one-half the vis viva 
imparted to the displaced fluid! 

... r,=1a^V*, 

2 s 

• • Iv^ — — V • 

In the case where the fluid displaced by the body is 
moving with a velocity of its own, if the hoaj moves in an 
opposite direction to the motion of the fluid, the relative 
velocity with which the fluid particles are met and dis- 
placed is V+v ; and when the two velocities V and v are 
m the same direction, is Y— t? ; similar reasoning to that 
already employed will give us, then, for the case in which 
the body moves in an opposite direction to the fluid 

2^ 
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and for that in which they move in the same direction 

^9 



THEOBETIOAL EXPRESSION FOB THE UNITS OF WOBK DE- 
VELOPED EACH SECOND BY THE BESISTANGE OF WATER, 
AIB, OB ANT OTHEB FLUID MEDIUM. 

When all the drcnmstances of motion remain the same^ 
and the phenomena occnr continuously in the same manna:, 
the work devdloped in each second by the resistance of the 
medium opposed to the motion of the body is, in the case 
of a fluid at rest, 

and the work each second in the case of the fluid bdng in 
motion is 

which shows that, in the .first case, the work of resistance 
increases as the cube of the velocity. 



EQUIYALENT EXPBESSIONS FOB THE BESISTANGE OF FLUIDS 

TO MOYING BODIES. 

In the preceding expression of the resistance applied to 

a liquid whose density, dj is constant, and in places where 

kd 
the value of 2^=64*3634^ and putting E for -^ — it then 

takes the form 

R=KAV«, 

or R=KA(V+»)*, 
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&1 which forms the expression for the resistance is fre- 
quently used by writers on mechanics. 

Some authors, and in particular Dubuat, call H the 

height due to the relative velocity V or V+v, and conse- 
quently 

H=2^,orH=-2^, 

and putting K^ =K{^ write this formula under the form 

R=K>AH. 

It is evident that these three expressions for the resist- 
ance, B, are equivalent; the last two are pointed out so 
£hat the student may understand the authors who employ 
them. These latter expressions give but a poor idea of 
the law of resistance. 



EXPERIMENTS UPON THE BESISTANOE OF WATEB TO 
THIS MOTION OF BODIES WHICH WERE DIFFEBENTLT 
FOBMED. BY GENERAL ARTHUR MORIN. METZ, 1836 
AND 1837. 

The bodies subjected to these experiments were : — 

1st. Thin plates of different sizes, which were made to 
ascend from the bottom to the surface of the water by the 
action of a counter-weight. 

2nd. SoUd or hoUow brass spheres, with diameters 
ranging from 0'341 ft., 0'387 ft., 0'422 ft., 0-485 ft., to 
0-530 ft. 

3rd. Tin-plate cylinders, with altitudes equal to their 
diameters, which were 0-324 ft., 0-656 ft., 0-984 ft. 

4th. Cones terminating upon cylinders, with the same 
diameter and height as the preceding, and whose angles at 
the summit varied as follows : 

Half-angle at the summit, 64° 48'; 46° 50'; 26^01'; 
18° 49' ; 14° 19' 48". 

5th. Cylinders of the same dimensions with the preced- 
ing, and terminated in front by hemispheres. 
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Modi of OboirDctitnL. — ^The eiqperiments vrere made upon 
Uie Moseue^ in froot of the dam at PnoelleSy in a place 
wbere tlie water was, at least at its surf aceu nearly wiUiout 
a cnrrenL and had a depth of 16*4 ft. It was the most 
suitable plaoe that could be found in the neighbourhood. 

The vertical moti<m of the body was made m the descent, 
by its own weij^ht, with an occasional ballast to increase 
its ydocityi and in the ascent by means of a counter-weight 
In all cases, the law of the motion was observed and. de- 
termined by means of a chronometric apparatus with astyle, 
similar to those used in the experiments on friction. 

In the first experiments it was at once apparent that the 
resistance of the water increased so rapidly with the velo- 
city, that the motion very readily became miif orm. Then, 
knowing in each case, the vdocity and the motive wei^t, 
and keeping account of the passive resistances, it was easy 
to calculate the value of the corresponding resistance of 
the fluid, and to investigate its law. 

A graphic representation of the results, taking the re- 
sistances for absossse, and the squares of the velocities for 
ordinates, has shown in each case, as in the preceding, that 
the resistance is composed of two terms, the one inoepen- 
dent of the velocity and simnly proportional to the wetted 
surface, the other proportiooflLl to the square of the velocity; 
but here the first term is so small, that it may be n^lected 
in relation to the second, as soon as the velocity has be- 
come 3'28 ft per second. 

According to this, the resistance opposed by the water to 
bodies, as proved by these experiments, would be repre- 
sented by tne formula, 

R=KAV«, 

A bein^ the projection of a body upon a plane perpendicu- 
lar to the direction of motion. 

The values of K, derived from experiment, are entered 
in the following table : 
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Values of the coefficient K oftheformtda R=KAy. 



Bodiamaed. 



VahiM 
of K. 



TUn plates (riong yeiticalljr upwards). 
Spheres 



Bight cjlinders with height equal to diameter 

Cjliiiderswith same propor- f 0*94 to 1") p-_-_ _^ 

tions, terminated by right 1-89 to 1 ^^"3^" 

eoDsa, whose heighto are to { 406 to 1 >► ^/fi5! 

the radU of their bases in 5-92 to 1 ' ^^^® 

the ratio of [7'BB to 1 



summit. 



CjliBders of the same proportion terminated by spheres 



26 

18 

J 14 



640 48' 
46« 60' 
26« 1' 
180 49' 
• 19' 48" 



2*724 

0-41969 

1-7716 

1*8944 

1*0276 

0*90868 

0*84802 

0*77449 

0-77487 



Observations upon these results. — ^The value of the coeffi- 
cient K found in the experiments for thin plates is con- 
siderable, and nearly double that found bj Dubuat in 
causing a vertical plane to move in a horizontal direction, 
thus producing a displacement of water entirely different 
from that in our experiments, and occasioning the difference 
of results. 

It is remarkable that of all the bodies used, the spheres 
offered the least resistance, and that cylinders, termmated 
by half spheres, have experienced less than those with 
acute cones. 

This result shows, that in regard to the resistance of a 
medium, the spherical form for projectiles, and the semi- 
circular for piers of bridges, are the most favourable. 

Injluence of the acuteness of the angles of cones upon the 
resistance. — ^Li comparing the values of the half angles at 
the summit of the cones, expressed in fractions of the 
semi-circumference, with the values of the resistance, we 
see that the coefficient K of this resistance increases 
proportionally with these angles; starting from a certain 
value answering to the angle zero. It may be given by the 
formula 

K=0-59005+2-2998a, 

a bdng the half of the angle at the summit in terms of a 
fraction of the semi-circumference. The oomparison of 

u 
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the valnes of K given by this formula, with those dednced 
directly from the experiment, is established in the following 
table: 

Comparison between ih4 values of the coefficient K as de^ 
duced by formulas and by experiments. 



Half angles at the summit 

in fractions of the 

semiu^ircnmference. 


Yaloes of the coeflSdent K deduced 


From the f onnnla. 


1 
From experiment. 


0-500 
0-362 
0-262 
0-145 
0-105 
0-080 


1-739 
1-422 
1-192 
0-923 
0-831 
0-774 


1-771 
1-894 
1-027 
0-908 
0-843 
0-774 



We see that, with the exception of the case relative to 
the cone whose half-angle at the summit was measured by 
an arc equal to 0*262 of the semi-circumference, the results, 
including even that pertaining to the plane base of the 
cylinder, are quite correctly representea by the f omnda,. 
and that we may use it for intermediate cases, which have 
not been experimented upon. 

JEaperiments upon tlie resistance of water to the motion of 
projectiles. — Witnout entering into details, for which this is 
not the proper place, I must say something about the remark- 
able results of experiments made by me in common with 
MM. Piobert and Didion, at Metz, m 1836, upon the pene- 
tration of projectiles in water. 

These experiments were made at the basin which had 
served for the beautiful hydraulic researches of MM. Pon- 
celot and Lesbros, in firing horizontally beneath the surface 
of the water projectiles which penetrate the water after 
having traversed an orifice formed by spruce scantling. A 
horizontal flooring, placed at the bottom of the basin, and 
marked with strips, received the projectiles, which always 
reached it with a very small velocity. 
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We found, with this arrangement, the resistance offered 
to solid balls with dGameters of 0*354 ft., 0-328 ft., 0-530 ft., 
and 0-72 ft., and to shells of the same diameters, having 
different thicknesses and weights, the initial velocities of 
the projectiles varying from 229 ft. to 1640 ft. in 1". 

From the general view of all the experiments made, the 
results of which are published in No. Vil. of the " Memorial 
de rArtillerie," we conclude that the resistance of water 
to the motion of these projectiles may be represented by 
the formula 

R=0-453 AV2 lbs., 

while the experiments above cited (No. 305^ gave us 

R=0-4197 AVMbs. 

On the other hand, the ancient experiments due to New- 
ton, and made by observing the time of the fall of spheres 
in water, lead to the value 

R= 0-46498 AV2 lbs., 

and those which Dubuat made in causing spheres placed at 
the end of the arm of a horse-gin to pass m a circle through 
the water, furnish the formula 

R=0-4197 AV2 lbs. 

An inspection of all these researches, made bv processes 
so different, and within limits so extended, enables us to 
conclude that, in liquids, the law of the proportionality 
of the resistance to the square of the velocity, is appli- 
cable to spheres, even when moving with the highest velo- 
cities. 

The preceding theoretical formulae apply to boats which 
navigate the sea, rivers, and canals; but their results are 
influenced by different circumstances, of which it is im- 
portant to take an account ; some are permanent, others 
accidentaL 
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ANALYSIS OF MORIN's EXPERTMKNTS ON THE EBSISTANGE 
OF WATEB TO THE MOTION OF PADDLB-1¥HBBL£U 

In the first set of experiments two modek were employed^ 
the iirBi wheel was 3*31 ft. diameter, and reoeiYed the 
paddles, which were varied in number np totwetily at most 
Jlie dimensions of the paddles emplojea on this wned were 

as follows : 

In length parallel to the axis, '828 ft ; '656 ft. ; *984 ft ; 

1-968 ft. 
Breadth, in the direction of the radius '328 ft ; '659 ft. ; 

1148 ft.; -659 ft. 

The shaft of the wheel formed a windlass around which 
rolled a cord, which passed to the summit of a crane 
55*77 ft. in height, which supported a box in which was 
placed the motive weight* The wheel was established upon 
a fixed frame, and the depths of immersion were varied at 
will, in raising or lowering the level of the water. The 
velocity of rotation of the wheel varied from the lowest in 
which it was possible to observe a regular motion up to 
19*68 ft. a second. When the motions became uniform, 
the velocities were observed by a timepiece indicating tenths 
of seconds. 

The second wheel employed was 8*567 ft. in exterior dia- 
meter, with paddles 2*29 ft. long in the direction of the 
axis, by a breadth of 1*659 ft. in the direction of the radius 
in which they were placed. The depth of immersion of 
these paddles was successively 1*659 ft., 1*325 ft., and 
*937 ft. For each number of paddles, and each depth of 
immersion, the motive weights, and consequently the velo- 
cities, were gradually changed, so as to have a series of ex- 
periments in which one element only was variable. 

Having thus, for each case, the values of the resistance 
corresponding with the different velocities, a graphic repre- 
sentation, Fig. 143, was made of all the results in taking 
for abscissae, along AX, the motive weights, and for 
ordinates, in the direction of AY, the squares of the 
velocities of tlie middle point of the immersed section. In 
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all tbe aenea so represented it was observed, that up to a 
certain vtioaty. all the points were on a straight line OB, 
which cut the line of aoscisss AX in front of the origin 




at a point O, variable for each curve, which shows that the 
absciBste or the resistance was in each case represented as 
for boats moved by horses, by an expression of the form 

R=K,A+K,AV', 

V=t}ie Telodty of the middle sabmerged section of tiie paddle ; 
K] and K, constant coefficients. 

The immersed surface A of tbe paddles was determined 
from the nomber of paddles simnltaneously snbmerged, in 
whole or in part, by calculating the snm of the immersed 
pordons of the floats for many successive positions of the 
wheel, and taking the mean of the sums of the areas thus 
found. A thus represents the mean value of the total r^ 
sistance of the paddles acting upon the water. 

The method of representation, Fig. 143, gives the value 
of the constant K, ; for the abscissa OA of the point of 
the straight line expressing the law of resistance, was that 
<rf the term K^A. The f Slowing values were found in this 
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Dimension of 

paddles. 
20 in number. 


Total submerged 
area. 


Constant geristjmce. 

^ — 


r 

Derived firom the 
trace K^A. 


-- 1 

A sqinare Ibot 


Feet 

•65 by ^65 
•98 by 1^15 
•97 by ^65 


Square feet. 
1*4693 
4-677 
44241 

• • • 


Iba. 
•2867 . 
^88219 

• • • 


•19518 
•18862 
•19442 


Mean . . . 


•19272 



The constraotiim, Fig^'UBki^^ supply the 

value of the eQeffteroflt^t>MiihB<iwim wiiimiid to be pro- 
portional to the squoie of <ihe ■wdfldjjyy^iwff iflie inclination 
of the straight line«eaprBHBiag>lhBJgwfvqftfMiiiliiiice is given 
by the expression 

B— KjA being the value of the'absdsssB of this straight 
line OB, diminished by O A ; and V* being the values of the 
ordinates. Dividing in each ca^e the vdues KiA, ffiven 
by experiment, by the known surface A, we thus fina tha 
values of the coefficient Ki* 

Causes which alter the law of resistance assumed to be ex- 

pressed under the form 

KgA+KiAV*. 

The student must not forget that Morin assumed the 
above form. 

Before giving the values of the coefficient Ki, furnished 
by the summary of the experiments, it is necessary that we 
should point out a circumstance, which, in altering the con- 
ditions of the phenomena, exerts a considerable influence 
upon the results. In order that with different velocities 
and depths of immersion, the wheel and its floats may be 
in comparable conditions, it is necessary, as we have 
hitherto implicitly admitted, that the void formed by the 
paddles, which have driven before them the water upon 
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wiich tBey have acted, should be constantly replaced, so 
that the next paddle submerged may meet the same resist- 
auce. Now, m observing the motion of the return of the 
water into the void, we readily understand that the refilling 
must he accomplished by the flowing of the surface, as it 
were, over a dam at the sides, and that a certain time is re- 
quired for its operation. If, then, the wheel turns so 
rapidly that the void has no time to fill, the paddles no 
longer finding the same quantity of water to drive as in 



Fig. 111. 
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Sqiures of Velocities. 

less velocities, the circumstances of the phenomena are 
changed, and accordingly the law of resistance must be 
modiSed. This change increasing more and more with 
the velocity, it happens that the paddles meet a less amount 
of water, which may at last appear as if the wheel turned 
in iur instead of water. All these effects are represented 
by the trace giving the results of tlie experiments. Fig, 
144^ relating to a series of experiments made with 20 
paddles submerged '344 ft. 
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' The cnrved line OT, Fi^. 144, representing the law d 
resistanoe at first near O, is almost straight ; this strai^t^ 
nesB is prolonged up to a certain velocityy depending upon 
the depth of the immersion and the disStance apart of the 
paddles ; but beyond this velod^ it departs more and moie, 
showing that the resistance no longer maintains its propor- 
tion wSh the square of the Telocity. All these facts are 
hi^ J important to steam navigation, for they show that 
it 18 necessary to establish between the depths of immersion 
of the paddles, their distance apart, and the velocily with 
which tney are impelled, sach relations that the water may 
always have time to fiU up the yoids, and that for each 
wheel, screw, or paddle, there is a limit of speed adopted 
to the best effect. 

To find the vabie of K^ of the second term of the expreeem 

for ike law of resUtanee. 

Haying r^ard to the circumstances pointed out, and 
consequently restricting the law of the resistance within 
the limits of his abihty to verify them, Morin makes 
known the results relating to experiments in which the 
velocity of the wheel and the spaces of the paddles allowed 
a complete return of the water. 

The values of the coefficient Ki, furnished by the experi- 
ments, were as follows : 

Values of the coefficient Ki of the formula 
R=A(K2-l-KiV»). 



Whed 3*31 ft. 

in 

diameter. 



Great wheel 
8-667 
in diameter, 



rhed ) 
ft. > 
eter. j 



Number and dhnwuriona of the paddles. ' ' 
10 paddles 0*33 ft by 0*33 ft 

V II || II II .........^...•. 

10 „ 0-66 ft „ 0*66 ft 

" W » 1» »» 

6 „ 0*98 ft „ 1*15 ft 

10 II 1*97 ft,, 0*66 ft 

^ >» »» »» w 

(1*659 
8 paddles of 2*29 ft snbmei^ged ... -^1*325 

(0*987 

General mean 



ValneBof 



1*990 

2*0748 

1*9819 

2*0794 

2*2365 

1*9928 

2*2460 

2*2269 

2*1698 

2*4078 

2*1856 
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The general mean does not differ over yV ^^^ *^® 
partial results, and we see that when the spaces of the 
paddles were within the indicated limits, that the efiFect 
exerted by wheels with plane floats upon the axle may be 
represented by the formula 

R = A [19272 + 213559 V], 

A being the mean of the siirfaces of paddles simulta^ 
neously submerged at rest, V the absolute velocity of the 
wheel. 

Ccue where the wheel turned in running water, — ^The wheel 
which had served for the above experiments having been 

5' laced in a small wooden canal, 6*7 ft. wide by 2 ft. 
eep, the same coarse was taken to ascertain the law of 
resistance. Without going into unnecessary details,. Morin 
states that the results of these new experiments were also 
represented, with sufficient exactness tor practice by the 
same formula, by adding or subtracting the velocity v of 
the current to or from fliat of V, so that the general ex- 
pression of effort exerted upon still or running water by the 
paddles of wheels with plane floats will be 

R = A [0-1927 -I- 2-0785 ( V±«)«], 

in taking for the coefficient of the second term a number 
which conforms best to all the experiments. 

Influence of the presence of a boat near the wheels. — ^The 
experiments in question were made upon isolated wheels, 
and it was proper to ascertain whether the presence of a 
boat near the wheel would exert any influence upon the in- 
tensity and law of the resistance. 

For this purpose, the experimenter placed near the wheel, 
at a distance of 0*13 ft., parallel to the exterior vertical 
plane of the floats of the wheel, 8*567 ft. in diameter, a 
Doat submerged an equal depth with the floats, and made 
two sets of experiments, with depths of immersion of 
1*325 ft. and 0*84 ft., to compare the results with those of 
the series made in the case when the wheel was isolated, 
and its paddles immersed 1*325 ft. and 0*937 ft. 

The results of these experiments seem to show that by 
reason of the obstacle which the pres^xv^^ oi \!cl^ \«2»^ 
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opposed to the return of water into the void formed b j the 
float, the resistance diminished somewhat, but so small a 
quantity that it may come within the limits of the errorsof 
observation. In fact, we found 

At the depth of immersion of 1*325 ft. without boat Kis=2'1698 
,y „ „ „ with boat Ki=2'1413 

At the depth of immersion of 0*937 ft. without boat Ki=2-4078 
„ „ „ 0*84 ft. with boat Ki=2-1580 

We see, then, that the preceding formula derived from 
a summary of the experiments mav be still applied to the 
case where the wheel is placed at tne side of a steamboat 

Application to the wheels of steamboata. — ^The formula of 
the resistance experienced, and the effect transmitted by the 
paddles of a wheel turning in water being 

R=KiAU» = 213559AI?, 

when the axis of this wheel has no motion of translation, it 
is clear that if this axis is borne upon a steamboat going 
with a velocity V, the paddles will only impinge upon the 
water with a velocity U— V, and that in this case the 
formula expressing the resistance experienced by the floats 
will be 

R=KiA(U-V)« 

in still water, and, finally, that if the boat bearing the 
wheel ascends or descends a stream running with a velo- 
city r, the expression of resistance wiU be 

R=KiA(U-V-t?)* on the ascent, 
R=KiA(U— V+»)' on the descent. 

If we examine particularly the case of navigation in still 
water, the work of this resistance, or that of the machine 
moving the wheel in 1", wiU be 

RTT = Ki A (IT - V)* IT iimts of work, 

and if we express in horse powers of 550 units of work a 
second, the effective force of the motor will be 

BU „ KiA(ir-V)' 
550 ~"~ 550 
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An observation of existing constmctions will allow us to 
jadgfl whether the value of the coefficient K, derived from 
the experiments above reported, acrees with the observed 
facts 'of navigation. Indeed, we have for each boat the 
dimensions of the wheels and floats, and the numbw of the 
latter, from which we can dednce the submerged snrface of 
the paddles. 

Omervation gives ns the velocity, U, of the paddle^ 
which, by reason of their small height compared to the 
radios of the wheels, may be regarded as the point of appli- 
catioii of the resistance, as weU as the velocity, Y, of the 
boat ; and if we introdace the valne of K,=:2'13559, de- 
rived ham oar experiments, the above formula should rive 
the effective force of the machine, such as observation tias 
famished. Direct experiments, made by hauling upon a 
fixed pfnnt, in giving the effort exerted and transmitted by 
the paddles to set the boat in motion, enable us to verify 
directly the formula 

R=213559 AU», 
by introducing the particular data of each case. 

In making this comparison upon the steamers the Sp/tirw, 
the Mentor of 160 nominal horse power, the M6d6e, and the 
V^Uice of 220 horse power, for which the dimensJons and 
different velocities are given by M. Campaignac, in his 
work upon steam navigation, we have the following data 
and results : 
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20-943 
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2-B879 
8-3543 
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It should be observed that the value of the whole simul- 
taneously submerged area of the paddles was determined 
by tracings, and on the supposition of the vertical floats 
being entunely submerged a little below the surface, but 
probably less than it was in reality ; so that the values of 
Ki are undoubtedly greater than they should be. It is not, 
then, surprising that the mean of these values surpasses those 
derived irom the experiments superintended oy Greneral 
Morin* 

PEBFOBMANCE OF PADDLE-WHEEL STEAMERS. 

Let az=area of all the floats immersed, in square feet ; 
i=the immersed angle of the paddle-wheels, at the 

centre of pressure ; 
c= radius from the centre of motion to the centre of 

pressure of the floats ; 
d=actmg area in square feet. ^ 

(i=(a) multiplied by the natural cosine of «* 

Ex. — Suppose the area of all the immersed paddles, a= 

312 square feet, the angle i=48^; what is the acting 

area? 

48° 

-g-=16°; Natural cosme= -9612617, 

312 X •9612617=299-9136504 square feet, 
800 square feet acting area, very nearly. 

Put e5=the length of the load line of the vessel, in feet ; 
/=the greatest immersed section, in square feet; 

f=area of resistance in square fleet ; 
== displacement of the vessel in tons; 
t== horse power required to propel the vessel j miles 

an hour (statute miles) ; 
i= coefficient of the vessel ; 
/= resistance of the vessel in pounds; 
m= tabular index corresponding to k ; 
n=slip of either propeller or paddle-wheels ; 
o=the pitch of the propeller ; 
/>=the number of revolutions a minute. 
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EXAMPLES. 



Ques. 88. Required the area of resistance of a vessel 
when «=260 ft.=the length of the load Une; the greatest 
immersed section 500 sauare feet=/; the displacement of 
the vessel 2500 tons=A t 



35 h 35 X 2500 



in = —-=— =s 



= •67. 



fe "" 500x260 

Opposite '67 in the following Table, k will be found= 
1*76, the coefficient of the vessel. 

(500)' 



Tlieny=v/:rAr-,=\/ 



f-^-ke" ^ 500+ 1-76(260)2 
the area of resistance required. 



=32 square feet. 



m. 


h. 


m. 


k. 


•50 


131 


•71 


1-62 




•51 


137 


'72 


143 




•52 


1-45 


73 


1^36 




•53 


1-51 


'74 


1-29 




•64 


1-56 


75 


1-21 




•55 


1^62 


76 


1^13 




•66 


1-66 


77 


105 




•67 


1^71 


78 


•978 




•68 


1-76 


79 


•903 




•59 


r83 


•80 


•835 




•60 


1-89 


•81 


•763 




. -61 


1-93 


•82 


•691 




•62 


1-98 


'83 


•625 




•63 


201 


'84 


•559 




•64 


1-97 


'85 


•496 




•65 


1-91 


•86 


•433 




•66 


1-84 


•87 


•379 




•67 


1-76 


•88 


•326 




•68 


172 


'89 


•277 




•69 


1-64 


'90 


•229 




•70 


1-59 


'95 


•025 





Ques, 89. Required the resistance of the vessel in 
pounds =/, when she is running at the rate of 10 ntiiles an 
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hocir=^'; the area of resistance=40 feet=^, found as in 
the last example. 

The succeeding formula is often employed : 

2=4-22x^j*=4'22x40x 100=16880 lbs., the resistance of 
the yessel in pounds. 

The resistance in pounds may be found by the following 
formula nearer the truth : 

/=4*3^j^*7^ ; which, when pnt in dual logarithmic form, be- 
comes 

1 /=. I, (4-3)+ i, (7+1-75 l,i 

\j= 1,10 = 230258509, 

3 

4) 690775527 
172693882, i 
(4-3 X 40 = 172.) 54232429 , = \ , (1-72) 

226926311, 
230258509 , . 

'3332198 = \ , (-96722708) 
.% ^=9672-3, the first role gave the resistance =16880 lbs. 

Ques. 90. Required, the resistance of a vessel in lbs. (l)^ 
when she is running at the rate of 11'2 miles an hour (j^ ; 
«= 200 feet; /=400 square feet; the displacement of the 
vessel=2000tons(A)l 

35 & 35x2000 
^"/« "400x200"-^^^- 

From the table for m='875 the value of iS; is found to be= 
*353, the coefficient of the vessel. 

I /« I 400»' 

^=Nl7+K7=M400+-353 (200)^=^^'^ '^"^^ ^®®*' 

Then, according to the second mle, the resistance in lbs.= 

/=4-3j7/-^«. 

4-3y=4-3x66-6=28(f-38, dual log. =565731962, 
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Dual logarithm ofy= \ , (11-2) = 241591377, 
241591377, x (1-75) = 422784910, 

I , (286-38) = 565731962 , 

988516872, 
Dual log. of 10* 921034037 , 

Dual log. of 1-96369603 = 67482845, 

.-. Z= 19637 lbs. nearly. 

The dual lo]^. may be instantlj calcnlated or f onnd bj 
merely inspecting the author^s tables of dual logarithms^ 
recently published 

• 

Ques. 91. Beauired the horse power iy when the speed 
=11 knots an nour=:^'; and the area of resistances 33 
square feet=^« 

.fxg ll*x33 ^^^, , 

t=^-^^ = — -^ — = 499^ horse power. 

The horse power may be found with greater accuracy by 
the succeeding logarittunic expression : 

t=^^^^=the horse power ; or 

I, (0 = 2-75 i, OH I, (^)- I, (88). 

??-^-^-375 
88""8""88"" ^^^• 

!,(/) = 239789527, Mult. 

2-75 by 

I 659421199, 
I, (-375)= '98082925 

561338274, i 
460517018 ,= |,(10«) 

100821256, 
100821256=the dual logarithm of 2-7406977. 
.-. The horse power=s274-07. (t). 
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The horse power, according to this latter method= 
274*07 ; there is a discrepancy in these results also ; the 
cube of the speed is employed m one case, and 2| power in 
the other. 

88 ' 

put into a logarithmic form, gives the latter rule, Experi- 
ment has not yet settled tms point in steam navigation, 
simple as it is ; some employ the square of the vdocity, 
others the cube, and a thim party the 2^ power. Govern- 
ment experiments, both in this country and elsewhere, are 
generally Government jobs. Engineers are selected to 
superintend them upon the principle that determined who 
should be the village schoolmaster ; one of those worthies 
was chosen to fill tne important office of village teacher 
merely because he had a large family and a wooden leg. 

PBOBLEM I. 

• To find the slip of screw propellers or paddle-wheels, 
when the acting area and area of resistance are given. 

If the area of resistance=49ft.=^; and the acting area 
=225 {t=d; required the 8lip=n. 



n= . ^ -^ ss 



343 343 



^73^^5-3 --343 +3375 3718 



PROBtEM II. 



To calculate the power and find the properties of paddle- 
wheels and screw-propellers. 

The pitch of a propeller =33 ft., and makes 48 revolu- 
tions a minute, the slip =:*35« What is the speed of the 
vessel? 



?^||^(l--35)=ll-7 knots. 



Put ocsthe pitch ; p^the revolutions a minute ; and h= 
the slip ; then generally> 
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88J 
88j 



• t 



op 



Xiet the speed be 11*7 knots the hours/ ; the slip='35« 
n; the pitcn 33 ft.=o; required the number ot revolu- 
tions =s|7. 

ft minute. 

Bequire4 the slip, when the speed is 11*7 knots per hour, 
the revolutions 48 per minute^ and the pitch =33 ft. 

88j 88x117 



PBOBLEM in. 

Any four of the five following quantities being given, to 
find ^e fifth) namely, the radius of a paddle-wheel from 
die centre of motion to the centre of pressure of the floats 
=c ; the slipsn; the immersed angle of the paddle-wheel 
at the centre of pressure =6 ; the statute miles per hour=;; 
and the revolutions a minute=j:>. 

From the general expression 

any one of the quantities is easily deduced, for 

^_ ^ W ^^ , UJ 

^ (1— n)ccos.|' pcooB,^b' 

Suppose the immersed angle of the paddle-wheel at the 
centre of pressure =54^ 33'==6; the slip=*38=ii; the re- 
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Tolntions per minutes 16 =:p; and the radhifl of the paddle- 
wheel from the centre of motion to the centre of pressure 
of the float8=21 ft ; required the speeds^'. 

One-third of 54"" 33'=18^ 11', the natoral codne of 
which is =-9500629; for practical pnrpoaea -95 will be 
aq^dentlj near the tnith. 

jss *^ 41 (!-»)- — ^^-Tj (1—*88)«14'186 miles an 

hoar. 

Again, let the immersed an^es54^ 33' ; the revolutions 
per minute=16; the speed 14*136 miles an hour; the 
radios of the paddle-wneel from the centre of motion 
to the centre ot pressure =21 ft ; required the dip. 

, 14x14*186 , ^« «« X, . , ,. 

THE INDIOATOB. 

The Indicator is a simple and beautiful little instrument^ 
by which the power of steam can be ascertained with great 
accuracy, when a properly constructed instrument is used ; 
but we should know who employs i^ and for what purpose 
it is employed* It can be made to indicate what is false as 
well as what is true. With yery little cookery it may be 
made to show that a good engine is a bad oneu and the con- 
trary. There is a class of engineers^ whidi shall be name- 
lesS| who make great use of this little instrument in cookii^ 
up their reports. Bichards's steam-engine indicator^ a£ 
though not faultless, is the best in use. 

The nature of this instrument is easily understood by 
referring to Fig. 145. 

A is a small cylinder, B B open at top, E F fitted with 
a piston, and communicating with die lower part of the 
main steam cylinder by a pipe T, and stop-cock. 
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The piston, H, is pressed down into the cylinder hj a 
nicely adituted spiral spring S S S, and a pencil, G D, is 
fixed to me piston-rod, H CT; Q is a roller ronnd wlucb a 
piece of paper is woond ; on the axis of this roller ia fitted 
a pnlley, P, connected by a string, P R, with some of the 
moving parts of the engine. The roller, Q, is also fitted 
with a spring, like the mainspring of a watcK in snch a 
manner that, after being pulled ronnd in cme dnrection by 
the motion of the engine commnnicated through the strin)^ 
K F, it is made to recoil I^ the spring. If we suppose the 
X2 
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•k in Uie rape, T, dond, the jnatai, 
on In' the tpnag ooS and the atmoiplieR^ wOI remain at 
the Dotbnn of tike cylinder, B B ; andtbe peodl, bebg sta- 
tionary at its lowest point, B, while the nUer is made to 
rotate backwards and forwards^ will describe a Une on the 
paper which would appear straight on its being nnfolded 
from the roller, D Q. But if, while the rolW continnes 
its motion, the 8t4^>-cock be opened, then the pisttm will be 
subjected to the pressnreof steam in the main steam cylinder, 
ana will be forced upwards in opposition to tlie pressure of 
the sprinc; S S S ana of the atmosphere ; and the pendl will 
trace a hne on the paper Taiving in bei^t as the T^sboa 
PI of the indicator rises and falu. Bnt, further, if the sjnral 
spring be so adjusted that we know exactly how many pounds 
will compress it an inch, and if we know the area of vie faston 
H, we can measore ihe amonnt of piessnie on it by the 
height to which the pencil is raised aoore the nentral line, 
^ where it remains when subjected to no upward pressure 
of the steam in the direction of the arrow ; and thus the posi- 
tion of tlie pencil on the paper, or the mark left by it at any 
point, furnishes the measure of the pressore on the main 
mston of the engine at the correspondmg point of its stroke. 
On unfolding the paper from the roller Q, we should find a 
figure dcBcribed on tt by the pencil resembling y,4,x,p, 
l7g. 146, which, when properly analysed, givee the meansot 
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Teckoning the Tarring pressures on the puton, and often 
points out defects m some of the adjustments, and suggests 
modes of remedying them. If we suppose that the area of 
the indicator-piston is one square inch, and that the spring 
ia adjusted so that it requires a force of 10 Ihs. fo compress 
it 1 inch in length, or 1 lb. to compress it ^^th of an mch, 
we can form a scale of tenths of inches, and apply it to 
the indicator diagram at a number of points, a, o, & Ac 
(Fig. 147), equal^ distant, and measure off the lengUis of 
ordmates, al, bi, &c., drawn through these points, and 
thus estimate the pressures acting on the piston of the indi- 
catoiK^iinder at equidistant points of the stroke through 
which the paper is made to travel. These pressures corre- 
spond exactly with those to which the main piston of the 
en^ne has been subjected during its stroke, because the 
small cylinder, E B, of the indicator communicates freely 
with the cylinder of the engine. If we suppose the indi- 
cator to be fixed at the top of the steam cvliaaer, the upper 
part of the curve, 1, 2, 3, 4, 5, Ssc, is that traced during 
the descent of the piston when the steam is pressing on it 
The lower part of tne curve, x, t, r, y, is that traced during 
the ascent of the piston when the steam is escaping from 
the cylhider. Were the indicator fixed to the Dottom of 
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die cjlindery we should get corresponding cnnres for the 
steam pressores there. Generally^ when the slide gear is 
properly adjosted, these figures are very nearly alike^ and, 
if so^ &e upper part of £e curve, y, 1, 2, 3, 4, 5, 6, 7, Xy 
may be taken as that traced by the active pressure either 
above or below the piston, while the lower part of the curve, 
a^ I, V, J, p. o, n, m, y, may be taken as representing the 
correspcmdmg resistance of steam during its egress from the 
cylinder* ^w, as the total heigh^ c 3, of an^ ordinate 
measures the total pressure on one side of the piston when 
it is at the point of its stroke corresponding to c, and as the 
part c of the same ordinate represents the resisting 
pressure on the piston at the same point of its stroke, the 
difference o 3, or the part of the oroinate intercepted be- 
tween the upper and lower boundaries of the curve, mear 
sures the effective pressure on the piston clear of all resist- 
ances. The same applies to all the ordinates, and, as we 
may suppose the whole curved space made up of numerous 
equal, narrow, vertical strips, each measured in height by 
an ordinate, we reckon tne area of the figure contained 
within the curve as an expression of the power developed 
by the piston during its stroke ; or, having taken a consi- 
derable number of pressure ordmates, and found the 
average, we consider this the mean effective pressure on the 
piston. 

For example, the average of those marked on Fig. 147, 
found by adding them into one sum and dividing by their 
number, is 

iy^=20-7 lbs. 

the mean pressure on eveiy square inch of the piston. In 
taking the average it is better to take the first and last ordi- 
nates, m 1, and ^ 7, at a distance from the respective ends 
of the stroke^ jry=half of abybc^ cdj &c. If we suppose 
the engine from which Fig. 147 was taken to have a cy- 
linder 20 in. diameter, 2 ft. 6 in. stroke, making 40 revolu- 
tions a minute, the power of the engine is readily calcu- 
lated. 
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Area of pi8ton=20' x -7854=814*16 square inches ; 

814-16 X 20*7=6508*112 mean pressure on the piston. 

6503*112 
5 ft. doable stroke 

82515*560 

40 reyolntions a minute 



1500622*400 
1500622*24 



88000 



=45*5 horse power, nearly. 



dALGULATIOK BESFEOTINO THE 8GEEW PBOPELLEB 
BEPHESENTED IN FIG. 148* 

This propeller has a particular expanding pitch. 

Pat qs=j^ the pitch at the periphery=DE. 
r=fthe pitch at the hab = RS. 
«=£[R, tiie assumed slip in a fraction of q. 
:. q=r+8. 
Put ts=extreme radius=OL 

tt= diameter of the screw=2^=FL 
t;=pitch of the propeller at the periphery=4^. 
tosangle of the blades at the periphery =KQT. 
101= angle of the blades at the hub. 
JM=x=^ pitch of the propeller at the centre of e£fort of the 

blades. 
BJ=y=*725^, the radius at the centre of effort, QsOGs 
QM. 
•*. The actual pitch at the centre of effort =4fl;. 
r=horse power required to driye the propeller and o 
rcTolutions a minute. 

/3=number of blades. 

y sleiigth of blade parallel with the centre lines U V. 
d=the breadth of the propeller blades oyer the edge 

between the comers XZ. 
c=tibe circular arc in the angle e= WOY. 
e=the projected angle of the blades. 
- Assthe true inclined surface of the blades. 
A|=the projected area of the blades. 
As=the acting area of the propeller. 
Let irssthe circumference of a carde diameters 1. 
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cot. w=:JL=: --JL = JLf the cotangeat of the angle of the 



blades at the periphery. 

v= ^ tf cot. tTi the pitch of the propdler at the periphery. 

860 

^= Xy 

V 

-,-.^«y, -,- ^^y . A«,l29600y«. 

b 18 the hypothennsei and y is the base of a right-angled plane 

triangle. 

d=KO measured oyer WT, it is a projection the same as UV 

^129600 ^ 
^ _ 7854 u^6fi 
^ 360 

4«^(H-y) 
A g 

5tt» 
Aa=; 



^=S (y «COS. ir+ 7t) 

480000 9^ 

PBOBLEM IV. 

^ The pitch of a propeller= 33 ft., and makes '48 revolu- 
tions a minute^ the shp=*35* What is the speed of the 
vessel? 

??g^(l--85)=ll-7 knots. 

By the introdnction of other screws the slip mi^ht be 
reduced from 35 to 15 per cent.^ the speed, when £e slip 
is 15 per cent, will be 
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??|^(l--.-16)=15-8 knota. 

Pot osthe pitdi ; 

pasflie rerolutioiiB ft minitte ; 
•ssthe slip; and 
yxstiie knote the hoar; 

then generally^ 

^== ^ - 



ox(l-n)' 
0= ««> 



;>(l-n) 

A ship fitted up with a screw propeller made 13 knots 
an hour; the reyolutions were 60 a minute^ and the pitch 
30 ft What was the slip? 

-I- l«iiZ = 1 -5?iil^=-12, or 12 per cent. 
*""^ oY.f 30x60 ' ^ 

PBOBLEM y. 

Given the diameter of a propellers 12 ft.=t0 ; and the 
angle at the peripheiy=5P •• 33'=i/;; to find the pitch 

cot. 51°..88'=-7940121 
t>=<r u cot. ir=81416 x 12 x •794=29-98 ft. 

PBOBLEM YI. 

Giyen the diameter = 21 ft.=ti; the length of the blade 
parallel with the centre line=6 ft.=r ; the i£p 40 per cent, 
or S=40 ; the ande of the blades at the penphery= 63^ . • 
42' SSI/;; to find flie horse power necessary to oriye this 
screw 68 reyolutions a minnteso. 



PEAOTIOAL MEOHANIOS. 816 

CJosine 63°. . 42' =-4480712 

r=?ll2i^'(6x-4x-448+i) = 7124. 
480000 ^ 9 ^ 

6x-4x*448+ 1=117481111 

21x68=1428. 

j, (1-428) w= 86627490, 

8^ 

, 106888470, 

I, (1-17431111)= 16068179, 

, 122951649, 

I , (-48) 73896917 subtract 

196848566, , 
'230258609 | , {^) 

I, (-71241162)= '33909948 

;. ^=7124-1162, as before. 

1-428 mult, by 1000. =1428. 
•480000 mult, by 1000000=480000. 

(1000)»=10» and -^ x 10=10*. 

Hence the decimal point had to be moved four places to 
the right, which brought •71241162 to 7124-1162. 

As a second example, suppose tt=12 feet; y=5 feet; 
ii;=57° 80' ; «=88 per cent, or «=-88 ; what power is re- 
quired to drive this propeller 40 revolutions a minute ? 

'=^^m (5x-88x-6878xi)=509-4. 



Calculation by Dual Logarithms. 

15x40=600. 
6 X -88 X -6878+^= 118198111. 
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{,(•6)= '61082662 

a 

'163247686 '168247686 

{ , (118198111) = 12396988, 187608067 ar. oo. 

■abtnui { , (-48) 78396917 126603088 

{,(•6093915) '67463886 

•% x= 609*4, found by adding three dual nonibers together* 

PBOBtEM Vn. 

Given the diameter of a propeller = 21 feet = u ; the angle 
of llie blades at the peripnery=63^ • • 42'=f47; the length 
7=-6 feet; the slip «=:*40 or 40 per cent.; four engines 
driye this screw ot 7124 horse newer =:^; how many revo- 
IntionSy o^ will this propeller make in a minute? 

«=1 f 480000, U g3 ^^,„tj^ 
yf cos. w+i=6x-4x-448+i=ri743. 

Bif Dual LogarUhmSm 

, (-480000) = '73396917 \ .. 
, (.7124) = '33909948 ) ^^ 
,(1-17481) = 16068179, subtract 

'123376039 i nnnN 
'460617019 t>V^w.; 

8y683892058 

, ,Q-v '194630686 
♦ ' ^^'^> 74193736, 

'268824421 
230258609, { , (10.) 



I , (-68000231)= '38565912 

a=6& 



•• 



PBOBLEM Yin. 



Giyen, the diameter of the propeller=13feet=M; the 
angle of the blades at the periphery=59^ 46'=i^; the angle 
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of the blades at the htib= IP 48'= t^^i ; the diameter of the 
hub =1*25 feet= twice QS; (see Figure 148) to find the 
pitch at the centre of effort. 

Cotangent of 69° 46'= -582793 
Cotangent of IP 48'=4-786780 

The pitch at the peripherys 

18 X -588 X 31416 = 238 ft. = » 

The pitch at the hubs 

1-25 X 4-787 x5-1416 = 18-8 ft,=r. 

Put t^i for the pitch at the centre of effort, tt i the diameter 
at tl^ centre of effort, and ut the diameter at the hub. 

Becapitolalion. 

V =28-8 ft. tf=rl3ft. 

ri=22-8 ft. «i=-725«=9-425 fli. 

r,=18-8ft. tt,=l-25fb. 

PROBLEM UL 

GKven, the diameter of a propeller =13*5 feet=tt; and 
the angle w=65^f to find the actmg area of the propeller. 

^ - ^' ■ 
but f;*=fl^t**cot.* Wf hence 
2feu cosec. w ' 

Calculation hy Dual LofforUhnu. 

Dual log. sine of 65°= '9837680 
„ „ cosine of 6-5^= ' 86128586 

76290956 difference. 
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The stodent^s particular attention to the facts which 

we «haU enomerate: when we have tiie dual log., sine log^ 
cofiine, and the difference^ we have at the same time me 
dual log., tangent log., cotangent log., secant, and log. 
cosecant 

Sine '9887630 

Cosme '86128586 

Secant 86128586, 
Cosecant 9887680, 

These numbers are all whole numbers ; if '9837630 be 
considered positive, 9837630, by changing the position of 
the comma, becomes negative; and on the contrary, if 
9837630 be positive, '9837630 must be taken as negative. 
These remarks apply to dual logarithms of all sorts. 

Log. 1-35= 30010460, log. 25= 91629072, 

log. <r = 114472989, 8 log. 1-35 = 90081880, 

log. cosecant w = 9887630, 181660452, 

154321079, 154821079, 

log. of 1-31441767= 27889378,' 

.*. Acting area of the propeller. Fig. 148, = 181-1441767 
square feet=As. 

The screw propeller. Fig. 148, is selected, like our other 
examples, for no particular excellence, but merely for the 
purpose of illustration. The examples here introduced 
show the great importance of dual logarithms, which are 
easily calculated when tables are not at hand. Conventional 
arrangements may indicate processes precisely, and yet 
render littie or no assistance to an operator trying to obtain 
results. This grave objection applies to many of our 
modem mathematical researches ana f ormulaa without the 
intervention of dual arithmetic. 
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CHAPTER X. 

USEFUL ABITHHETIOAL PBOOESSBS, OPERATIONS THAT 
MAT BE FOBGOTTBN, AND THE APPLIOATION OF PBIN- 
OIPLES OFTEN MISUNDERSTOOD BY THOSE WHO BATE 
NEGLECTED THE STUDY OF ARITHMETIC. 

Arithmetic is the science of numbers and their notar 
tion, and of the different operations to which numbers are 
subjected. Arithmetic explains and Ulustrates practically 
the methods of computing by numbers. At present there 
are two systems of arithmetic, namely, common and dual 
— ^the latter invented and developed by the author of 
the present work. When numbers are very great, for 
the purpose of facilitatinj? numeration, they are gene- 
rally divided into periods of six fibres each, the first on the 
right hand being called the units' period, the next the 
period of millions, the third the period of biUions, the 
fourth the period of trillions, and so on, as in the following 
example: 

BflUoDi. IffllioM. Units. 

698147 I 180280 | 258509, 

which is read, six hundred and ninety-three thousand one 
hundred and forty-seven billions, one hundred and ei|~^ " 
thousand two hundred and thirty millions^ two hun 
and fif ty-eiirht thousand five huna*ed and nme. 
In tLSo, and other Continental places, nmnben ate 
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diyided into periods of three fibres each ; the first on the 
rij^t hand is called nnits^ penod, the next the period of 
thoosandsy the third the period of millions, and so on. Ac- 
oordmg to this system of notation and numeradoni the pre- 
ceding nmnber will be expressed thus : 

QnadriHloefc Trillioiia. BOliona. IdUont. Thoasaadfr Units. 
698 147 180 280 258 509. 

Both methods a^ree in all numbers not exceeding nine 
places of figures, out idPterwards die French plan is more 
simple than the English. The student is supposed to un- 
derstand addition, subtraction, multiplication, long division, 
and short division of whole numbers. 



VULGAB FBAOnONB. 

When we divide a quantitv into several equal parts, one 
or more of them is called a fraction of the quantity so di- 
vided ; thus, if a foot be divided into 12 inches, and 5 of 

these inches taken, we will have what is termed ^e-«eoettA« 

5 
of a foot, written thus, =- of a foot* The number of parts 

into which the quantity is divided is called the denotninator^ 
and is put below the line which is placed between the num- 
bers ; and the number of parts taken is called the nume' 
rotor y and is put above the Ene which is placed between the 
numbers composing the fraction. 

The numerator we shall sometimes call the number above $ 
The denominator „ „ „ „ hehw^ 

To multiply a fraction by a number, multiply the num- 
ber above the Ime, but retain the number below unchanged. 

3 27 

Example, —multiplied by 9= — . To divide a fraction by 

a number, multiply the number below^ and retain tlie upper, 
number unchanged. Example. •% divided by 3=To* ^' 
a fraction be multiplied above and below by any number, 
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2 

its value is not altered. Example. The fraction •= multi- 
plied above and below by any number, as 5, gives 5^; then 

2_10 
7"~35' ^^' 

? = ± = i = l=&o. 

7 14 21 28 

On the contrary, if a fraction be divided above and below 

by the same number^ its value is not altered. Example.^ 

20 , , . 10 , 20 10 

52 divided ab(yoe and hehw by 2 gives r^ ; then oj ~ fS = 

5 

6- 

Multiplication of Vulgar Fractions. 

Rule. Multiply the upper numbers together for the nu- 
merator, and the lower numbers together for the denomi- 
nator of the product. 

Example. 7 multiplied by - =Tg , the product. 

Division of Vulgar Fractions. 

Rule. Invert the divisor, then multiply the numbers as 
in multiplication. 

2 11 11 

Example. 7: divided by rr ; tt inverted becomes-=r 5 

2 11 22 

Then I and ^ gives g = l^V 

Addition of Vulgar Fractions. 

Rule. Multiply the numbers composing the two fractions 
crosswise, add the two products together, imder which 
place the product of the numbers below the lines of the 
given fractions. 

T 
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3 4 
EjMm^ple. Add ? and^ together. 

8 4 

20=5x4 
21=7x8 

Som 41 

85=7x5 

8 4 41 , 

.\ jaddedto^=gg=lA. 

Subtraetian of Vulgar Fractions. 

Rule. Multiplj the numbers composing the two fractions 
crosswise, take the difference of these products, mider 
which place the product of the numbers below the lines of 
the given fractions. 

3 4 
Example. From r take s. 

3 4 

5^7 

21=7x3 
20=5x4 

1 

35 = 5 X 7 .•. Difference= ^. 

2 
In the fraction ^ we suppose 1 to be divided into 3 equal 

parts, and 2 of these parts to be taken ; but we might sup- 
pose the number 2 to oe divided into 3 parts, and one of 
these parts to be taken, and the result would be exactlj the 

same. Suppose the unit to be a foot, then ^ of a foot= 

2 I 

4 inches ; therefore ^ of a foot = 8 inches. But the s* of 

o 3 
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2 feet must be exactly the same = 8 inches. The same 
may be said of other fractions. 

4 4 4 4 1 
— of an inch =—- of a foot ; for- divided by 12=— = rs-' 

5 60 6 •^ 60 15 

^ of a cubic foot= ^ =648 cubic inches ; for 5 multi- 

pUed by 1728=^^=648. 

To divide a whole number and a fraction by a whole number. 

Divide 23^ by 7. 
7)23| 

7 into 23 goes 3 times and 2 over, 5 times 2=10 and 4 gives 
14; and 5 times 7=35, gives 3^. 

14 2 

-- = -.; dividing above and below by 7. 
00 • 



The Bule of Thbee. 

Although it may be considered a digression from our 
general plan to treat of the rule of three any further than 
to show now to perform its calculations, yet it is necessary 
to treat of if at some length, from the very defective 
manner in which it has hitherto been handled by writers 
on common arithmetic. Most of them divide it into three 
separate divisions, namely, " the Single Rule of Three Di- 
rect," " the Rule of Three Inverse," and " the Double Rule 
of Three ;" but here it is considered as one simple rule. 

It is named "the Rule of Three" because there are 
generally three numbers given to find a fourth. From its 
extraordinary utility it is called " the Golden Rule ;" again, 
^^ the Rule of Proportion," which is the most proper appel- 
lation. It is necessary to observe the following Remarks^ 
in order to elucidate tms method : 

y2 
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FinL There is bat one number given in a question in 
proportion that is of the same name or denomination as the 
answer or number sought. 

Second. This number maj be a compound one, but can 
always be reduced ; for example : — Suppose 1202. to be 
paid for 8 packs of canvas, each pack containing 4 pieces^ 
each piece 20 yards; how many yards, at the same rate, 
can be purchased for 24/. ? As the number of yards in 
the 8 packs can be readily found, the question may stand 
thus: 

Ques. 1. Suppose 120Z. be paid for 640 yards, how 
many yards will 24/. buy at that rate? 

Third. When a question is given in proportion, it is 
sometimes necessary to reduce the compound terms, and 
then write it down again in its contracted state. 

Example. 

Ques. 2. If 12 men in 4 days, when the days are 12 hours 
long, can dig a ditch 20 yards long, 4 deep, and 5 wide, how 
many inen will be required to dig another, 240 yards long, 
8 wme, and 7 deep, in 18 days, when the days are 16 hours 
kmg? This question, when reduced, will stand simply 
thus : — ^If 12 men in 48 hours excavate 400 cubic yards of 
earth, how many will be necessary to excavate 13440 cubic 
yards in 288 hours! 

Fourth. When a question is thus reduced to its lowest 
terms, and the number which is of the same name or deno- 
mination as the one sought be selected, the remaining num- 
bers must, two by two^ express quantities of the same kind, 
or they are not to be in the proportion. 

Example. 

Ques. 3. If 12 men, 6 feet high, and 13 stone weight, 
excavate 400 cubic yards of earth in 48 hours, how many 
men will it require to excavate 13440 cubic yards in 288 
hours! 





Hours. 


Cubic yds. 


Men. 


6 feet 


48 


400 


12 


13 stone 


288 


13440 
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Thus, as it is a number of men that is sought, 12 is 
selected, and is to be in the proportion ; so are 400 and 
13440, as both express cubic yards ; and also 48 and 288, 
as both express hours ; but 6 and 13 must be left out^ as 
they stana for magnitudes of different kinds. 

Fifth. When the numbers given are reduced, if any two 
of them which express similar magnitudes are equal, they 
may be left out oi the proportion. 

Example. 

Ques. 4. If 32 cwt, be carried 40 miles for 16Z. 12s., how 
far will 24 cwt be carried for 332 shillings ? 



ShU. 


Cwt, 


Miki, 


£16 128. =-332 


32 


40 


332 


24 





From this it is evident that 32, 24, and 40 are to be in 
the proportion ; but 16Z. 12s. and 332 shillings may be 
omitted. 

Sixth. When the necessary numbers for the proportion 
are selected, and the superfluous ones expunged, set down 
in a convenient place the nimiber that expresses the majg- 
nitude which is the same as the one soujght, and the 
Remaining necessary numbers arranged two by two; then 
state the question : — Suppose two of the numbers which 
express magnitudes of the same kind, in existence, and the 
others equal, or not in existence, and the one which is like 
that required; then put the question whether the one 
sought is to be greater or less than the given one; if 
greater, the greater of the two is to be the centre term, and 
the other the first. In the same maimer, the other magni- 
tudes which are of the same kind are disposed of. Then 
multiply the first terms together, and divide the product 
into tne continued product of the second and third terms 
for the answer. 

Examples. 

Ques. 5. Suppose 120Z. to be paid for 640 yards of 
doth, how many yards can be bougnt for 24/. ? 
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A^ or flitt term ; B, or teoood ; G, or third temu 

£ £ Td$. 

120 24 640 

In this question there are bat three numbers given to 
find a fourth; their positions are thus found: — As the 
number sought is yams, the yards given are to be the 
third term, 0; then the question is put — Ji 120i buy 
640 vards, will 24Z. buy more or less ? It will evidently 
buy less; therefore the less of the remaining numbers must 
be the second term, B, and the other the first term, A. 
When the question is thus stated, multiply B and C toge- 
ther, and divide the product by A for the number of yarck 
sought 

WORK. 

120 : 24 :: 640 

24 

2560 
1280 

12|0)1536jO. 

128 yards, answer. 

Quea. 6. If 32 cwt. be carried 40 miles for 162. 12s., how 
far will 24 cwt. be carried for the same money? 

The 162. 12s. is superfluous, for reasons before ^ven; 
the remaining numbers are necessary, and must be m the 
proportion, whioh will stand thus : 

Cwt, Cwt, MUet. 
24 : 32 :: 40 

For miles are required, therefore 40 miles is the third ; 
and if we put the question — ^If 32 cwt be carried 40 miles 
for a certain sum, will 24 cwt be carried a greater or a 
less distance for the same money? It is evident that it is a 
greater number than 40 that is required; consequently, the 
greater of the two remaining numbers is put for the second 
term, and the other for a first. 
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The work will stand thus : 

Cfwt. (hoi, MUea. 
24 : 82 :: 40 

40 



24)180 (68| miles, answer. 
120 

80 
12 

24 8 

Quea. 7. If 12 men in 48 hours excavate 400 cubic 
yards of earthy how many will be necessary to excavate 
13440 cubic yards of earth in 288 hours ? 

Honn. Honn. Men. f The magnitude which is of the 
288 : 48 : : 12 ^ same denomination as the one 

C sought. 

Cnb. Tdfl. Cab. Tds. 
400 : 18440 

The above stating is ascertained as follows : — ^As it is men 
that are sought, the 12 which expresses men is set down 
first ; then suppose the cubic yaras equal, to find the posi- 
tion of 48 ana 288, say — If a certam number of cubic 
yards be excavated by 12 men in 48 hours, will it take a 
greater or less number of men to excavate the same 
number of yards in 288 hours ? It is evident that a less 
number of men will be required ; therefore, the less of the 
two numbers (48) is to be m the centre, and the other first* 
Then to determine the positions of 400 and 13440, say — 
If 400 yards be excavated by 12 men, will it take a greater 
or less number of men to excavate 13440 yards? It is 
evident that it will take a greater number ; therefore, the 
greater of the two (13440) is to be in the centre, and the 

other (400) first. 
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WOKK« 


Hours. 


Hoon. Men. 


288 


: 48 :: 12 


Cab. Yds. 


Yds. ^ 


400 


: 13440 


115200 


48 



107520 
58760 

645120 
12 



1152010) 774144|0 (67^ meuy answer. 
69120 

82944 
80640 



2804 
11520 



Decimal Fractions. 

We have before stated that a fraction expresses part of 

any whole thing by two numbers, one placed above a line 

and the other oelow it ; and we have also stated, that the 

number below the line, in this conventional arrangement, 

is called the denominator, and shows how many parts the 

quantity is to be divided into ; the number above the line 

is called the numerator^ and specifies the number of such 

parts to be taken. For example, let us take the following 

fractions, 

18 2 -.4 nnmerators, 
— ; — ; ^, and — , . ' 

2 4 8 7 denommators; 

which are called one-half, three-fourths, two-thirds, and four- 
sevenths respectively. When the numeraJtor and denomt- 
nator are equal, as i, the fraction is= 1 ; and when the nume- 
rator is greater than the denominator, the fraction is called 
improper, and is greater than 1 ; -f^, which is equal i and 
f together, or equal 1\. Since, as before remarked, if the 
numerator and denominator of any fraction be multiplied 
or divided by any nimiber, it neitner incresuses nor oimi- 
nishes the value of the fraction ; then 



BfiAGTIGAL MEOHANIOS.^ 3Sl9 

2 4 40 400 



8 80 800 



=&c., 



«ida?=.20 2 1 



80 44 4 2 

for it is evident that if a quantity be divided into, 800 
equal parts, and 400 of them taken, one-half the quantity 
is taken ; the same reasoning holds good with other frac- 
tions. 

3 _80_800_8000_^^ 

4 40 400 4000 *' 

4 40 400 4000 « 

— = — = S= =:&c. ; 

7 70 700 7000 

so that it {ippears a fractional part of anything may be ex- 
pressed in an infinite number of ways. 

From the above it appears that one fraction may be re- 
duced to another equal to it, and having, either the nume- 
rator or denominator, what number we please ; for example, 
let us reduce f to a fraction equal to it whose denominator 
shall be 1000. 

2_2000 , 2000_666| . 2_666f 
3 3000*^ 3000 lOOO "8 1000 

The reduction of vulgar fractions to decimals, is nothing 
more than the reduction of one fraction to another whose 
denominator will be 10, 100, 1000, 10000, &c., then can- 
celling the denominator, and placing a full point to the left 
of the numerator, which must consist of as many places of 
figures as there are ciphers cancelled in the denominator; 
any deficiency of figures in the numerator must be made 
up with ciphers to the left. 

EXAMPLES IN SEDUCTION. 

Ex. 1. Keduce } to a decimal. 

£=!22and522=Zi ... 8=i£, or-76of«docanal. 
4 400 400 100 4 100 
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OONTBAOTED. 

4 )80000 

'75 ofinoer. 

Ex. 2. Beduce 15s. 7(L to the decimal of a pound ster- 
ling. 

158. 7d.=:187 pence. 
1/. =240 

Then the vulgar fraction is expressed by i^j the deci- 
mal is '7791667 to seven places of figures; this is far 
enough to continue decimals for most practical purposes^ 
«nd when the last figure 18 5, 6, 7, 8, or 9, the figure pt^ 
ceding maj be counted one more. 



WOBK. 

24|0) 187 (77916666, &c. 
168 

, 190 
168 

220 
216 



40 
24 

160 
144 

16, &c. 
IMPOBTANT BULB. 



When the last figure and all that follow are re- 
jected, and when the last figure is 5, 6, 7, 8, or 9, the figure 
preceding may be counted one more ; .*• the decimal of 
Hi^ to five places is -77917. 

Ea. 3. Beduce -^ to a decimal fraction. 
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63) 200000000 (03174603 
189 

110 
63 

470 
441 



290 
252 



380 
378 

200 
189 

11 

In this division there are eight ciphers nsed, then there 
must be ei^ht places of figores in the quotient^ and there- 
fore one cipher is to be paced to the left of the figores 
obtained, and then the full point ; or, which is the same, 
for every cipher added to the numerator there should be a 
cipher or some figure placed in the quotient, and before the 
figure put in the quotient for the firsit cipher added, the full 
point. 

EXAMPLES FOB PRACTICE. 

Ex. 4. Reduce 2 ft. 7^ in. to the decimal of a yard. 

Ans. -875. 

Ex. 5. What decimal is equal to ^ f 

Ana. '081967 and 13 over. 

Ex. 6. Beduce 17-f to a mixed decimaL 

Arts. 17*4285714^ &c. 



TO FIND THE VALUE OF ANT DBODCAL. 

Rule. — ^Multiply the civen decimal by any denomination 
less than it, pomtin^ off as many decimals in the product 
as are in the given decimal; then the figure or figures to 
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the left of the separating point will be the nmnber of that 
denomination contained in the decimal. Where the deci- 
mal has to be reduced to two or more denominations, the 
process may be repeated, as in the following 

EXAMPLES. 

Ex. 1. Bequired the value of *llllllll of a hogshead 
containing 63 gallons.,^ 

•11111111 
63 

33333333 
66666666 

6-99999993 

When '999. . . . follows the decimal point, the whole 
number may be increased by one : therefore the answer is 
VgaUons. 

Ea. 2. What is the value of '87625 of a pound sterling? 

•87625 
20 



^^^^^12 \ ••• *^® ^*^^® ^^ 8-7625Z. is equal 01. 17s. 6id. and 
-^^^^^ f A of a farthing over. 



1-20000 



Ea. 3. Find the value of -087648 of a yard. 

•087648 
3 

feet =0-262944 r ^.g^g^g ^f a yard=3 inches 2 parts 

inches =3-155328 ^ ^^^^^' 

12 

parts =1-863936 

EXAMPLES FOB PRACTICE. 

Ea. 4. Required the value of '74325 of a pound sterling. 
Ana. 01. Is. 5|c/. 352. 
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Ex. 5. Beduce '8383838 of a foot to its equivalent value 
of inches and parts* 

Am. 10 in, 0-7272 part. 

Ex. 6. What is the value of -2648125 of a milef 

Am. 2 fur. 4 pol. 4 yds. ft. 2 in. 1-56 parts. 

Most civilised nations employ the metric system of 
weights and measures. 

ADDITION OF MIXED NUMBEBS AND DECIMAL FBAOTIONS. 

Rule. — Keep the decimal points under each other^ and 
proceed as in common addition^ observing to point off as 
many decimals in the sum as there are in the term which 
contains the greatest number of decimals ; 

OB, 

As placing ciphers after decimals does not increase 
or dimmish their value, a£Bx ciphers until each of the 
ffiven terms consists of the same number of decimals, 
aen proceed as in common addition, pointing the smn as 
beiore. 

EXAMPLES. 

Ex. 1. Required the sum of 3-46; 21-347; 1-3; and 
24-0049. 



8-46 
21-347 

1-3 
240049 



orthnSy 
3-4600 

21-3470 
1-3000 

24-0049 

50-1119 



501119 

The reason of this rule is obvious, for 

3-46 = 3t^ = S^^ftfife 

21-347 =2lTWir =2lTWife 

1-3 = 1t^ = iT^ftftfe 

24-0049=24nnftfe= 24nftftny 

Sum=49i*Ji*= 
50ii{/^=:50'1119, the same as above. 



i 
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EXAMPLES FOB PBAOTIGEL 

Ex.2. What 18 the sum of 0-075; 11-0712; 171- ; 
47-1433 and 145*03215. 
Ana. 374-32165. 

Ex. 3. Beduoe the following fractions to dedmals, and 

find their sum; namely, l,i,T^, A>*, and A- 
An». 1-7684848. 



SUBTRACTION OF DEODCALS. 

Bute. — Place the nmnbers under each other as in ad- 
dition, affixing ciphers, if necessary, to make the decimal 
places equal; then proceed as in common subtraction, 
pointing off the dedbnals in the remainder as in addition. 

IIXAMPLES. 

What is the difference between 36-47 and 19-3764; 38-4 
and 3-84 ; and 341-365815 and 276-82. 

Ex. 1. Ex. 2. Ex. S. 

From 86-4700 38*40 841-365815 

Take 198764 3-84 276-820000 

Remainder 17-0936 34-56 64-545815 

Ea. 4. Required the difference between 8*75+ -825 and 
5-681+2-17. 

Ans. 1-724. 



MULTIPLIOATION OF DEOIMALS. 

Mule. — ^Multiply the factors as in common multiplica- 
tion ; then point off as many decimals in the product (from 
the right) as there are in both factors. 

|^° When it happens that the figures in the product 

are less than the decimals in both factors, ciphers must be 
prefixed to the left of the product to make up the defi- 
ciency. 
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EXAMPLES. 



Ex. 1. 
Multiply 14-36 by 16-451 
16-451 

1436 
7180 
5744 
8616 
1436 



Prod.=236-23636 



Multiply -0473 by -0847 
-0847 

3311 
1893 
3784 



-00400631 = Prod. 



The above rule for pointing the decimals in the product 
may be proved as follows : 



14.36 =143^^^ =i±l« 



100 



and 16-451 = 16^^= ii*»i 
14-36 X 16-451 = *^ X V^)^ = •-* 
236^^ =236-23686, aa before. 



00000 



As it only occupies a few seconds to prove any multipli- 
cation, it is advisable that all should be proved of which 
any doubt may be entertained. 

The following explains the method of proof. 

Ex. 3. Let it be required to multiply 23"33 by 16"321, 
and prove the work to be right or wrong. 

Multiply 23-33 -(A) 
by 16-321 -(B) 

2333 
4666 
6999 
13998 
2333 

Prod.=:380-76893-(C). 

Cast the nines out of the sum of the digits in (A), and 
what is over place on the cross to the left, that is, 24-3+ 
3+3=ll=one nine and 2 over, which set down; again, 
cast the nines out of (B), setting down on the cross to the 
right what is over, that is, 1-f 6-f 3=10=one nine and 1 




•\ 
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over, then 1 + 2-1- 1=4, which does not makenp nine, then 
4 is oyer, which set down on the cross at (B); then multiplj 
the nombers on the cross at (A) and (B) together^ and 
cast the nines ont of the product, and place what is over 
CD the cross at (D). 

Lastly cast the nines ont of the product (C) ; thusy 
8-1- 8=11=9 and2 over; 2H-7=9and0over; 6+8 = 14=9 
and 5 over; 5+3=8, which place on the cross at (C); 
then, if the numbers on the cross at (C) and (D) are equal, 
the work is right, and if not, wrong. In casting out the 
nines in any number, the ciphers or nines need not be taken 
into account. 

It is natural to associate the idea of labomr ¥dth long 
detail of execution, but such an idea may be abandoned 
here, as at most it will not take the operator more than 
half a minute to prove any multiplication by the directions 
just given. 

EXAMPLES FOB P&AOTIOE. 

Ex. 4. Multiply 3-1416 by 10-24. 
Ans. 32-169984. 

Ex. 5. Multiply -00376 by 278. 
Ans. 1-04528. 

Ex. 6. Multiply 3-1416+ -7854 by 2218-192-277-274. 
Ans. 7621-984986, true to six places of decimals. 

DIVISION OF DECIMALS. 

Rvle. — ^Division of decimals is the same as division of 
whole numbers, only it is to be strictly observed that the 
number of decimals and ciphers annexed to the dividend 
must be always equal to the number of decimals both in 
the divisor and quotient ; now, as the number of decimals 
in the divisor, and also the number of decimals and ciphers 
affixed to the dividend, are known, the number of decimals 
in the quotient is determined by making their diSerence. 
But as the rule for di\dsion oi decimsus is best drawn 
from examples, the following are most of the varieties that 
can occur. 
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EXAMPLES. 



. 1. Divide 3647- by 47. 


^v 


Dividend. 




Divisor 47) 3647 (77-595744 


Qaotient. 


329 




357 




329 




280 


210 


235 


188 


450 


220 


423 


188 


270 


32 Eemainder. 


235 




350 




329 





210 



When the divisor, the dividend made less by the re- 
mainder, and the quotient are arranged as below, the proof 
is the same as in multiplication. 



Divid 

3647 



Divisor. 

47-(B) 



Ciphers 
annexed. 
000000 

32 Remainder. 




3646-999968— (C) 



Quotient. 

77-595744— (A) 



When the divisor is a whole number and less than the 
dividend, another whole number, the quotient is composed 
of whole numbers and decimals ; the number of decimals in 
the quotient is equal the number of ciphers called down. 



k 
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Ex. 2. Divide 47- by 3647. 

Divisor. Dividend. Quotient 

3647- ) 4700 ( -012887 
3647 

10530 
7294 



32360 
29176 

31840 
29176 




26640 
25529 

1111 Bemainder. 
Proof. 
Quotient = -012887— (A) 
Diyisor = 3647-— (B) 
Dividend and ciphers affixed. 
From 47000000 
Take 1111 Remainder 

46-998889— (C) 

We obtain five figures in the quotient^ but there ought 
to be six, because there are six ciphers appended to the 
dividend, and no decimal in the divisor ; therefore a cipher 
must be placed to the left of the figures in the quotient, 
and then the decimal point. 

Ex. 3. Divide 347-23 by 5-19878. 

Diviflor. Dividend. Quotient. 

519878 ) 347-2300 ( 66-79067 
3119268 

3530320 
3119268 



4110520 
3639146 

4713740 
4678902 



3483800 
3119268 

3645320 
3639146 



6174 Remainder. 
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From l'^® number of decimals and ciphers appended^ - ^ 
\ to the dividend ) ^^ 

Take The number of decimals in the divisor ... 5 
Remainder The number of decimals in the quotient . . . ~5 

Proof. 
Quotient = 66-79067— (A) 
Divisor = 5-19878— (B) 

Take the remainder = 6174 

347-2299993826— (C) 

Eo!. 4. Divide 87-3749 by -00436. 

•00436 ) 87-3749 ( 20040-1146 
872 

1749 
1744 




500 
436 

640 
436 



2040 
1744 

2960 
2616 



344 Remainder. 

From /^® number of decimals and ciphers in the divi-") q 
(. dend ) 

Take The number of decimals in the divisor ... 5 

Remainder f^®^® remains the number of decimals that) ^ 
X ought to be in the quotient ) 

The proof would be similar to those previously given. 
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Ea. 5. Divide -063478 by -0000125. 
•0000125 ) 068478 ( 5078-24 

625 

978 
875 



1080 
1000 



800 
250 

500 

500 

Namber of decimals and ciphers in the dividend . = 9 
Number in the divisor = 7 

The number in the quotient = 2 



_ To the previous remarks on division we may add the 
following Rule : — ^Make the number of decimals in the 
divisor and dividend equal, by adding ciphers to the defi- 
cient one ; then, when the divisor divides the dividend 
without annexing any more ciphers, the quotient will be a 
whole number ; out when we call more ciphers to the divi- 
dend, any figures that are put after in the quotient will be 
decimals. 

The reason that the number of decimals in the quotient 
is equal the number in the dividend with the ciphers 
appended, made less by the number in the divisor, will 
appear from the following; taking the 5th example for 
instance, 

T^- M A A^o.^Q -063478 63478 
Dividend = -063478 = 



Divisor =-0000125 = 
-063478h-0000125 = 



1000000 "" 1000000 
0000125 125 



10000000 10000000 

63478 125 

1000000 "^10000000^ 



63478 10000000 634780000000 634780 

X 



1000000 '^ 125 "" 125000000 "" 125 

30 6 24 
ir5=^^782g=5078j^^ 



^^^^'^T5=^^74=^^7«1^0=^^^^•^^• 
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EXAMPLES FOB PBAOTICE. 

Ex. 6. Divide 354- by 3-1416. Ans. 112-681. 

Ex. 7. Divide 3-1416 by 89-74. Ans. -0350078. 

^ar. 8. Divide 2218-192 --7854 by 277-274+ 3-1416 x 
•5236. Ana. li-10236. 

. Those who have studied the history of the mathematical 
sciences cannot but have noticed the slow manner in which 
improvements have been admitted into general use ; even at 
this late date, barbarous and inadequate as the method was^ 
the author was obliged to allow his bases to be expressed in 
vulgar fractions, in order that his published works on Dual 
Arithmetic might be better understood. Dual Arithmetic 
calls for but few innovations to establish its general nota- 
tion ; decimal arithmetic is left in possession of the full 
point (-), while in dual arithmetic the comma {,) is em- 

Sloyed, a distinction easily remembered. The first notice of 
ecimals is to be found in a tract at the end of Stevinus's 
ArWimStiquey in the collection of his works by his friend and 
pupil Albert Girard ; the tract is entitled La Disme. This 
collection was first published in Flemish, about the year 
1590. At this early date, decimals in the first place are 
termed primes, and marked (1) ; those in the second place 
are marked (2), and called seconds, and so on ; whilst all 
integers are characterised by the sign (0), which is put 
after or above the last digit. 

EXAMPLE IN ADDITION. 



1590. 


1865. 


(0)a)(3)(8)(4) 




34612 


3-4612 


21 4 7 7 2 


21-3472 


13006 


1-3006 


24 4 9 


240049 


50 1 1 3 9 


501189 


(0)a)(3)(8)(4) 





The denominators 10, 100, 1000, &c., were employed 
after the time of Briggs and Napier. 
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DUAL ARITHMEna 

Dunl Mrithmotio in a new art of tnancetwrmg mmnben and 
inventiitfttinit Uie rt^lutioim of quantities with ease and ao- 
ourtii7» with or without tho uae of tables. 

Tho tonii iUtal is employed because the art has two 
AraH4)A#«, tlio basis of each oranch being composed of two 
n^rh. and biHsausi* tho digits of a dual number may be sub- 
jet'tiHl to a variety of changes in magnitude and portion, 
whU« at tlio Muno tinio remaining equal in value to two loi- 
pkQnjf0t9hl$ Attr^m^9^ nainoly, a natund number and its loga- 
rithm to a known base. 

lUana or tub Asokxdino Branch. 

Tht> bastMi of tlus branch of the art can be expressed as 
follows : 

+ «P (lUiXX)-hl); (1000-fl); (100 -fl) ; (10+1); 

(1+1)1 (A+i)5 (i4o + i); (it^TyH-i); i; 

more convonicntly written thus : 

-fop lOOUl; 1001; 101; 11; 2; 11; 101; 1-001; 

.... 1 the limit, 

lncrt>iuilng in magnitude ttom right to left 

These bases are less and less as they approach 1, but can- 
not be less tlmn 1. 

IIassb of the Desoending Branch. 

These bases may be expressed thus : 

-OD. , , .(1-1000); (1-100); (1-10); (1-1; (1-,^); 
(i-rb); (l-TiAnj);---(l), 

but more concisely written, 

-Qo -999; -99; -9; 0; 9; -99; 999; 1, 

decreasing in uisgnitudo from right to left. 

This scale of bases approaches 1, but cannot be greater 
than !• 
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An example will make clear anything that may seem too 
abstract in the preceding definitions. 

The diameter of the earth through the poles is said to be 
41706091'152 ft., which is a conventional form of expressing 

4 times (10000000) + once (1000000-)+ 7 times (10000-) + 
6 times (1000-)+nine times (10-)+l-+ ^ + ^^ + -j^, 

by the notation of conmion arithmetic, which, according to 
the ordinary method agreed upon to express powers, be- 
comes 

4(10)^+(10)«+7(10)» + 6(10)»+9(10)i + l + (10)-i + 

5(10)-* + 2(10)-'. 

In this notation of common arithmetic 4, 1, 7, &c., are 
termed digits, and do not exceed 9. 

In dual arithmetic the powers of the dual bases are only 
registered. Thus 41706091-152 is equal to 

(•99999)X-999999)»(-9999999)»(-99999999)«(l + 1)*(1-01)* 
(l-OOl)S when multiplied by 10^ 

The bases being omitted, this dual number is written 

'0'0'0'0'1'3'3'6 f 10^23 1 0,4,2,0,0,0,0,0, ; (A). 

The natural number 41706091*152 is also equal to the dual 
number 

(10)^(2)^0,4,1,9,8,6,9,6,; 

it is likewise equal to the dual number 

'8'3'r4'6'8'l'0f (10)»; and 
to an immense number of other dual numbers. 

Referring to the form (A), '1'3'3'6 ; 0,4,2, &c., are called 
dual digits, and express the powers of the bases involved, 
and, unlike the digits of ordinary arithmetic, may be 
greater or less than 9. For example, the common number 
41706091*152 is equal to the dual number 

'0'0'1'57'0'8'4 f 107 1 15,0,0,0,0,0,0,0, 

The zero between \ and 4, in (A), shows that no power of 
1*1 is employed; the same remark applies to zero and 
other bases. 

A dual number of positive dual digits has always an 
exact value in conunon numbers when no contractions are 
employed in the reduction. 
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When eight positions to the ri^ht and eight to the left 
of the signs f | , counting from left to right in both cases^ 
are occupied by ciphers or other digits, tne sign | being 
placed before tne eight ascending digits and f after the 
eight descending, yet, with respect to range, the dual num- 
ber is said to be one of eight digits, although sixteen posi- 
tions, and other positions between the signs f and | , may 
be occupied. 

If one of the signs f or | is omitted, the positions at- 
tached to the other are supposed to be occupiea by ciphers. 

(f^ When the last dual digit and all that follow are re- 
ject^, and when the last digit is 5, 6, 7, 8, or 9, the 
digit preceding may be counted one more, as in decimal 
arithmetic. 

For most practical purposes common arithmetical results 
are required true, to not more than seven places of figures. 
To obtain this degree of accuracy, eight consecutive dual 
digits must be employed. In making calculations the al- 
lowances specified must be attended to. 

A dual number is easily transformed into another, all of 
whose digits being reduced to ciphers, except the last. The 
transformation ox a dual number of eight digits into another, 
whose first seven digits are ciphers, is termed reducing a dual 
number to the eight position. A dual number reduced to 
the eight position is called a dual logarithm. 

2-= I 7,2,6,0,7,8,2,6,= 10,0,0,0,0,0,0,69314718, 

= 1 869314718. 

In practice the 8 is omitted, and the expression is 
written 

2-= I 69314718, which represents (1 -00000001 /^'"7^*. 

Then 69314718 is termed the dual logarithm of 2-, 
written 

{,(20 = 69314718. 

Then the dual logarithm of 41706091-152 is equal to the 
whole number 1615789463, or 

I , (41706091-152) = 1615789463, . 

The dual logarithms of common numbers are easily found, 
as well as the common numbers corresponding to dual loga- 
rithms, without the use of tables. 
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Notation. Ascending Branch. 

The notation, although new, is easily remembered, from 
its symmetry, compactness, and uniformity. 

1 is represented by \ . 
One Deoimal. First Position. 



1*1 is represented by 

(1-1)* 



1, 

2, 
3, 



Two Deodials. Seoond Positiok. 

(1"01) is represented by 1 0, 1, or I *1, 
(1-01)« „ „ ,0, 2, or,.»2, 

(101)» „ „ 1 0,3, or I »3, 



V Y 7, 2, 
„ > 3, 4, 6, 



Thbbb Decimals. Third Position. 

(I'OOl) is represented by 1 0, 0, 1, or i *1, 

(1-001 )« „ „ rO,0, 2, or|»2, 

(r002)» „ „ |0,0,3,or|»3, 

&c. &c. 

(1-1)6(1-01) is represented by | 5, 1, 

(viy(voiy 

(1-1)8(1-01)*(1001)« „ 

(1-001)6(1-00001)2(100000001)8 is expressed by 

1 0,0,6,0,2,0,0,8, 

I 0,0, in the first and second positions, indicates that no 

? lower of (1"1) or of (I'Ol) is involved. The cipher in the 
ourth position indicates that no power of 1*0001 is involved; 
the same may be said of the other positions. 

Notation. Descending Branch. 

In this branch the arrow points tip, and the comma is to 
the left of the digit and abovey while m the ascending branch 
the arrow points downy and the comma is to the right of the 
digit and below. 

1 is represented by I 

'1 in the first position. 

'3 a 



One decimal (*9) 






&c. 



17 



&C. 






J7 



79 
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Two Dboimals. Sbcond Positioh. 

(•99) IB represented by Wl f or '1, ^ ^ 



(•99)* 
(•99)» 
(•99)* 

Thbeb Decimals. 



99 



yj 



'0*2 or '2j ^ 
'0'8 or '3, ^ ^ 

&c. 
Thibd Position. 



(•999) is represented by 'O'O'l f or 'Is ^ 
(•999)* „ „ '0'0'2 or '2, > 

(•999)» „ „ '0'0'3 1 or '3, ^ ^ 

&c. &c. 

In both branches, if there be n decimals in any base, 
its powers or dual digits are placed in the nth position. ^ 

(9)»(^99)* is written '3'2 f 

(9)7(^99)« „ 7'5 f 

(•999)»(-999999)«C99999999)« is written '0'0'3'0'0'2'0'6 | 

A cipher being in the first and also in the second position 
shows that no power of '9 or '99 is employed ; the same 
may be said of other positions occupied by ciphers. 

'0'0'3'0'0'2'0'6' f may be written '3'0W2'0'68 f = 

'Sa \ '26 I 'Gg I 

In the author^s works, ** Dual Arithmetic : a New Art," 
Parts I. and 11., and in the " Young Dual Arithmetician,'' 
without the use of tables, in a vanety of ways, and under 
different circumstances, it is shown, by easy, independent, 
and direct processes, how a«y two of the three corresponding 
numbers 

(Natural number) ; (Dual number) ; (Dual 

logarithm) ; 

might be found, the remaining one being given. 

Any one of these convertiUe numbers oeing given, the 
other two may be also found by employingTables I. and 11. 
(see "Young Dual Arithmetician"). Table I. is of the 
ascending branch, in which the natural numbers range from 

1- to 299161136. 
Table II. is of the descending branch, of which the na- 
tural numbers range from 
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•299161U to 1. 

Hence, when these tables are employed, the powers of 
the base 1 + 1 or 2 are dispensed with, and only the powers 
of 10 retained. When operations are performed witn dual 
numbers in their lowest terms, and tables used, it is not 
necessary that such tables should range beyond the natural 
numbers 

from 1-41421356 to 1, and from 1 to -70710678. 

(See "Tables of Dual Logarithms and of Angular Magni- 
tudes and Trigonometrical Lines.") 



CONSTRUCTION OP TABLES OP DUAL LOGABITHMS. 

Li constructing Tables of dual logarithms, no arithme- 
tical operations beyond those of addition and subtraction 
are necessary. 

To find the natural numbers corresponding to any dual 
number of one digit. 



Adding, 
Ascending branch. 

|1, = 11 
11 

|2,=1-21 
121 



|3,=1-331 
1331 

14,= 1-4641 
14641 

I 5, = 1-61051 
161051 

I 6, = 1-771561 
1771561 

1 7, = 1-9487171 
19487171 

I 8, = 2-14358881 
214358881 

I 9, =2-357947691 



Subtracting, 
Descending branclu 

'If =-9 

'2f =-81 
81 

'3f =-729 
729 

'4 f = -6561 
6461 

*5 f = -59049 
59049 

'6f =-531441 
531441 



7 t = -4782969 
4782969 

'8 f =-43046721 
<&c. 
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The above tables are formed hj simple addition and sab- 
traction, each line being obtained from the preceding one 
by commencihg a figure further to the right. 

To find the natural numbers corresponding to dual nimi- 
bers of two digits. 



ABc«ndiiig, adding. 



I 0,1 = 10 



1 
10|1 



Dflwwidliig, Bobtnetiiig. 
'01 f =-99 



{0,2=10 



20 
10 



1 
20|1 



{0,3=10 



30 
10 



30 
30 



{0,4=1-0 



40 
10 



60 
40 



1 
30|1 

"~1 

4 



40 
60 



{0,5=10 610100 5 
&c. = Ac. 



tA» 



0'2 f = 98 



99 



01 
98|01 



»A» 



0'3 1 =-97 



02 
97 



99 
02 



99 



'0'4f =-96 05 96 01 

96 05 96 01 



»A» 



0'6 I =-96 09 90 04 99 



Here commencing with { 0, l,=r01and '0*1 f ="99, 
we pursue the same process aa before, only placing the 
figures to be added to or subtracted from the preceding 
lines two figures further to the right, instead of one, 
nefflecting fiS figures after the eight decimal place. 

When the first dual digit is greater than one, we start 
with the value of that digit. Thus : 



Afloending branch. 



{6,=l-7 



71 
17 



56 
71 



1 
5611 



{6,l,=l-7 



89 
17 



27 
89 



66 
27 



1 

7 



{6,2,=l-8 



07 
18 



16 
07 



93 
16 



8 
9 



{6,3,=l-8 
{ 6,4 = ITg 



25 
18 



24 
25 



10 
24 



7 
1 



43 

18 



49 
43 



34 
49 



8 
3 



{6,5,=1-8 6192 841 
<&c.=<&c. 



Defloending branch. 



♦6 I =-53 



14 
53 



41 
14|41 



'6'1 f =-52 



61 
52 



26 
61 



59 
27 



'6'2 f =-52 



08 
52 



65 
08 



32 
65 



'6'3f = 51 



56 
51 



56 
56 



67 
57 



'6'4f =-5105 00 10 
51 05 00 

'6'5f =-50 53 95 10 
&c.=<&c. 
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In the same way the common numbers corresponding to 
all dual numbers of two digits may be computed and tabu- 
lated. 



Ascending. 
Again, | 0,0,1=1-00 



1 
10011 



10,0,2=1-00 



200 
100 



1 

200 



I 0,0,3=100 



300 
100 



300 
300 



I 0,0,4=1-00 



400 
100 



600 
400 



10,0,5=1-00 



501 
100 



000 
501 



10,0,6=1-00 601501 
&c. = &c. 



Descending. 
'O'O'l f =-999 



999 



'0'0'2 f =-998 



001 
998 



00 



'0'0'3 f =-997 



003 
997 



00 
00 



*0'0'4f =-996 



096 
996 



00 
01 



'0'0'5f =-995 



009 
995 



99 
01 



»0'0'6f =-994 014 98 
&c.=ibc. 



Operating the same as before, only setting the line to be 
added or subtracted three figures back. 



Ascending. 

16,5,0=1-86192 

186 



841 
193 



16,5,1=1-86 



379 
186 



034 
379 



\ 6,5,2=1-86 



565 
186 



413 
565 



16,5,3=1-86 751978 
&c.=&c. 



Descending. 



6V0= f -505 



395 
505 



10 
40 



'6'5'1 = t -504 889 

1504 



70 

89 



'6'5'2= f -504 384 81 

504 38 
'6^5'3 = f -503 880 43 

Ac. ss &c. 



In this manner the common numbers of all dual num- 
bers of three digits can be found and tabulated. 



Ascending. 
10,0,0,1 = 1-000 



1 

100011 



10,0,0,2=1-000 




1 

2 



10,0,0,3=1-000 3000 3 
&c.=&c. 



Descending. 
»0'0'0'1 f = -9999 



0000 
9999 



»0'0'0'2 f = -9998 



0001 
9998 



'0'0'0'3 f = -9997 0003 
&c. = &c. 
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Or the natural numbers corresponding to dual numbers 
of four digits are found as those ot three digits, setting the 
line to be added or subtracted four figures back. 



Afloending. 
16,5,2,0=1-865 



6541 
1865 



3 

7 



|6,5,2,l=:l-865 






8 



16,5,2,2=1-866 



8 




I 6,5,2,8=1-866 213818 

186612 

16,5,2,4=1-866 4005 

4 




\ 6,5,2,5= 1-866 58714 

dBC.=&C. 



Deaoending. 
'6'5'2'0 f =-5043 



8481 
5044 



6'5'2'1 f =-5043 



3437 
5043 



'6*5'2'2 f =-5042 



8394 
5043 



'6'5'2'3 f =-5042 



3351 
5042 



'6'5'2'4 f =-5041 



8309 
5042 



'6'5'2*5f =-50413267 
&c.^&c. 



In this way, by common addition and subtraction alone, 
the natural numbers corresponding to the dual numbers 
can be obtained throughout tables of both ascending and 
descending dual numbers. 



NEXT TO COMPUTE THE GOBBESPONDING DUAL 

LOGABITHMS. 

Ascending. 

The dual logarithm of 1 1, = 9531018, 

„ „ > 0,1, = 995033, 

„ „ 0,0,1, = 99950, 

„ „ 1 0,0,0,1,= 10000, 

Descending. 
'10536052=dual log of '1 f 
'1005034= „ „ *0'lf 
♦100050= „ „ '0'0'lf 
'10001= „ „ '0'0'0'lf 

For the calculation of these numbers, see "Dual Arith- 
metic," Part n., and the " Yoimg Dual Arithmetician." 
From the above numbers all the dual logarithms of both 
branches can be found by simple addition. 



PKAOTIOAL IfEOHANIOS. 



log|l,= 9531018 
9531018 



log I 2,= 1 



gH.=38124072 
9531018 



log I 5, =47655090 
9531018 



1(«|6,=57186108 



I>««csndliig. 

'10536062=ilogof '1| 
10536052 

•3t 

'6t 



Or the dual logarithms of all dual nnmbars of one digit 
in the first position may be found by the successive addi- 
tion of the number 9531018, for the ascending brandi, and 
'10536052 for the descending. 

AMeading. 
log 1 0,1,= 9 

995033 
log I 0,2,= 1990066 



«g 


6, 


=67186108 
996033 


kg (6,1 


=58181141 
995033 


log 


6,2 
6,3 


=59176174 
995033 


log 


=60171207 
996033 



Daceadidg. 
'1005034 =log of 'O'lf 

1005034 
'2010068= „ '0'2t 

1005034 
'3015102= „ 'O'Sf 



1005034 
'4020136 = 



'0'4f 



'6'2t 
'e'3| 
•6'4t 



'67236448= 

Thus the dual logarithms of dual nnmbers of two digits 
are derived from those of one digit by the successive a^- 
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tion of the number 995033, for the ascending, and '1005034 
for the descending branch. 



Ascending, 
log i 0,0,1,= 99950, 

99950, 

log I 0,0,2,= 199900, 

99950, 

log 1 0,0,3,= 299850, 

99950, 

log I 0,0,4,= 899800, 
&c. = &c. 

but log \ 6,4,0,=61166240, 

99950, 

log \ 6,4,1,=61266190, 

99950, 

log I 6,4,2,=61366140, 

99950, 

log I 6,4,3, =61466090, 
&c. = &c. 



D c B c cnding:. 

'100050=bgof 'O'Olf 
100050 

'200100= „ '0'0'2 f < 
100050 

'800150= 
100050 



n 



WO'8 1 



'400200= „ '0'0'4 f 



'67236448 = log of '6'4'0 f 
100050 



f) 



6'4'1 f 



'67336498 = 
100050 

'67436548= „ '6'4'2 f 
100050 

'67536598 = „ '6'4'3 f 
&c. = <&c. 



Thus the dual logarithms of all dual numbers of three 
dmts are derived from those of two digits by the successive 
aSition of the numbers 99950, and 100050. 



Ascending, 
log 1 0,0,0,1,= 10000, 

10000, 

log 1 0,0,0,2, = 20000, 

10000, 

log 1 0,0,0,3, = 30000, 

10000, 

log 1 0,0,0,4, = 40000, 
&c. = &c. 

but log \ 6,4,3,0, = 61466090, 

10000, 

log I 6,4,3,1, = 61476090, 

10000, 

log I 6,4,3,2, = 61486090, 

10000, 

log \ 6,4,3,3, = 61496090, 
&c.=<&c. 



Descending. 
'10001 =log of '0'0'0'lf 
10001 

'20002= 



10001 



>i 



0'0'0'2 f 



'30003= „ '0'0'0'8 f 
10001 

'4004= „ '0'0'0'4 f 
<&c.=&c. 

'67536598= „ '6'4'3'0 f 
10001 

'67546599= 



10001 



'67556600= 



10001 



67566601 = 



jj 



7> 



» 



&c.=&c. 



6'4'3'1 f 
6'4'3'2 f 
6'4'3'8 f 
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Or the dual logaritlims of all dual numbers of four digits 
may be derived fiom those of three digits by the successive 
addition of the numbers 10000, and '10001. 

With the exception, therefore, of the calculation of the 
dual logarithms of 1 1, ; 1 0,1 ; \ 0,0,1, ; 1 0,0,0,1, ; and 
oPl t ; '01 \ ; 'O'O'l f ; 'O'O'O'l \ , and of the dual loga- 
rithms of 10 and 2 — all of which can be verified oy 
methods shown in the author's works on the art and science 
of dual arithmetic in ten minutes — every result in the 
tables of dual numbers, their corresponding natural num- 
bers, and dual logarithms, can be calculated, as here shown, 
by simple addition and subtraction, without the aid of any 
other arithmetical operation. 

Having said enough to induce a student to examine dual 
arithmetic ; in conclusion we propose to arouse the attention 
of accomplished mathematicians, in solving by a direct 
process the following question. In order that this solution 
may not be passed over lightly, we have selected a question 
that could not be solved by all the living mathematicians, 
and all who ever lived, with the help of their numerous 
theorems, without the aid of dual arithmetic. 

Question, 

Find a number which, when added to the circumference 
of a circle whose diameter = 10000, the sum and its 
common logarithm, each, is composed of the same conse- 
cutive digits? 

^=3-14159265 

Put a= 10000, and w=10*, and let a be the required 
number. 



Then 10 i®* =a flr+a? 

L_ 1 

I a'TT+x ss ■ I .... . 

(10"») air+x 

2 a 
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taking a t+x root of both sides of this equation, we hare 

1 , -1- 

Pnttins: h for — -- and t for , the last equation be- 

10= "*+* 

comes z'=zh, the general solution of which is given in " Dual 
Arithmetic," Part II., pp. 98-100. We find 

fl?=15276'54179287965. 
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Accelerated motioDi when it be- 
comes uniform, 13 

Accumulated work, 92 

Achievement, great mathematical, 235 

Agents, work of living, 8 

Air, density of, 271 

Air, motion of a body in, 276 

Air, to find the resistance of, 279 

Analysis of Morin's experiments on 
the resistance of water to the mo- 
tion of paddle-wheels, 292 

Animals, force of, 12 

Archimedes* principle of sufficient 
reason, 165 

Area of a figure made to represent a 
distance, 92 

Area of floats, acting, 800 

Atmosphere, resistance to a train of 
carriages, 66 

Atwood^s machine, 101 

Axis, friction upon, 127 

Axle and wheel, 27 

Ball fired from a cannon, units of 
work in, 99 

Ballistic pendulum, geometrical pro- 
blem, 142 

Ballistic pendulum, mechanical pro- 
blem, 143 

Beasts, work o!^ 9 

Bent lever, 35 

Black broad-faced figures and letter, 
what they signify, 1 

Blast pipe, resistance of, 66 



Bodies descending inclined planes, 126 
Body, work accumulated in the falling 

of, 95 
Boiler, evaporation of, 81 
Boyle's law, 76 

Bridge, Bollman*s iron bridge, 205 
Bridge, Menai tubular, 212 
Bridge of S. H. Long, 189 
Bridge, the McCallnm, 195 
Bridge, the^Burr truss, 187 
Bridge, the Howe bridge, 190 
Bridge, the Howe truss improved, 192 
Bridge, the inflexible arched truss, 197 
Bridges, requisites desirable in, 208 
Bridges, rigidity, stiifiiess of, 200 
Bridges, practical examples of, 187 

Cannon, pressure of exploded gun- 
powder, 128 
Carriages, friction of, 100 
Carriages descending inclined planes, 

126 
Catenary curve, 219 
Centre of gravity defined, 87 
Centre of gravity found geometrically, 

246 
Centre of gravity found by referring 

bodies to co-ordinate planes, 39 
Centre of gravity in dlBferent bodies, 

247 
Centre of gravity of a number of 

bodies, 88 
Centre of gravity, conservation of the 

motion of, 186 
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Gtntn of graTlty, xadtM of woik, rt- 
moring, S4 

Ceotre of gyntUm of dUfoent bodlM, 
108 to 116 

Gtntrt of pmfare, 240 

Control of gnTitj, comtlon, and 
OicQUtion, reUtion between, 161 

Chain and snspenaion bridges, 219 

Chapter I. On the unit of work with 
or without referenoe to the unit of 
time,l 

Chapter II. On the worlc of liying 
agents, 8 

Chapter III. On the motion of bodies 
on inclined planes, and the raising 
of materials, 17 

Chapter IV. The lever, wheel and 
axle, pollejr, inclined plane, wedge, 
and screw, 27 

Chapter Y. Work of steam and the 
steam engine, 68 

Chapter YI. Accumulated work, 92 

Chapter YII. Equilibrium of pres- 
sures, thrusts and tensions, forces, 
Ac., 162 

Chapter YIII. Pressure of water and 
other fluids, 286 

Chapter IX. Resistance of fluids, mo- 
tion of paddle-wheels, screw-pro- 
pellers, &c., 283 

Chapter X. Useful arithmetical pro- 
cesses, operations that m&y be for- 
gotten, and the application of prin- 
ciples often misunderstood by those 
who have neglected the study of 
arithmetic, 819 

Chinese ingenious contrivance, 44 

Circular pUte, centre of gyration, 108 

Circumference, centre of gyration, 108 

Clearance of engine, 80 

Coals, evaporative power of several 
kinds, 71 

Cogged or toothed wheels, 41 

Compound wheel and axle, Chinese, 44 

Condenser, temperature of the vapour 
in, 73 

Condensing steam, units of work de. 
veloped by, 73 

Conservation of the quantity of motion, 
136 

Convenient unit to meas^r^ by, 3 

Crane, 40 ' 



Crane, power olj 43 

Crank, position of, for mairimiim ve- 
locity, 129 

Cube, pressure of water on the aides 
of; 238 

Curved paths, work in moving a body 
along, 18 

Decimal fractions, 328 

Decimal point defined, 4 

Decimals, addition, subtraction, mul- 
tiplication, and division, 333 

Dechnats, important observation, 334 

Decimals, important rule, 330 

Diagonal rods, stretchers, 207 

Diagram of forces, 181 

Diagram, skeleton, 171 

Diagram of forces, comparative lengths 

- of the lines in, 186 

Dick's anti-friction cam-press, 66 

Dual arithmetic applied to find the 
force of steam, 82 

Dual arithmetic employed to calcu- 
late the power of steam, 120 

Dual arithmetic with great ease, 
221 

Dual arithmetic, introduction to, 342 

Dual logarithms applied to calculations 
of steam navigation, 303 

Dual logarithms, calculations simpli- 
fied by the use o^ 87 

Dual logarithms, how to construct 
tables of, 347 

Duty of the steam engine, 66 

Earth, pressure of, 266 

Earth, work required to stop its re- 
volving on its axis, 107 

Elastic bodies, shock of, 146 

Elastic force of steam found exactly 
by dual arithmetic, 82 

Elastic force of steam found in units 
of work, 76 

Embankment, 243 

Embankment of equable strength, 264 

Embankment, pressure of water on 
239 

Endless screw, 63 

Engines, high pressure, 61 

Engines, locomotive, 68 

Equations, cubic and higher, 264 

Equations of the catenary curve, Pro- 
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blems that defied the skill of mathe- 
maticians, solved by, 220 

Equilibrium of pressures, thrusts, and 
tensions, forces, &c., 162 

Error in the hypothesis respecting in- 
stantaneous transmission of motion, 
148 

Falling bodies near the surface of the 

earth, 95 
False balance, 30 
Fire-engine, 158 
Flood-gate, 244 
Fluid, resistance of, 275 
Fluids, efflux of, 155 
Fluids, resistance of, 153 
Fly-wheel, 96 

Fly-wheel, dimensions of, 130 
Fly-wheel, weight of, 132 
Fly-wheel, friction of axis, 105 
Force of animals, 12 
Force, accelerating, 279 
Forces, diagram of, 180 
Forge hammer, work of, 7 
Fractions, addition of vulgar, 321 
Fractions, division of vulgar, 321 
Fractions, multiplication of vulgar, 321 
Friction of common roads, 13 
Fractions, subtraction of vulgar, 322 
Fractions, vulgar, 320 
Frames, loaded, 185 
Friction of rails, work taken up by, 20 
Funicular polygon, 177 

Geometrical proportion (usefid)^ 176 

Graphical construction. Tensions de- 
termined by, 179 

Gravity, force of, near the surface of 
the earth, 93 

Gravity, work due to, 19 

Gravitation, the law o^ 278 

Grindstone, question respecting, 106 

Gunpowder, force of, 148 

Gyration, centre of, 105 

Hammer, force in lbs. delivered by, 
upon the head of a nail, 1 50 

Hammers, work of fly-wheel in lifting, 
106 

High-pressure engines, 61 

High-pressure engines, horse power, 65 

Horse, backward pressore of, 21 



Horse, maximum force of, 12 

Horse power designated by h, or HP, 3 

Horse power estimated in a very simple 

way, 3 
Horse power, examples of, 4 
Hydrostatic press, 54 
Hydrostatics, principle upon which it 

rests, 237 

Impact, shock of bodies, jL84 

Impinging bodies, velocity of, 138 

Important expression, 97 

Important principle, 13 

Inclined plane, 4f 

Inclined plane, taking friction into ac- 
count, 48 

Indicator, figure given by, 83 

Indicator, use of, 306 

Inertia, measure of, 118 

Injection, water, 85 

Iron and wooden bridges, 187 

Iron bridge, in which the forces are 
well combined to meet the demands 
of railway traffic, 205 

Kepler, the third law of, 278 

Lever, 27 

Lever, vent, 35 

Lever, combination of, 30 

Lever, equilibrium of, 32 

Lever, of first order, 28 

Lever, of second order, 28 

Lever, of third order, 29 

Lever, when its weight is taken into 

account, 31 
Living agent of work, 8 
Living forces, vis viva, 116 
Locomotive engine, maximum speed 

of, 14 
Locomotive engines, 67 
Locomotive engines, power of, 14 
Locomotives on inclined planes, 18 

Machines, modulus of, 60 
Machinery, important fact respect- 
ing, 119 
Man, work done by, 9 
Marine steam-engines, power of, 304 
Mass, a constant quantity, 117 
Materials, work in raising, of a given 
form, 22 
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MathematicUDB, problem solved that 
defied the akill of, 270 

llatbematicUiifl, interesting to, 858 

Maximum velodtj of the piston of a 
steam-engine, 119 

HcCaIlam*8 inflexible arched truss, 
190 

Measurement of heights by barome- 
trical observations, 2G9 

Mechanical powers, Chapter lY., 80 
to £7 

Mercury, density of^ 271 

Mixing steam, 87 

Mixing of steam of different tempe- 
ratures, 84 

Modulus of a machine, GO 

Modulus of stability of a structure, 
256 

Moment (not momentum)^ IGC 

Moment of pressures, 241 

Momentum, caution respecting the use 
of the term, 161 

Momentum, or quantity of motion, 185 

Motion of different bodies in water, 289 

Motive forces and inertia, 117 

Mountains, measurement of the heights 
of, 273 

Observation, important, 152 
Oscillation, centre of, 160 

Paddle-wheels, 283 

Paddle-wheels and screw-propellers, 
to calculate the power and find the 
properties of, 304 

Parallelogram of forces, new demon- 
stration of, 166 

Pendulum block struck with round- 
shot, 26 

Pendulum, Naver^s, 281 

Piston, maximum velocity of, 119 

Piston, velocity found at any point of 
the stroke, 122 

Plane, inclined, 47 

Power of marine steam-engines, 802 

Power of steam employed in raising 
coal, water, &c., 5 

Pressure, centre of, 240 

Pressure of earth composed of sloping 
layers, 269 

Pressure of earth on revetment walls, 
265 



Prineiple of -woric, applied -io the 

lever, 81 
Prindi^ of woik, appliad to piUeyi, 

46 
Press, anti-fHction, 67 
Pre«, bydroitatio, 65 
Preasure of steam, examples of Boyle'a 

Uw, 77 
Pressore of water and other fluids, 286 
Principle of the equality of momeota, 

169 
Principle upon which hydroatatioa 

rests, 287 
Principle, important, 96 
Principle of nummU applied, 174 
Principle of sufficient reason, 164 
Principle of work, ballistic pendolom, 

144 
Propellers, 283 
ProjectOes, the flight of, 276 
Proportions in wMch surcharged and 

saturated steam comlnne^ 88 
Pulley, application of the principle of 

work, 46 
Pulley, deflned, 45 

Pulley, work destroyed by friction, 102 
Pumping engines, 6 
Punch, work of driving, 99 

Quantity of heat in steam and in 

water, 85 
Quantity of moment, 169 
Quantity of motion, conservation of, 

136 
Quantity of motion imparted by a 

constant force, 147 
Quantity of motion, or momentum, 

185 
Questions solved with ease which' 

hitherto defled the combined skill 

of mathematicians, 128 

Railroads, friction of, 18 

Raiboad trains in motion, work accu- 
mulated in, 98 

Railroad trains, motion of, 70 

Ram, pile-driving, 159 

Ram, piles driven by, 189 

Ram of pile-driving engine, 2 

Reason, principle of siidfficient reason, 
164 

Regnault, M., erroxB corrected by, 272 
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Resistance of fluids, 154 

Resistance of fluids to moving bodies, 

equivalent expressions, 286 
Resistance of water to the motion of 

projectiles, 290 
Revetment -walls, 264 
Roofs, 183 
Rotating body, how to estimate the 

units of, in, 104 
Rotation, vis viva of, 118 
Rule of three, 323 

Safety valve of steam-engine, how to 
graduate safety valve of, 33 

Safety valve weight, to find the posi- 
tion of, 34 

Screw, 27 

Screw, action defined, 51 

Screw, the compound, 52 

Screw, work developed by, 61 

Screw, endless, 53 

Screw-propeller with expanding pitch, 
calculations respecting the work of, 
311 

Shock of bodies, impact, 137 

Shock, common velocity after impact, 
137 

Shock of elastic bodies, 145 

Shores supporting a wall, 254 

Simpson, Thomas, rule, 75 

Skeleton diagram^ 170 

Skeleton diagram, relative forces ex- 
pressed by, 172 

Skeleton structures by E. Eoch, 213 

Sledge-hammer, work developed in 
lifting, 107 

Solution, important, 124 

Stability, true measure of, 25 

Stays, 182 

Steam employed expansively, 74 

Steam, units of heat in, 85 

Steam, work of, 58 

Steamers, paddle-wheel, 300 

Strength of materials, new theory of, 
by the author, 211 

Strut and tie, 170 

Struts distinguished from ties, 173 

Superheated and surcharged steam, 86 

Surcharged and saturated steam, 83 

Suspension bridges, 219 

Table of the elastic force of steam, 



and the corresponding- temperataro, 

Fahr., Beau., Cent.: lbs., kilog., 

inches, and metres, oi mercury, 89 
Table of the evaporative power of 

different kinds of coal, 72 
Table, Morin's experiments upon tbe 

transmission of motion by the sboek 

of a body falling on a cast-iron 

plate, 146 
Table, transmission of motion by 

shock, Morin*s experiments, 141 
Table, volume of a cubic foot of water 

in the form of steam, 63 
Temperature, pressure, and volume of 

steam, 64 
Temperature of steam being given, ta 

find the corresponding pressure In 

lbs. by dual arithmetic, 88 
Tensions and thrusts determined by 

graphical construction, 179 
Time, unit of, 1 
Thermometer, measurement of heights 

by, 270 
Thrusts and tensions, 163 
Tie and strut, 170 
Ties distinguished from struts, 173 
Time, space, velocity of falling bodies 

94 
Toggle joints, force of, 103 
Toothed, or cogged-wheels, 41 
Traction, 13 
Traction of horses, 16 
TreadmUl, 11 
Trussed skeleton structure, 218 

Unit of work, 1 

Units of heat in steam, 85 

Units of work done expansively and 

estimated by Thomas Simpson's 

approximate role^ 79 
Units of work done by men, examples, 

10 
Units of work referred to a unit of 

time, 3 
Units of work done in raising weights, 2 
Useful load, 59 
Useful load, 80 
Useful work defined, 6 

Value of g^ g, in different latitudes, 
116 



360 



INDEX. 



Ydodty acquired by a body deicend- 

ioK an inclined plane, 162 
Velocity acquired by bodies in de- 

scendbig an inclined plane or conre, 

125 
Velocity of piston, 120 
Vessel, area of resistance, 301 
Vessel, coefficient of^ 801 
Vis viva, 116 
Volume of steam of a given pressure, 

87 

Walls, revetment, 264 

Water, formula for the resistance of, 

298 
Water, pressure of, 237 
Water, pressure on different surfaces 

compared, 268 
Water, quantity evaporated, 62 
Water, resistance of, 297 
Water, resistance of, Morin's experi. 

ments, 287 
Water-wbeel, Poncelet's, 166 
Wedge, 27 
Wedge, or movable inclined plane, 

49 



Wedge, power lost to nieftil effscft by 
IHctioD,50 

Weight, mass, denrity, irofaune, 282 

Wheels, cogged4ir toothed, 41 

Wheel and axle, oomponnd, 48 

Wheel and axle, defined, 39 

Wheel and axle, 27 

Whed and axle, work done with, 28 

Windlass, 40 

Wooden and iron bridges, 187 

Work, accumulated, 92 

Work, accumulated in a railroad train 
in motion, 98 

Work of beasts, 9 

Work due to the resistance of the at- 
mosphere, 69 

Work of every machine, how con- 
sumed, 13 

Work in a moving body, 97 

Work, principle o^ applied to the 
lever, 31 

Work in raising materials of a given 
form, 22 

Work and time, units combined, 1 

Work developed by the resistance of 
water, 286 



THE END. 



LONDOV : 
PRINTED BT C. WBITIVG, BSAUFOBT B0U8X, BTBAXD. 



